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ON  THE  LOCUS  OF   THE  FOCI   OF  THE   CONICS  WHICH  PASS 
THROUGH   FOUE    GIVEN   POINTS. 

[From  the  Philosophical  Magazine,  vol.  xxxil.  (1866),  pp.  362—365.] 

THE  curve  which  is  the  locus  of  the  foci  of  the  conies  which  pass  through  four 
given  points  is,  as  appears  from  a  general  theorem  of  M.  Chasles,  a  sextic  curve 
having  a  double  point  at  each  of  the  circular  points  at  infinity;  and  Professor 
Sylvester,  in  his  "  Supplemental  Note  on  the  Analogues  in  Space  to  the  Cartesian  Ovals 
in  piano9'  (Phil  Mag.,  May  1866),  has  further  remarked  that  the  lines  (eight  in  all) 
joining  the  circular  points  at  infinity  with  any  one  of  the  four  points  are  all  of  them 
double  tangents  of  the  curve;  whence  each  of  these  points  is  a  focus  (more  accurately 
a  quadruple  focus)  of  the  curve.  It  is  to  be  added  that,  besides  the  circular  points 
at  infinity,  the  curve  has  6  double  points  (3  of  these  are  the  centres  of  the  quadrangles 
formed  by  the  4  points),  in  all  8  double  points;  the  class  is  therefore  =14  Hence 
also  the  number  of  tangents  to  the  curve  from  a  circular  point  at  infinity  is  =  10  ; 
viz.  these  are  the  4  double  tangents  each  reckoned  twice,  and  2  single  tangents  ;  and 
the  theoretical  number  of  foci  is  =  100  ;  viz.  we  have 

16  quadruple  foci,  or  intersections  of  a  double  |  „    /L_  ai 
tangent  by  a  double  tangent  J  "" 

16  double  foci,  or  intersections  of  a  double  )  -  c     n     Q0 

j.  i_  -TJ.  j.  >  10  X  25  =0.6 

tangent  by  a  single  tangent     ,        ,        j 


single  foci,  or  intersections  of  a  single  tan-  J. 
gent  by  a  single  tangent  J 


i  =   4 
_ 

100 


To  verify  the  foregoing  results,  consider  any  two  given  points  I,  /,  and  the  series 
of   conies  which  pass  through  four  given  points  A,  B,  0,  D;    we  have  thus  a  curve 
C.  VIL  1 
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the  locus  of  the  intersections  of  the  tangents  from  7  and  the  tangents  from  J  to  any 
conic  of  the  series;  which  curve,  if  7,  J  are  the  circular  points  at  infinity,  is  the 
required  curve  of  foci.  Taking  U  +  \V  =  Q  for  the  equation  of  a  conic  of  the  series, 
the  pair  of  tangents  from  /  is  given  by  an  equation  of  the  form 


(X, 

and  the  pair  of  tangents  from  J  by  an  equation  of  the  like  form 

(X, 


and  by  eliminating  X  from  these  equations,  we  obtain  the  equation  of  the  required 
curve.  This  in  the  first  instance  presents  itself  as  an  equation  of  the  eighth  order; 
but  it  is  to  be  observed  that  in  the  series  of  conies  there  are  two  conies  each  of  them 
touching  the  line  IJ,  and  that,  considering  the  tangents  drawn  to  either  of  these 
conies,  the  line  IJ  presents  itself  as  part  of  the  locus;  that  is,  the  line  IJ  twice 
repeated  is  part  of  the  locus  ;  and  the  residual  curve  is  thus  of  the  order  8  —  2,  =  6  ; 
that  is,  the  required  curve  is  of  the  order  6.  The  consideration  of  the  same  two 
•conies  shows  that  each  of  the  points  /,  J  is  a  double  point  on  the  curve.  Moreover, 
by  taking  for  the  conic  any  one  of  the  line-pairs  through  the  four  points,  it  appears 
that  each  of  the  points  (AB.CD),  (AC.BD),  (AD.BG)  is  a  double  point  on  the  curve: 
this  establishes  the  existence  of  five  double  points.  The  two  conies  of  the  series  which 
touch  the  line  IA  are  a  single  conic  taken  twice,  and  the  consideration  of  this  conic 
shows  that  the  line  I  A  is  a  double  tangent  to  the  curve;  similarly  each  of  the 
eight  lines  I  (A,  B,  (7,  D)  and  J(A,  B,  C,  E)  is  a  double  tangent  to  the  curve. 
Instead  of  seeking  to  establish  directly  the  existence  of  the  remaining  three  double 
points,  the  easier  course  is  to  show  that,  besides  the  four  double  tangents  from  7,  the 
number  of  tangents  from  7  to  the  curve  is  =  2  ;  for,  this  being  so,  the  total  number 
of  tangents  from  I  to  the  curve  will  be  (2x4  +  2=)  10;  that  is,  /  being  a  double 
point,  the  class  of  the  curve  is  =  14  ;  and  assuming  that  the  depression  (6  x  5  -  14  =)  16 
in  the  class  of  the  curve  is  caused  by  double  points,  the  number  of  double  points 
will  be  =8.  But  observing  that  in  the  series  of  conies  there  is  one  conic  which 
passes  through  J,  so  that  the  tangents  from  /  to  this  conic  are  the  tangent  at  / 
twice  repeated,  then  it  is  easy  to  see  that  the  tangents  from  7  to  this  conic,  at  the 
points  where  they  meet  the  tangent  at  J,  touch  the  required  curve,  and  that  these 
two  tangents  are  in  fact  (besides  the  double  tangents)  the  only  tangents  from  7  to 
the  curve  ;  that  is,  the  number  of  tangents  from  7  to  the  curve  is  =  2. 

Considering  7,  J  as  the  circular  points  at  infinity,  and  writing  A,  B,  C,  D  to 
•denote  the  squared  distances  of  a  point  P  from  the  four  points  A,  B,  C,  D  respectively, 
then,  as  remarked  by  Professor  Sylvester,  the  equation 

X  VZ  +  JJL  V5  +  v  *fC  +  TT  VU  =  0 

(where  X,  p>  v,  TT  are  constants)  is  in  general  a  curve  of  the  order  8  ;  but  the  ratios 
X  :  fjb  :  v  :  IT  may  be  so  determined  that  the  order  of  the  curve  in  question  shall  be 
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=  6;    the  resulting  curve  of   the   order  6   is  (not  one  of  a  group   of  curves,  but  the 

very  curve)  the  locus  of  the  foci  of   the  conies    through   the   four   points.     And  the 
determination  of  the  ratios  X  :  p  :  v  :  TT  is  in  fact  quite  simple  ;  for  writing 


and  therefore 


'2  —  2  (ax  +  a^y)  +  &c. 
(if  ?  = 


with  similar  values  for  VJ3,  V£,  VD,  it  is  easy  to  see  that,  considering  X,  /*,  z/,  TT  as 
standing  for  ±  X,  ±  //,,  ±v,  ±  TT  respectively,  the  conditions  for  the  reduction  to  the 
order  6  are 

+  v    +TT    =0, 
+  z/c  +  Trd  =  0, 

Xtfj  +  yu,^  +  z/Cj  -f  irdi  =  0, 

and  hence  that  the  required  equation  of  the  curve  of  foci  is 

1,    1,    1 

b,    G,    d 

or,  as  this  may  also  be  written, 

whore  (B,  G,  D\  &c.  are  the  areas  of  the  triangles  B,  (7,  D,  &c. 

I  remark,  in  conclusion,  that  the  number  of  conditions  to  be  satisfied  in  order  that 
a  curvo  may  have  for  double  points  two  given  points  I,  /,  may  have  besides  six  double 
points,  and  may  have  for  double  tangents  eight  given  lines,  is  (3  + 3 +  6  + 10=)  28; 
the  number  of  constants  contained  in  the  general  equation  of  the  order  6  is  =27. 
The  conditions  that  a  curve  of  the  order  6  shall  have  for  double  points  two  given 
points  I,  /,  shall  besides  have  six  double  points,  and  shall  have  for  double  tangents 
four  given  lines  through  I  and  four  given  lines  through  «7,  are  more  than  sufficient 
for  the  determination  of  the  sextic  curve ;  and  the  existence  of  a  sextic  curve  satisfying 
these  conditions  is  therefore  a  theorem. 

In  the  case  where  the  points  /,  /  lie  on  a  conic  of  the  series,  the  consideration 
of  this  conic  shows  that  the  curve  has  a  ninth  double  point,  the  pole  of  the  line 
//  in  regard  to  the  conic  in  question :  in  this  case  the  sextic  curve,  as  is  known, 
breaks  up  into  two  cubic  curves.  [It  need  not  do  so,  for  a  proper  sextic  curve  may 
have  nine  (or  indeed  ten)  double  points.] 

1—2 
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P.S.  In  general  the  curve  \V2~-fyu,  VJB  +  v  VC~+  TT  VZ>  =  0  has  (exclusively  of 
multiple  points  at  infinity)  six  double  points;  viz.  these  are  situate  at  the  intersections 
of  the  pairs  of  circles, 


In  the  case  of  the  curve  of  foci,  the  first,  second,  and  third  pairs  of  circles  intersect 
respectively  in  the  points  (AB.  CD),  (AC.BD),  (AD.  BO),  which,  as  mentioned  above, 
are  double  points  on  the  curve;  and  they  besides  intersect  in  three  other  points, 
which  are  the  other  three  double  points  mentioned  above. 

Professor  Sylvester  reminds  me  that  he  mentioned  to  me  in  conversation  that  he 
had  himself  obtained  the  foregoing  equation  S  ±  (5,  0}  jD)VZ  =  0,  for  the  locus  of  the 
foci  of  the  conies  which  pass  through  the  four  points  A,  B,  C,  D. 

Cambridge,  October  10,  1866. 
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A   REMARK    ON   DIFFERENTIAL   EQUATIONS. 

[From  the  Philosophical  Magazine,  vol.  xxxn.  (1866),  pp.  379—381.] 

CONSIDER  a  differential  equation  /(#,  y,  p)  =  0,  of  the  first  order,  but  of  the  degree 
n,  where  /  is  a  rational  and  integral  function  of  (x,  y,  p)  not  rationally  decomposable 
into  factors :  the  integral  equation  contains  an  arbitrary  constant  c,  and  represents 
therefore  a  system  of  curves,  for  any  one  of  which  curves  the  differential  equation  is 
satisfied:  the  differential  equation  is  assumed  to  be  such  that  the  curves  are  algebraical 
curves.  The  curves  in  question  may  be  considered  as  undecomposable  curves ;  in  fact,  if 
the  curve  UaV^W^  ...  =  0  (composed  of  the  undecomposable  curves  £7=0,  F=0,  W  =  0,..) 
satisfies  the  differential  equation,  then  either  the  curves  17=0,  F=0,  TT=0,..  each 
satisfy  the  differential  equation,  and  instead  of  the  curve  17*1^ TPv...  =0  we  have 
thuH  the  undecomposable  curves  U=Q,  F=0,  1^  =  0,..  each  satisfying  the  differential 
equation;  or  if  any  of  these  curves,  for  instance  TT=0,  &c.,  do  not  satisfy  the  differential 
equation,  then  FV,  &c.  are  mere  extraneous  factors  which  may  and  ought  to  be  rejected, 
and  instead  of  the  original  curve  UaV^W^...  =0,  we  have  the  undecomposable  curves 
Z7=0,  F=0  satisfying  the  differential  equation.  Assuming,  as  above,  the  existence  of 
an  algebraical  solution,  this  may  always  be  expressed  in  the  form  $(#,  y,  c)  =  0,  where 
<£  is  a  rational  and  integral  function  of  (#,  y,  c),  of  the  degree  n  as  regards  the 
arbitrary  constant  c:  this  appears  by  the  consideration  that  for  given  values  (a?0,  y0) 
of  (0,  y)  the  differential  equation  and  the  integral  equation  must  each  of  them  give 
the  same  number  of  values  of  p.  It  is  to  be  observed  that  <f>  regarded  as  a  function 
of  (#,  y,  c)  cannot  be  rationally  decomposable  into  factors;  for  if  the  equation  were 
<£  =  $\p\,.  ^O,  $,  W,  &c,  being  each  of  them  rational  and  integral  functions  of  (x,  y,  c), 
then  the  differential  equation  would  be  satisfied  by  at  least  one  of  the  equations 
<I>  =  0,  "^  =  0, ...  that  is,  by  an  equation  of  a  degree  less  than  n  in  the  arbitrary 
constant  c. 
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But  the  equation  <£  (x,  y,  c)  =  0  is  not  of  necessity  the  equation  of  an  undecom- 
posable  curve,  and  the  undecomposable  curve  which  constitutes  the  proper  solution  of 
the  differential  equation  cannot  always  be  represented  by  an  equation  of  the  form  in 
question.  For  although  <j>  regarded  as  a  function  of  (a,  y,  c)  is  not  rationally  decom- 
posable into  factors,  yet  it  may  very  well  happen  that  $  regarded  as  a  function  of 
(#,  y)  is  rationally  decomposable  into  factors  (geometrically  the  sections  by  the  planes 
£  =  c  of  the  undecomposable  surface  <£(#,  y,  ^)=0  may  each  of  them  be  composed  of 
two  or  more  distinct  curves);  and  assuming  that  the  function  <£  is  thus  decomposed 
into  its  prime  factors,  then  each  factor  equated  to  0  gives  an  undecomposable  curve 
satisfying  the  differential  equation,  and  constituting  the  proper  solution  thereof. 

It  may  be  observed  that,  by  the  foregoing  process  of  decomposition,  we  sometimes 
reduce  the  original  equation  $  (%,  y,  c)  =  0  into  a  like  equation  ^  (oc,  y,  cO  =  0  of  a 
more  simple  form.  Thus,  for  instance,  if  we  have  <£(#,  y,  c)=  ?72-c  =  0,  U  being  a 
rational  and  integral  function  of  (a?,  y\  then  instead  of  <£>  =  fr2  -  c  =  0  we  have  the 
equations  CT+Vc"=0,  £7-Vc  =  0,  each  of  which  is  an  equation  of  the  form  Dr-c1  =  0? 
or  we  pass  from  the  original  equation  $  (a?,  y,  c)  =  ?72  -  c  =  0  to  the  simplified  equation 

</>i  (®>  y>  GI)=  17  -<?!=(). 
Again,  to  take  a  somewhat  more  complicated  instance,  if  the  given  integral  equation  be 


then  the  equation   U+  7Vc+  W  Vc  +  l=0,  writing   therein  Vc  =   0   1  .  ,  and   therefore 

ci"  ~  -1 

_     d2  -f  1 
Vc  +  l  =  -^  —  f,  becomes 


so  that  we  pass  from  the  original  equation  <j>  (#,  y,  G)  -  0  to  the  simplified  equation 

y,  cd^ 


But  observe  that  the  possibility  of  the  rationalization  depends  on  the  form  of  the 
radicals  Vc  and  Vc  +  1  ;  if  we  had  had  Vc  and  Vc2  4-1  (or  c  and  Vc4  +  1),  the  rationali- 
zation could  not  have  been  effected. 

Returning  to  the  case  of  an  integral  equation  $(#,  y,  c)  =  0,  where  <£  regarded  as 
a  function  of  (a?,  y)  is  decomposable  into  factors,  then  equating  to  zero  any  one  of  the 
prime  factors  of  $,  we  obtain  an  integral  equation  ty(®,  y,  ol5  C3>  ...c^)  =  0,  where 
(/!,  c2...Cfc  are  irrational  functions  (not  of  necessity  representable  by  radicals,  and  without 
any  superior  limit  to  the  number  of  these  functions)  of  c:  here  >/r  regarded  as  a 
function  of  (#,  y)  is  of  course  undecomposable,  and  the  equation  ^(®,  y,  d.>  c2,  ...c*)  =  0 
belongs  to  the  undecomposable  curve  which  is  the  proper  solution  of  the  differential 
equation.  The  result  may  be  stated  under  a  quasi-geometrical  form;  viz.  regarding 
Oj,  c2,  ...Cfc  as  the  coordinates  of  a  point  in  A?-dimensional  space,  then  as  these  are 
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functions  of  the  single  parameter  c,  the  point  to  which  they  belong  is  an  arbitrary 
point  on  a  certain  curve  or  (k  —  l)fold  locus  0  in  the  ^-dimensional  space.  And  this 
curve  must  be  such  that  to  given  values  of  (#,  y)  there  shall  correspond  n  points  on  the 
curve ;  that  is,  treating  (#,  y)  as  constants,  the  surface  or  onefold  locus  ^(#,  y,  c^  c2...Cfc)=0, 
and  the  curve  or  (&•  —  l)fold  locus  0,  shall  meet  in  n  points.  The  conclusion  stated 
in  the  foregoing  quasi-geometrical  form  is,  that  the  solution  of  the  differential  equation 
may  be  exhibited  in  the  form  i/r(#,  y,  clt  c2 ...  Cfe)  =  0;  viz.  -^  is  a  rational  and  integral 
function  of  (#,  y,  c1?  02...Cfc),  where  (c1?  c3...<?fc)  are  the  coordinates  of  an  arbitrary  or 
variable  point,  on  a  curve  or  (k  —  l)fold  locus  G  in  a  ^-dimensional  space,  which  curve 
meets  the  surface  or  onefold  locus  ty(&,  y,  (k,  C2...c^)  in  n  points,  and  where  ^ 
regarded  as  a  function  of  (#,  y)  is  not  rationally  decomposable  into  factors. 

Cambridge,  October  13,  1866. 
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A    THEOREM    ON    DIFFKRENTIAL    OPERATORS. 

[From  a  paper  by  PROF.  SVLVESTEK,  "Note  on  the  Test  (J/wfwiwv?  which  ore///*  In  tht 
Calculus  of  Invariants,  <f'C.,"  imiowphical  Mtn/acinc,  vol.  xxxu.  (I  MO),  pp.  4»(J1  47:1 
wee  p.  471.] 

THE  paper  concludes  with  an  Observation  from  Professor  (1ayltkty  us  tbllo\vs: 

"  In  the  case  of  two  variable^  if 

(I  $ 

1\  ss  (aw  +  by)  .  ^  +  (^r  4-  rf//)  ,  , 

(**^»  w>y/ 

then  in  the  notation  of  matrices, 


whence  also 

which  accords  with  your  theorem, 


I  have  taken  the  liberty  of  writing  in  the  above  V  ,    ^     for  8^.,  8yi  and  /*  (or  8 

in  the  original.  It  will  be  useful  to  bear  in  mind  that  in  any  opumtw*  wich  a* 
E&  or  E&,  the  asterisk  form  an  integral  part  of  the  symbol  Thus  A>J%«,  if  w<* 
choose,  may  be  written  under  the  form  of  A>  multiplied  by  £,*,  i.e.  (A»x(A>)» 
where  the  cross  is  the  sign  of  ordinary  algebraical  multiplication, 
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ON    BICCATTS    EQUATION. 

[From  the  Philosophical  Magazine,  vol.  xxxvi.  (1868),  pp.  348—351.] 

THE   following   is,  it   appears    to   me,  the   proper   form   in   which   to   present   the 
solution  of  Riccati's  equation. 

The  equation  may  be  written 

dot) 
which  is  intcgrable  by  algebraic  and  exponential  functions  if  (2i  + 1)  q  =  ±  1,  i  being  zero, 

"I     /JQI 

or  a  positive  integer.    To  effect  the  integration,  writing  y  =  -  -=- ,  we  have 

U  C6#? 


The  peculiar  advantage  of  this  well-known  transformation  has  not  (so  far  as  I  am  aware) 
been  explicitly  stated  ;  it  puts  in  evidence  the  form  under  which  the  sought-for  function 
y  contains  the  constant  of  integration.  In  fact  if  u  =  P,  u  =  Q  be  two  particular  solutions 
of  the  equation  in  u,  then  the  general  solution  is  M  =  (7P-fjDQ;  and  denoting  by 
P',  Q'  the  derived  functions,  the  value  of  y  is 


~  GP  +DQ  ' 

showing  the  form  under  which  the  constant  of  integration  C~D  is    contained  in  y. 
To  complete  the  solution,  assume 


I* 

=     q 


u  —  ze 
C.  VII. 
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we  find 


considering  first  the  particular  integral  of  the  form 

z  =  A+B&  +  Ca&  +  Dx?«  +  &c.  , 
we  find  that  the  equation  will  be  satisfied  if 

q(  5-1)5  =  0, 


&c. 
If  4  =  1,  this  is 


&c., 

where  it  is  to  be  noticed  that  the  series  may  be  considered  to  stop  so  soon  as  there 
is  in  the  numerator  a  factor  =  0.  For  instance,  if  5  j  —  1  =  0,  then  if  the  particular 
integral  had  been  assumed  to  be  z  =  A  +  BaP  +  Caf*,  the  only  conditions  to  be  satisfied 
by  the  coefficients  are  the  first  and  second  equations  giving  the  foregoing  values  of 
A,  B,  0.  It  is  immaterial  that  the  analytical  expressions  of  F  and  the  subsequent 
coefficients  contain  in  the  denominators  the  evanescent  factor  5q  —  1  ;  the  coefficients 
after  0  do  not  ever  come  into  consideration. 


Thus   if  (2i  +  l)5  =  +  l,    the    series    terminates,    and    we    have    for    u    the    finite 
particular  solution 


2(2-  1)        ?(}- 

and  it  is  easy  to  see  that  we  may  herein  change   the  sign  of  afl,  thereby  obtaining 
another  finite  particular  solution, 


2  ?- 
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Reverting  to  the  equation  in  z,  we  have  next  a  particular  solution  of  the  form 
z  =  A%  +  Bafl+l 

giving  between  the  coefficients  the  relation 


&c. 

If  A  =  1,  we  have 

A=     1, 


+ 

&C,, 

where,  ny  in  the  former  case,  the  series  is  considered  to  terminate  as  soon  as  there 
is  an  evanescent  factor  in  the  numerator,  without  any  regard  to  the  subsequent 
coefficients  which  contain  in  the  denominators  the  same  evanescent  factor.  [In  particular, 
q  =  —  1,  \ve  have  the  solution  z  =  #.] 

Hence    if   we  have  (2i  •+•  1)  #  =  --  1,  the  series  terminates,  and  we  have  for  u  the 
finite  particular  solution, 


from  which,  changing  the  sign  of  #3,  we  deduce  the  other  finite  particular  solution, 


Hence,  in  the  equation 


where  ^  (2i  +  1)  =  ±  1,  we  have  (writing  D  =  1) 

_gjP  +  Q' 

y~  CP  +  Q  ' 

2—2 
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where   C  is   the    constant    of  integration,   P,   Q  are   finite    series   as   above,   and    /'',   (/ 

are   the  derived   functions   of  P   and   Q.     Writing   successively   i  =  0,  i=l,  i  =  2,  &e.,  we 
may  tabulate  the  solutions 


P  -««"*, 


=  a  (1  -1-  a>r 


&c. 


It  is  hardly  necessary  to   make  thy   tiual  stop  of  calculating   /*'  nn<l   Q'  and   sub- 

stituting in  y;  but,  IIH  an  example,  take  tho  above  wjuatiou    ',  +y'*~-x  •':  we  have 

w/' 


C  (I  -  30*)  *»**  +  (1  +  &*1)  cr1^1  ' 

which   is  readily   identified   with    the    solution,   p.    98   of    Boole/H   JH/cmttittl  K 
(Cambridge,  1859). 


Cambridge,  September  29,  1868. 
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NOTE    ON    THE    SOLVIBILITY    OF   EQUATIONS    BY    MEANS    OF 

RADICALS. 

[From  the  Philosophical  Magazine,  vol.  xxxvi.  (1868),  pp.  386,  387.] 

IN  regard  to  the  theorem  that  the  general  quintic  equation  of  the  nth  order  is 
not  solviblo  by  radicals,  I  believe  that  the  proofs  which  have  been  given  depend,  or 
at  any  rate  that  a  proof  may  be  given  that  shall  depend,  on  the  following  two 
lemmas : 

I  A  one-valued  (or  symmetrical)  function  of  n  letters  is  a  perfect  kth  power, 
only  when  the  kth  root  is  a  one-valued  function  of  the  n  letters. 

There  in  an  exception  in  the  case  k  =  2,  whatever  be  the  value  of  n:  viz.  the 
product  of  the  squares  of  the  differences  is  a  one- valued  function,  a  perfect  square; 
but  its  square  root,  or  the  product  of  the  simple  differences,  is  a  two-valued  function. 
It  is  in  virtue  of  this  exception  that  a  quadric  equation  is  solvible  by  radicals ;  we 
have  the  one-valued  function  (»i  — «a)a,  the  square  of  a  two-valued  function  a?!-^*  and 
thence  the  two  roots  are  each  expressible  in  the  form 


II.  A  two-valued  function  of  n  letters  is  a  perfect  kth  power,  only  when  the 
kth  root  is  a  two-valued  function  of  the  n  letters. 

There  is  an  exception  in  the  case  k « 3,  when  n  =  3  or  4 :  viz.  for  n  =  3  we  have 
(#!  +  6>#a  +  6>2#8)8  («o  an  imaginary  cube  root  of  unity)  a  two-valued  function,  and  a 
perfect  cube;  whereas  its  cube  root  is  the  six-valued  function  a^  +  <w#2  +  a>2#s-  And 
similarly  for  n  =  4  we  have,  for  instance, 
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a   two-valued  function,  and   a   perfect   cube,   whereas    its    cube    root  is    a    six-valued 

function.     And  it  is  in   virtue  of  this  exception  that  a    cubic  or  a  quartic  equation 

is  solvible  by  radicals.    But  I   assume   that   for   ?i>4   the    lemma  is   true   without 
exception. 

The  course  of  demonstration  would  be  something  as  follows:  Imagine,  if  possible, 
the  root  of  an  equation  expressed,  by  means  of  radicals,  in  terms  of  the  coefficients; 
the  expression  cannot  contain  any  radical  such  as  J/X,  p  >  2,  where  Z  is  a  one-valued 
(or  rational)  function  of  the  coefficients,  not  a  perfect  pili  power,  for  the  reason  that, 
expressing  the  coefficients  in  terms  of  the  roots,  such  function  tyX  is  not  a  rational 
function  of  the  roots;  if  it  were  so,  by  lemma  I.  it  would  be  a  one-valued  (that  is, 
a  symmetrical)  function  of  the  roots ;  consequently  a  rational  function  of  the  coefficients, 
or  Z  expressed  in  terms  of  the  coefficients,  would  be  a  perfect  pih  power. 

The  expression  may  however  contain  a  radical  VZ,  X  a  one-valued  (or  rational) 
function  of  the  coefficients,  not  a  perfect  square :  viz.  Z  may  be  any  square  function 
multiplied  into  that  function  of  the  coefficients  which  is  equal  to  the  product  of  the 
squared  differences  of  the  roots,  or,  say,  multiplied  into  the  discriminant;  that  is,  we 
may  have  Z=Q2V,  or  VZ=QVv. 

We  have  next  to  consider  whether  the  expression  can  contain  any  radical  -\/Ar, 
where  Z,  not  being  a  rational  function  of  the  coefficients,  is  a  function  expressible  by 
radicals.  But  the  foregoing  reasoning  shows  that  if  this  be  so,  Z  cannot  contain  any 
radical  other  than  the  radical  V(p~V  or  QVV,  as  above;  that  is,  X  must  be 
=  P+QVV~,  where  P  and  Q  are  rational  functions  of  the  coefficients,  and  where  we 
may  assume  that  P  +  QVV  is  not  a  perfect  pth  power  of  a  function  of  the  like  form 
But  then,  expressing  the  coefficients  in  terms  of  the  roots,  we  have 
,  a  (rational)  two- valued  function  of  the  roots;  and  there  is  no  radical 
",  which  is  a  rational  function  of  the  roots;  for  by  lemma  II.,  if  such 


radical  existed  we  should  have  vp  +  QW  a  (rational)  two- valued  function  of  the 
roots;  that  is,  it  would  be  =  P'  +  Q'Vv,  P'  and  Q'  one-valued  (symmetrical)  functions 
of  the  roots,  consequently  rational  functions  of  the  coefficients;  or  P+QVV  would 
be  a  perfect  f>th  power  (P'  +  Q'v^V)? 

The  conclusion  is  that  for  n>4  there  is  not  (besides  the  function  P+QVV) 
any  function  of  the  coefficients,  expressible  by  means  of  radicals,  which,  when  the 
coefficients  are  expressed  in  terms  of  the  roots,  will  be  a  rational  function  of  the 
roots,  and  consequently  there  is  no  possibility  of  expressing  the  roots  in  terms  of  the 
coefficients  by  means  of  radicals. 

Cambridge,  October  1,  1868. 
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ON    THE    GEODESIC    LINES    ON    AN    OBLATE    SPHEEOID. 


[From  the  Philosophical  Magazine,  vol.  XL.  (1870),  pp.  329—340.] 

THE  theory  of  the  geodesic  lines  on  an  oblate  spheroid  of  any  excentricity  what- 
ever was  investigated  by  Legendre  (*) ;  and  the  general  course  of  them  is  well  known, 
viz.  each  geodesic  line  undulates  between  two  parallels  equidistant  from  the  equator 
(being  thus  either  a  closed  curve,  or  a  curve  of  indefinite  length,  according  to  the 
distance  between  the  two  parallels):  at  a  point  of  contact  with  the  parallel  the  curve 
is,  of  coarse,  at  right  angles  to  the  meridian;  say  this  is  F,  a  vertex  of  the  geodesic 


line,  and  let  the  meridian  through  V  meet  the  equator  in  A ;  the  geodesic  line  proceeds 
from  F  to  meet  the  equator  in  a  point  N9  the  node,  where  AN  is  at  most  =90°; 
and  the  undulations  are  obtained  by  the  repetition  of  this  portion  VN  of  the  geodesic 
line  alternately  on  each  side  of  the  equator  and  of  the  meridian, 

i  Mm.  de  Vlnst.  1806  j  see  also  the  Ester,  de  Cakul  Integral,  i  i.  (1811),  p.  178,  and  the  Tr&itt  des 
Ponctions  Elliptique*,  i.  i.  (1825),  p.  360. 
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[422 


I  consider  in  the  present  paper  the  series  of  geodesic  lines  which  cut  at  right 
;les  a  given  meridian  AC,  or,  say,  a  series  of  geodesic  normals.  It  may  be  remarked 
that  as  V  passes  from  the  position  A  on  the  equator  to  the  pole  C,  the  angular 
distance  AN  increases  from  a  certain  determinate  value  (equal,  as  will  appear,  to 

rt 

~j  90°,  if  C,  A  are  the  polar  and  equatorial  axes  respectively)  up  to    the  value  90° ; 

and  it  thus  appears  that,  attending  only  to  their  course  after  they  first  meet  the 
equator,  the  geodesic  normals  have  an  envelope  resembling  in  its  general  appearance 
the  evolute  of  an  ellipse  (see  fig.  1  and  also  fig.  2),  the  centre  hereof  being  the  point 


B  at  the  distance  BA  =  90°,  and  the  axes  coinciding  in  direction  with  the  equator 
BA  and  meridian  BO:  this  is  in  fact  a  real  geodesic  evolute  of  the  meridian  CA. 
The  point  a  is,  it  is  clear,  the  intersection  of  the  equator  by  the  geodesic  line  for 

(G\ 
1  _     J  go0) ;  and  the  point 

7  is  the  intersection  of  the  meridian  CB  by  the  geodesic  line  for  which  F  is  con- 
secutive to  the  point  (7;  and  its  position  will  be  in  this  way  presently  determined. 
I  was  anxious,  with  a  view  to  the  construction  of  a  drawing  and  a  model,  to  obtain 
some  numerical  results  in  relation  to  a  spheroid  of  considerable  excentricity,  and  I 

selected  that  for  which  -r=i  (polar  axis  =£  equatorial). 

Before  proceeding  further,  I  remark  that  Legendre's  expression  "reduced  latitude" 
is  used  in  what  is  not,  I  think,  the  ordinary  sense;    and  I  propose  to  substitute  the 

FIG.  3. 


0  T    M      K 

term  "  parametric  latitude " :  viz.,  in  fig.  3,  referring  the  point  P  on  the  ellipse  by  means 
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of  the  ordinate  MPQ  to  a  point  Q  on  the  circle,  radius  OK(=OA,  fig.  1),  and  drawing 
the  normal  PT,  then  we  have  for  the  point  P  the  three  latitudes, 


X  =ZP2^,  normal  latitude, 
\"  =  £POK,  central  latitude, 
X'  =  ^QOK,  parametric  latitude; 


viz,  V  is  the  parameter  most  convenient  for  the  expression  of  the  values  of  the 
coordinates  *,  y  (0  =  ,icosX',  y-CsinV)  of  a  point  P  on  the  ellipse.  The  relations 
between  the  three  latitudes  are 

tanX''  =  jtanX'  =  JtanX, 

so  that  X",  X7,  X  are  in  the  order  of  increasing  magnitude.  I  use  in  like  manner 
/,  V,  I"  in  regard  to  the  vertex  F  The  course  of  a  geodesic  line  is  determined  by  the 
equation 

cos  X'  sin  a  =  const., 

where  V  is  the  reduced  latitude  of  any  point  P  on  the  geodesic  line,  and  a  is  at 
this  point  the  azimuth  of  the  geodesic  line,  or  its  inclination  to  the  meridian.  Hence, 
if  I'  be  the  parametric  latitude  of  the  vertex  F,  the  equation  is 

cos  X'  sin  a  =  cos  I' 

(whence  also,  when  X'  =  0,  a  =  90°-Z';  that  is,  the  geodesic  line  cuts  the  equator  at 
an  angle  =  V,  the  parametric  latitude  of  the  vertex).  The  equation  in  question, 
cosX'  sin  a=cos  lf>  leads  at  once  to  Legendre's  other  equations  :  viz.  taking,  as  above,  A,  C  for 

the  equatorial  and  polar  semiaxes  respectively,  and  8  for  the  excentricity,  S  =  A/1--—^ 

and  to  determine  the  position  of  P  on  the  meridian,  using  (instead  of  the  parametric 
latitude  X')  the  angle  $  determined  by  the  equation 

sin  X' 


and  writing,  moreover,  6-  to  denote  the  geodesic  distance  7P,  and  A  to  denote  the 
longitude  of  P  measured  from  the  meridian  CA  which  passes  through  the  vertex  F, 
these  are 


ds  = 
dA  = 


_ 
A 


which  differential  expressions  are  to  be  integrated  from  0  =  0;  and  the  equations  then 

determine  X7,  s,  and  A,  all  in  terms  of  the  angle  <£,  —  that  is,  virtually  s  and  A,  the 
length  and  longitude,  in  terms  of  the  parametric  latitude  Xx. 

0.    VIL  3 
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Writing,  with  Legendro, 

/1-82  sin-  Z' 

01 


(7  (/ 

W  =  tail2  f  ,       jl/  as       -j  .,  ass  ' 


also 

then  the  formula)  become 

_  ir'ty^l  -^Hi"8^ 

Hence  integrating  from  ^=0,  and  using  the  notations  F,  A\   II   of  elliptic  iunctions, 
wo  have 


viz.  these  belong  to  any  point  P  whatever  on  the  geodesic  line,  parawotrw  latitude 
of  vortex  =£';  ancl  if  we  write  herein  <£  =  !)0",  then  they  will  ivfor  lx>  Uu^  uml^  <V, 
or  point  of  hitersection  with  the  equator, 

The  position  of  the  point  a  IH  at  onco  obtained  by  writing  V  =  0  *.  vi&  thin  givon 

0  .  f/ 

c  =  0,  6«1,  Jlf=:--j-,  u=0:    the  differential  exprcHHioiw   are  dnssddfa  tL\~     d$,    Or 

/•f  /f 

integi-ating  from  <£  =  0  to  <^  =  ^7r,  we  have  s^A.  -'A^rrr,  A=  4.J^>  agreeing  with  i»4Wjh 

U3.  j'l 

Cy  /         (?N 

other,  and  giving  longitude  of  a  «  -.• .  ^  TT  ;  or,  what  is  the  name  thing,  /  aO/i  a  ATT  f  I  -  •' J. 

A  \       A  / 

Writing  in  the  formulae  $'  =  90°,  we  have  0=8,  &=,,  —-  =  0;  whence  f£A»0»  or 

xl     n 

A « const.,  =^7r,  since  the  geodesic  line  here  coincides  with  the  meridian  OJi]  and 
moreover  s~AE($,  ^>);  vk  this  is  merely  the  expression  of  the  distance  from  G  of 
a  point  P  on  the  meridian  OB,  But  we  do  not  thus  obtain  the  position  of  the  point  7, 

To  find  it  we  must  consider  a  position  of  V  consecutive  to  0,  say,  P«  JTT  —  e,  where 
€  is  indefinitely  small ;  n  is  thus  indefinitely  large,  and  the  integral  II  (nt  c,  <£)  is  not 
<jonveniently  dealt  with.  But  it  may  be  replaced  by  an  expression  depending  on 
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11  (n*  °'  V'  wteie  ?i   is  indefinitely  small;  viz.  (Legendre,  Fonct.  Ellipt.  vol.  I.  p.   69) 
we  have 


where 

We  thus  have 


c3 
where,  -  being  small, 

% 


l--sin2( 


And  expanding  also  the  tan"1  term,  we  thus  have 


-Wf   »/     j\     VjtVcs+nl".        Vl-cssina"A 
=  —  \nF(c,  i)H  --  p  __      W  --  -  —  7  —  r 
»l  VT+71    L  tan^ 


f 


which,  in  the  term  in  {  }  neglecting  negative  powers  of  n,  becomes 

A  »  =•  \*Jn  .iTr  +  b*F(c,  d>)-  ^/  (c,  A)-  cot  <j>  Vl-c2sm2d>l  . 
w  I  J 

We  may  moreover  write  c  =  8,  ^"T'  ^>=900-^»  ^  =  i>  M=e,  and  therefore  ^  =  ^  s<> 
that  the  formula  is 


90°  -V)}, 

/      6^    C 
where  I  retain  c,  &  as  standing  for  \/I-~Ti>  ~x  respectively. 


3—2 
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Writing  herein  X'  =  0,  we  have 


[422 


where  the  coefficient  J^c-IW^c  is 

consequently  positive;  that  is,  A,  the  longitude  of  the  node,  is  loss  than  !)()',  as  it 
should  be.  Hence  in  order  that  A  may  bo  =90",  we  must  havo  X'  ncgativo,  say, 
X's-yu/,  where  pf  is  positive;  and,  observing  that  we  may  under  the.  si#ns  A\  F 
write  90° -X  instead  of  90"  +  /*/,  wo  thus  liavo 

f-R(c,  90" • 


TT  +  e     l  - 
that  is,  we  must  have 


vk  /  is  here  the  parametric  latitudes  (south)  of  the  intersection  of  t,ht»  »u»ri<lian  <W 
with  the  consecutive,  gt^odosic  liiu^—  that  is,  of  the  point  7.  As  \t!  imuH^ases  from 
0  to  90°,  the  loft-hand  side  increases  from  0  to  oo;  and  the  right-hand  side,  begiimm# 
from  a  positive  value  and  either  attaining  a  maximum  or  not,  ultimately  dwtvases 
to  0  ;  there  is  consequently  a  null  root,  which  is  easily  found  by  trial. 


Thus  -T^l, 
A 


J^VfJ  (angle  of  modulus  =*(>()"),  6  =  J;  or  the  equation  in 
tan  n'  Vl  -  f  cosa  /  .  K  (90"  -  X)  - 
Using  Logondrc'a  Table  IX.,  we  have 


^./- 

w-y. 

A;. 

!<'. 

K-Jtl?. 

tatiM'Vl--J«imV, 

0" 

90° 

1-2  11  on 

•2-\r>(]r>i 

•6719 

•0 

10 

80 

1-12248 

1  -81383 

•6C9;i 

20 

70 

1-03063 

149441 

•6530 

30 

60 

•91839 

l-^iafl.'} 

•6ir>;j 

•381!) 

40 

50 

•7953» 

•964CB 

•BS42 

•C27H 

so  that  we  see  the  required  value  in  between  30°  and  40°;  and  a  rough  interpolation 
gives  the  value  /*' *  37°  40".  But  repeating  the  calculation  with  tho  values  37"  and 
38°,  we  have 


ff- 

90o-,'. 

K. 

V. 

J-JF. 

tey^rpa^. 

37° 

53° 

•833879 

1-035870 

•57419 

•54425 

38 

52 

•821197 

1-011849 

•56823 

•57108 

whence,  interpolating,  /*/a»87°55/. 
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The  semiaxes  of  the  geodesic  evolute,  measured  according  to  their  longitude  and 
parametric  latitude  respectively,  are  thus  Ba,  long,  of  a  =45°;  £%  param.  lat.  =37°  5  5'. 
But  measuring  them  according  to  their  geodesic  distance,  the  equatorial  radius  A  being 
taken  =1,  we  have 

5a  =  i7r  =78540, 

fiy  =  ™  l   [Et  -  #(52°  50}  =  1-21106  -  '82225  =  -38881. 


Reverting  to  the  general  formate  for  s,  A,  but  writing  therein  A  =  l,  and  therefore 
C^Vl-82;  writing  also  <£  =  90°  (that  is,  making  the  formulae  to  refer  to  the  node 
N  of  the  geodesic  line),  we  have 


but  for  the  calculation  of  the  second  of  these  formulas  by  means  of  Legendre's  Tables 
it  is  necessary  to  express  H,(nt  c)  in  terms  of  the  functions  E,  F. 

The  proper  formula  is  given  in  Fonct.  Ellipt  vol.  I.  p.  137 ;  viz.  this  is 


f V>ELa  IT  (n,  0)=^+— A(&,  6)F,c+FlcF(b,  ff)-FtcEQ>,  0)-E,i 
sin^cos^    A  '    ;     2       ^ofl    v          ' 


where  A  (6,  0)  ~  v^l  -  IP  sin2  6.  0  is  an  angle  given  by  the  equation  cot0  =  V?&;  we 
have  rc  =  tan2?;  consequently  0  =  90°-Z'.  Substituting  this  value,  except  that  for 
shortness  I  retain  E(b}  0),  F(b,  6)  in  place  of  E(l,  90°  -ZO,  F(*>  90°  -0,  ^e  have 


A  (6,  0)  =    l- 

=  Vl- 
and  thence 


tan0A(6,  0)  =  c 


whence 


But 

n  +  c8  =  tana  I'  +  8s  sin8  Z  =  sin2  1  sec2  2. 

Hence 

(n  +  c*)  n,  (n,  c)  -  <?F,  c  =  sin8  1  {serf  J'TI,  (n,  c)  -  »F,  c}  ; 
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and  multiplying  this  by 

y_l->      _Vl-"Sacos/ 
n  cos  I  '    "~  taufl  /'  cos-  1  ' 
the  exterior  factor  is 

Vl  —  5s  cos  2  tan-  /      __    cos  / 

tiil^r"  "     '   ~  Vf  ~  S-  ' 

and  we  have 


which  is  the  formula   [  used  in  the  calculations.    It  would,  however,  have  been  better 
to  reduce  a  stop  further;  vis.  we  have 

/       \        tan  /'      ,  , 


and  thence 

Hc^niXw,  c)-a^c«^o^S'{i7r  +  >>»[V^  6)-K(b> 

or,  tinally, 

A-4?r  +  *>JP(&,  ff)-F,ol$(b9  9)-K, 


It   is   ojiny  with   thiH   expression    of   A   to   obtain    the    results    already  found    for   the 
extreme  values  /'*()",  /'  =  $()", 

As  Lcgondro'H  Tables  have  for  argument,  not  the  modulus  c,  but  the  angle  of  th<» 
modtihis,  say  %  (that  is,  sin  ^  =  0  =  $  sin/),  it  is  convenient  to  replace  Vl-^sin^  by 
its  value  cos^;  and  the  formula*  thus  arc 


' 


where 

0«sinx«8sini,    tan  f  -  Vl"->  to  t 


and  in  the  case  intended  to  be  numerically  discussed,  5  =  jV3,  \/l  —  ^  =  J.  I  take  /' 
as  the  argument,  giving  it  the  values  0*t  10°,  ...  9(f,  and  perform  the  calculation  aw 
shown  in  the  Table* 


422] 


ON  THE  GEODESIC  LINES  ON  AN  OBLATE  SPHEROID. 


23 


"•• 

* 

- 

VI 

II 

N 

II 

1 

1 

0 

1 

I 

Kf 

} 

43 

3 

1 

la 

o 

0 

10 

o 

80 

19  26 

16-75 

73-25 

•47151 

20548 

18686 

1-6050 

1-5376 

2-08962 

1-03762 

20 

70 

36  3 

30-63 

59-37 

•40425 

22814 

16532 

1-6910 

1-4633 

1-48840 

1-02962 

30 

60 

49  6 

40-90 

49-10 

•32737 

25478 

14167 

1-7980 

1-3857 

1-16024 

-95214 

40 

50 

59  13 

48-07 

41-93 

•25589 

27626 

12163 

1-8891 

1-3232 

•92141 

•82827 

50 

40 

67  14 

52-98 

37-02 

•19349 

29935 

10645 

1-9923 

1-2777 

•71820 

•67903 

60 

30 

73  54 

56-32 

33-68 

•13866 

31479 

09557 

2-0644 

1-2461 

•53083 

•51655 

70 

20 

79  41 

58-43 

31-57 

-08954 

32540 

08850 

2-1154 

1-2260 

•35099 

•34716 

80 

10 

84  58 

59-62 

30-38 

•04387 

33169 

08446 

21463 

1-2147 

•17475 

•17431 

90 

60-0 

08316 

*•• 

H»  1 

$ 

o 

P 

o 

i 

31 

I 

? 

§"c3 

i 
HN 

c 

.a 

o 

P 

A* 

i 

Ti 

0 

0 

•7854 

O 

45 

•7854 

10 

1-52308 

•18272 

•38820 

2-4446 

•32007 

-50693 

3-2132 

•8022 

45  58 

20569 
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X,  90° -x  in  degrees  and  decimals  of  a  degree,  to  correspond  with  Legendre's  Tables. 

where  the  columns  marked  with  an  #  show  respectively  the  longitude  of  the  node, 
and  the  length  (or  distance  of  node  from  vertex),  for  the  geodesic  lines  belonging  to 
the  different  values  of  the  argument  V. 
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The  remarks  which  follow  have  reference  to  the  stereographic  projection  of  the 
figure  ou  the  piano  of  the  equator,  the  oentiv  of  projection  being  the  polo  (say  the 
South  Pole)  of  the  spheroid.  It  is  to  be  remarked  that  if  a  point  P  of  the  spheroid 
is  projected  as  above,  by  means  of  an  ordinato  into  the  point  Q  of  the  sphere  radius 
OK(=OA),  then  projecting  slorcographically  as  to  the  spheroid  and  the  sphere  from 
the  south  poles  thereof  respectively,  the  points  P  and  Q  have  the  same,  projection. 
And  it  is  hence  easy  to  show  that  an  azimuth  a  at  a  point  of  the  meridian 

/  Ci  \ 

(parametric  latitude  X',  normal   latitude,  X,  and   therefore   tanX'  =   'tanXJ    is   projected 

into  an  angle  (a)  such  that 

,      .  N     sinX' 
tan(a)=   .    .  tana, 
sin  X 

In  fact  in  fig.  3,  if  we  toko  therein  OK,  Od  for  the  axes  of  ,r,  z  rospoeUvely, 
and  the  axis  of  y  at  right  angles  to  the  plane  of  the  paper,  and  if  wo  have  at  P 
on  tho  surface  of  the  spheroid  an  element  of  length  PR  at  the  inclination  a  to  the 
meridian  PJ{9  then  if  w,  ;//,  s  are  the  coordinates  of  P,  and  w  +  Sff1,  ;//  +  $//,  s-f&r  those 

of  JJ,  we  have 

8,v;  s=     p  oos  a  sin  X, 

83  a=  —  ^COH  a  cosX, 

8v/  as       p  Kill  CK, 

and  thence 

a// 

tan  as:,..  *l  .,  „  . 
ar  +  &rj 


Now,  if  the  meridian  and  tho  points  7\  7f  are  referred  by  lines  parallel  to  (h  to  tht* 
surface  of  tho  sphere  radhw  OA,  the  only  difference  is  that  the  ordinates  c  an* 
incrcaHod  in  the  ratio  (!  :  A  ;  HO  t»hat.  if  tho  projected  angle  bo  (a),  we  have 


feud)       -       8// 


and  then  projecting  th<^  sphere  Htereogrnphically  from  ita  south  pole,  the  angle  in  the 
projection  is  =(a).  And  according  to  the  foregoing  remark,  the  angle  (a)  thus  obtained 
is  also  the  projection  of  a  from  the  south  polo  of  the  nphoroid.  Wo  have  thus 


tana  ^         ™>  ^    '  ';          jf»  "        '    "l+ota\ 


""7  ™>  ^    ' 
y  8^  +  ^  8^ 


which  i«  the  required  relation* 

The  foregoing  equations, 

cos  X'  sin  a  «  cos  V,    tan  Xx  »  -v  tan  X, 

j!i 

, 
tau«, 
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determine  in  the  stereographic  projection  the  inclination  (a)  to  the  radius,  or  projection 
of  the  meridian,  of  the  geodesic  line  (parametric  latitude  of  vertex  =£')  at  the  point 
the  parametric  latitude  of  which  is  =  X';  viz.  they  enable  the  construction  (in  the 
projection)  of  the  direction  of  the  successive  elements  of  the  geodesic  line.  There 
would  be  no  difficulty  in  performing  the  construction  geometrically;  but  it  would, 
I  think,  be  more  convenient  to  calculate  (a)  numerically  for  a  given  value  of  V  and 
for  the  successive  values  of  X'.  Observe  that  for  X'  =  0  we  have  (as  above)  90°  -  a  =  I1,  and 

then  S1.n-   =  —  —  =T,  consequently  tan  (a)  =  -=•  cot  V:  but  we  have  also  cot  1!  =  77  cot  I, 
sin  X     tan  \     A  ^        J         ^  '    A  0 

so  that  this  equation  becomes  tan  (a)  =  cot  I,  or  we  have  90°  —  (a)  =  I ;  viz.  in  the 
projection,  the  geodesic  line  cuts  the  equator  at  an  angle  J  =  tbe  normal  latitude  of 
the  vertex  of  the  geodesic  line. 

The  preceding  formulae  and  results  have  enabled  me  to  construct  a  drawing,  on 
a  large  scale,  of  the  stereographic  projection  of  the  geodesic  lines  for  the  spheroid, 
polar  axis  =J  equatorial  axis, 


C.    VII, 


423. 


ON    THE   PLANE    REPRESENTATION    OF   A    SOLID   FKJUKK. 


[From  the  Philosophical  Ahiyttsine,  vol.  xu.  (1871),  pp,  2H(5--2i)0,| 

WE  repmsent  in  piano  the  position  of  a  point.  /'  whose  ooonlinat.es  in  span*  are 
(«,  y,  x?)  by  drawing  these  coordinates,  on  the  same  scalo  or  on  diflerent  senlen,  and 
in  given  directions  from  a  fixed  origin  in  the  plane;  OM*sti\  J//''^/,  PT"-^  Hut, 
obnerve  that  the  jwnnt  P"  (done  d<H»H  not  compleUdy  r<kpn\scnt  the  point  /';  in  fa<-t 
P"  repreacutH  a  whole  MCHOH  of  points  lying  in  a  lino;  any  one  Midi  point,  is  the 


point  whose  coordinates  are  Ow,  w//,  jpT".  B'or  the  complete  representation  of  Jf>  we 
require  the  two  points  P,  P"  \  thene  might  bt»  diHtinguishcd  an  the  projection  7y/,  and 
the  foot-point  jfy,  The  two  pointn  F,  I*  are  obviously  auch  that  the  lino  joining  them 
in  in  a  given  direction, 

The  preceding  is,  of  course,  the  ordinary  method  of  orthogonal  projection,  or 
geometrical  delineation  of  a  solid  figure :  it  may  bo  used  under  various  formn ;  for 
example,  the  coordinates  #,  y,  z  may  be  taken  on  the  name  scale  and  in  direction 
inclined  to  each  other  at  angles  of  120°  (isometrical  projection) ;  or  the  eoordinaten  0,  y 
may  be  drawn  on  the  same  scale  and  at  their  actual  inclination,  90",  to  each  other; 
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and  the  coordinate  z  on  the  same  or  an  altered  scale  'in  any  given  direction;  the 
points  Pf  then  give  a  true  ground-plan  of  the  solid  figure,  and  the  lengths  of  the 
lines  PF'  give  the  altitudes  of  the  several  points  P:  this  is  also  a  method  in 
ordinary  use, 

But  it  is  to  be  observed  that  the  points   P,   P"  are   both   of  them   projections, 
and  that  the  general  theory  is  as  follows:   we  represent  the  position  of  the  point  P 


by  means  of  its  projections  P,  P",  from  two  fixed  points  £1',  fl"  respectively;  the 
line  joining  these  points  passes,  it  is  clear,  through  a  fixed  point  £1  which  is  the 
intersection  of  the  plane  of  projection  by  the  line  which  joins  the  two  points  fl',  £1". 

Hence  we  say  that  a  point  P  in  space  is  represented  in  piano  by  any  two  points 
P',  P'  which  are  such  that  the  line  joining  them  passes  through  a  fixed  point  £1. 
And  we  have  thus  a  system  of  constructive  geometry  which  is  the  more  simple  on 
account  of  the  generality  of  its  basis,  and  which  is  at  once  applicable  to  any  of  the 
special  projections  above  referred  to.  I  establish  the  fundamental  notions  of  such  a 
geometry,  and  by  way  of  illustration  apply  it  to  the  solution  of  the  well-known  pro- 
blem of  finding  the  lines  which  meet  four  given  lines  in  space. 

A  point  P  (as  already  mentioned)  is  given  by  its  projections  P,  P",  which  are 
points  such  that  the  line  joining  them  passes  through  the  fixed  point  £1. 

A  line  L  is  given  by  its  projections  Lf,  L",  which  are  any  two  lines  in  the  plane. 
We  speak  of  the  point  (P,  P"),  meaning  the  point  P  whose  projections  axe  P',  P"; 
and  similarly  of  the  line  (L\  L"),  meaning  the  line  whose  projections  are  L',  Z". 

If  P,  P'  coincide,  then  the  point  P  is  in  the  plane  of  projection;  and  so  if 
If,  L"  coincide,  then  the  line  L  is  in  the  plane  of  projection. 

If  through  £>  we  draw  a  line  meeting  L\  I!'  in  the  points  P,  P"  respectively, 
these  are  the  projections  of  a  point  P  on  the  line  L.  In  particular  the  intersection 
of  L1,  L"  (considered  as  two  coincident  points)  represents  the  intersection  of  the  line 
L  with  the  plane  of  projection. 

4—2 
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The  line  through  the  points  (P',  P")  and  (Qf,  Q")  has  for  its  projections  the  lines 
P'Q'  ajid  P"Q". 

Two  lines  (L\  L")  and  (-¥',  M")  intersect  each  other  if  only  the  intersections  L'W 
and  L"M"  are  the  projections  of  a  point  P— that  is,  if  the  line  through  the  points 
L'M  and  L"M"  passes  through  (1.  And  then  clearly  P  is  the  intersection  of  the  two 
lines. 

A  plane  II  is  conveniently  given  by  means  of  its  trace  ®  on  the  plane  of  pro- 
jection, and  of  the  projections*  (P',  P")  of  a  point  on  the  plane ;  or,  say,  by  means 
of  the  trace  ®,  and  of  a  point  P  on  the  plane. 

Suppose,  however,  that  a  plane  is  given  by  means  of  a  line  L  and  a  point  P 
on  the  plane.  The  trace  ®  passes  through  the  point  of  intersection  of  the  line  L  with 
the  plane  of  projection— that  is,  through  the  point  of  intersection  of  the  projections 
£',  L".  To  find  another  point  on  the  trace,  we  have  only  to  imagine  on  the  line  L 
a  point  Q,  and,  joining  this  with  P,  to  suppose  the  line  PQ  produced  to  meet  the 
plane  of  projection.  The  construction  is  obvious;  but  by  way  of  illustration  I  give  it 
in  full  Through  H  draw  a  line  meeting  L1,  L"  in  Q',  Q"  respectively  (then  these  are 
the  projections  of  a  point  Q  on  the  line  L)\  the  lines  P'Q'  and  P"Q"  are  the  pro- 
jections of  the  line  PQ,  and  the  intersection  of  P'Q1  and  P"<2"  is  therefore  the  required 
point  on  the  trace  ©. 

The  line  of  intersection  of  two  planes  passes  through  the  point  of  intersection  of 
their  traces  6^,  ®2;  whence,  if  the  planes  have  in  common  a  point  P,  the  line  of 
intersection  is  the  line  joining  P  with  the  intersection  of  the  traces  ®19  ®2. 

In  what  precedes  we  have  the  solution  of  the  following  problem: — "Given  a  point 
P,  and  two  lines  £x,  £2>  to  find  a  line  through  P  meeting  the  two  lines  Ll3  L*"  The 
required  line  is  in  fact  the  line  of  intersection  of  the  planes  (P,  J^)  and  (P,  £3);  we 
have  seen  how  to  construct  the  traces  QL  and  ®2  of  these  planes  respectively;  and 
the  required  line  is  the  line  joining  P  with  the  intersection  of  @!  and  ®3. 

I  proceed  now  to  the  problem  to  find  the  two  lines,  each  of  them  meeting  four 
given  lines,  Ll9  Z3,  L$,  £4  (these  being,  of  course,  given  by  means  of  their  projections 
{£/,  LI)  &c.).  The  question  is  in  effect  to  find  on  the  line  ia  a  point  P  such  that, 
drawing  from  it  a  line  to  meet  i3,  Z3,  and  also  a  line  to  meet  L2,  L^  these  shall 
be  one  and  the  same  line. 

Now,  considering  in  the  first  instance  P  as  an  arbitrary  point  on  the  line  Ll9 
the  line  from  P  to  meet  L^  L$  is  any  line  whatever  meeting  the  lines  Ll9  L^  L&: 
say  it  is  a  generating  line  of  the  hyperboloid  whose  directrices  are  Ll9  L$,  L^  or  of 
ihe  hyperboloid  L^JL^  Hence  projecting  from  any  point  H'  whatever,  the  generating 
ines  and  directrices  are  projected  into  tangents  of  one  and  the  same  conic.  We  know 
he  projections  £/,  Lt't  LJ  of  the  directrices;  to  find  two  other  tangents  of  the  conic, 
ve  take  two  arbitrary  positions  of  P  on  the  line  £1,  and  construct  as  above  the  pro- 
ections  Jf,  Nr  of  the  lines  from  these  to  meet  the  lines  i2,  is.  The  conic  is  then 
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given  as  the  conic  touching  the  five  lines  Z/,  Z/,  Z3',  if',  #':  say  this  is  the  conic 
2'.  Similarly,  instead  of  O',  considering  the  point  Q",  we  have  the  Hnes  Za",  Z2",  Z3" 
and  the  lines  M",  N",  which  are  the  other  projections  of  the  lines  through  the 'two 
positions  of  P ;  and  touching  these  five  lines  we  have  a  conic  2".  Each  tangent  T' 
of  2',  combined  with  the  corresponding  tangent  T"  of  2",  represents  a  line  T  meeting 
LI,  Z2,  Z3;  to  establish  the  correspondence,  observe  that,  inasmuch  as  the  line  T  meets 
Z>,  the  intersections  of  T't  Z/  and  of  T",  Z/'  musfc  lie  in  a  line  with  Q;  if  T  be 
given,  the  point  (T",  Z/')  is  thus  uniquely  determined,  and  therefore  also  T"  (since  Z/' 
is  A  tangent  of  2");  and  similarly  if  T"  be  given,  T'  is  uniquely  determined;  the 
correspondence  T',  T  is  thus,  as  it  should  be,  a  (1,  1)  correspondence. 

Considering  in  like  manner  the  lines  which  meeb  Z2,  Z2,  Z4,  we  have  touching 
Z/,  Z/,  Z/,  HCtjr  a  conic  2';  and  touching  Z/',  Z2",  Z4",  JP,  N"  a  conic  2";  each 
tangent  T'  of  2',  combined  with  the  corresponding  tangent  T"  of  S"  represents  a  line 
meeting  Z1}  Z2,  Z4}  the  correspondence  being  a  (1,1)  correspondence  such  as  in  the 
former  case. 

The  conies  2',  2'  both  touch  Z/,  Z/;  hence  they  have  in  commoii  two  tangents. 
Say  one  of  these  is  T  =  T"',  the  corresponding  tangents  T"  and  ~T"  will  coincide 
with  each  other  and  be  a  common  tangent  of  2",  2"  (these  conies  both  touch  Z/',  Z/, 
and  have  thus  in  common  two  tangents).  We  have  thus  T'  =  T',  and  T"  =  T",  as  the 
projections  of  a  line  meeting  Llt  Z3,  Z3,  Z4;  and  taking  the  other  common  tangents 
of  2',  2'  and  of  2",  2",  we  have  the  projections  of  the  other  line  meeting  Za,  Z2,  Z3,  Z4. 

The  whole  process  is :— Construct  M'>  M"  and  N\  N"  each  of  them  the  projections 
of  a  line  through  a  point  P  of  ZI?  which  meets  Z3)  Z3;  and  M't  M"  and  J^',  N"  each 
of  them  the  projections  of  a  line  through  a  point  P  of  Z1;  which  meets  Z2,  Z4;  we 
have  then  the  conies 

2',  27/  touching  Z/,  Z/,  Z3',  JIT,  N\  and  Z/',  Z^,  Z/',  JT",  JV"  respectively, 
S',2"       „        Z/,  Z^Z^^F,     „    l»,  Lf.  li'>Jl»,J»          „        j 

and  then  the  projections  of  each  of  the  required  lines  are  T'^T',  a  common  tangent 
of  2',  $',  and  r"  =  r',  the  corresponding  common  tangent  of  2",  S". 

It  is  material  to  remark  how  the  construction  is  simplified  when  there  is  given 
one  of  the  lines,  say,  M,  which  meets  Zi,  Z2,  Z8,  Z4,  Here  if  is  a  common  directrix 
of  the  two  hyperboloids ;  we  may  for  the  hyperbolas  2X  and  2"  consider,  instead  of 
Lif  LZ,  Zs  and  two  new  generating  lines,  the  lines  Z1;  Z2,  Z3,  if,  and  a  single  new 
generating  line  N]  and  similarly  for  the  hyperbolas  2',  2"  the  lines  Zx,  Z2,  Z4,  if  and 
a  single  new  generating  line  N.  S7,  2'  have  thus  in  common  the  three  tangents 
LI,  Z/,  Mf,  and  therefore  only  a  single  other  common  tangent,  T '  =  T* ';  and  similarly 
2",  2"  have  in  common  the  three  tangents  Z/7,  Z2"  if",  and  therefore  only  a  single 
other  common  tangent,  T"  =  Z1" ;  and  we  have  thus  the  other  line  cutting  the  four 
given  lines. 
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I  take  the  opportunity  of  mentioning  the  following  theorem : 

"If  in  a  given  triangle  we  inscribe  a  variable  triangle  of  given  form,  the  envelope 
of  each  side  of  the  variable  triangle  is  a  conic  touching  the  two  sides  (of  the  given 
triangle)  which  contain  the  extremities  of  the  variable  side  in  question/' 

We  have  thence  a  solution  of  the  problem  (Principia,  Book  I.  Sect.  V.  Lemma 
XX VII.),  in  a  given  quadrilateral  to  inscribe  a  quadrangle  of  given  form.  The  question 
in  effect  is:  in  the  triangle  ABC  to  inscribe  a  triangle  a/3y  °f  given  form;  and  in 
the  triangle  ADE  a  triangle  afffy  of  given  form,  in  such  wise  that  the  sides  »y,  a'y' 


ft' 


may  be  coincident.  The  envelope  of  ay  is  a  conic  touching  AD,  AE}  and  the  envelope 
of  a!y  a  conic  also  touching  AD,  AE:  there  are  thus  two  other  common  tangents,  either 
of  which  may  be  taken  for  the  position  of  the  side  ay  =ay  ;  and  the  problem  admits 
accordingly  of  two  solutions. 
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ON    THE    ATTRACTION    OF   A   TERMINATED    STRAIGHT   LINE. 

[From  the  Philosophical  Magazine,  vol.  XLI.  (1371),  pp.  358—360.] 
WHITE  for  shortness  (a,  b,  o;  e)  to  denote  the  shell  included  between  the  ellipsoids 


(where  e  is  indefinitely  small)  ;  then,  if  the  ellipsoids 


are  confocal,  the  attractions  of  the  shells  (a,  6,  c  ;  e)  and  (a',  &',  c'  ;  e)  upon  any  exterior 
point  P  are  proportional  to  their  masses.  Hence,  considering  a  prolate  spheroid  of 
revolution,  c  =  &,  the  attractions  of  the  shell  (a,  &,  &;  e)  will  be  proportional  to  those 
of  the  shell  (V^-A,  V&2  -  A,  V&a-A;  e);  or  if,  as  usual,  Z>9  =  a2  (1  -  e2),  then,  If  A  increases 
and  becomes  ultimately  equal  to  62,  to  those  of  the  shell  (ae,  0,  0;  e);  viz.  this  last 
is  the  portion  of  the  axis  of  x  included  between  the  limits  #==  —  ae,  #=  +  oe;  or  say 
it  is  the  terminated  line  #=±ae;  and  I  say  that  the  mass  is  distributed  over  this  line 
'Wniformly. 


To  see  that  this  is  so,  observe  in  general  that,  in  the  spheroid  -^  +   -™A=l,  the 

/        7/2    \ 
volume  included  between  the  planes  #  =  a,  #  =  a  +  da,  is  ~(y*  +  2?)doL,  =7r(6'2  —  -~a2)da; 

and  thence,  writing  o!  (1  4-  e),  V  (1  +  e)  for  a',  &',  in  the  shell  (o!,  V9  V  ;  e)  the  volume 
included  between  the  planes  0  =  a,  #  =  a  +  da  is  =  7r6/2  .  2erda  ;  viz.  this  is  independent 
of  a,  and  simply  proportional  to  da.  Hence,  writing  6X  =  0,  when  the  shell  shrinks 
up  into  a  line,  the  mass  must  be  disturbed  uniformly  over  the  line.  It  follows  that 
for  a  line  of  uniform  density  the  equipotential  surfaces  are  each  of  them  a  prolate 
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spheroid  of  revolution  having  the  extremities  of  the  line  for  its  foci,  and  that,  it' 
we  have  a  shell  bounded  by  any  such  surfiieo  and  the  consecutive  Mwilar  surface,  with 
its  mass  equal  to  that  of  the  line,  then  such  shell  and  the  line*  will  exert  the  same 


attractions  upon  any  point  P  exterior  to  the  shell.  The  attrae.tions  of  the  line  are 
obtained  most  easily  by  means  of  its  potential;  viz,  taking  tf,  11  for  the  extremities 
of  the  line,  and,  as  above,  the  origin  at  the  middle  point,  and  the  axis  of  ;/,•  in  the 
direction  of  this  lino,  and  writing  2««  for  the  length  of  the  line,  tf,  //,  z  lor  the 
coordinates  of  /*,  and  r,  H  for  Uu1  values  of  ///',  SI*  (that  Is,  r  =  V  (.«  -  <tc)"  +  tf*  -f  c-, 
jf/a  +  s'J),  th<»u  the  potential  Ls  at  onee  found  to  be 

,.  W  +  (W  +  tf 


and  w(*    can    hereby   verity  that   the   equipotential    surface    is    in    fad    a   spheroid    of 
revolution  having  the  foci  />',  //;  for,  taking  the,  equation  of  such  a  spheroid  to  be 


<ru     </9(l  -tfy)  "     ' 

(</  is  an  arbitrary  parameter,  since  only  the  value  of  it?  bus  been  defined),  we  have 

H  «  <f  -f  ^/\    v1  ns  (/,  —  e-r 
and  thence 


<r  «.  ^  +  ?'  «  (  1  — 


and  the  quotient  in  »v       ,  n  constant)  value,  as  it  should  be,    The  equation    lr 
i  —  c 

may  hi  fact  be  written 

1  +e  ^%  +  a6+#  ^ 
1  -^""fl-afl+r1 

viz,  thin  equation,   apparently  of  the  fourth  order,  breaks  up   into   the   twofold   plane 
ya*0»  and  the  aphoroid    $+  fn      »\""^ 

**** 


The  foregoing   results  in  regard   to  the  attraction   of  a   lino  arc    not   new,     Hue 
Green's  Essay  on   Electricity,  1828,  and  Collected  Works,  Cambridge,  1871,  p,  08  ;  also 
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Joachimsthal,  "On  the  Attraction  of  a  Straight  Line/'  with  Sir  W.  Thomson's  Note, 

Comb,  and  DuU.  Math.  Journ.,  vol.  m.  (1848),  p.  93;  but  it  does  not  appear  to  have 

been   noticed    that    they   are,   in    fact,    included  in    the    theory    of  the    attraction   of 
ellipsoids. 

The  like  considerations  show  that  the  attractions  of  the  ellipsoidal  shell  (a,  b,  c;  e) 

y&  y* 

upon  an  exterior  point  are  equal  to  those  of  an  elliptic  disk  #  =  0,  ^—^  +  fi^Ttf =  lj 

the  mass  of  which  is  equal  to  that  of  the  shell,  and  which  has   the  density  at  the 

/          &  if    Y~* 

point  («,  y)  proportional  to  Jl-^—^-p^J    . 

Sir  W.  Thomson  informs  me  that  the  foregoing  results  have  long  been   familiar  to 
him. 
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425. 

NOTE   ON    THE   (JEODKSK!    LINKS    ON    AN    ELLIPSOID. 

[From  tluj  Philiumphmtl  Mtuntsine,  vol.  xu.  (IS71),  pp.  5:14,  535. | 

TliK  general  eonilguwtion  of  tho  geodesic  linos  on  an  ellipsoid  is  e.stablished  by 
means  of  the  known  theorem  (an  immediate  roiusequeneo  of  Jaoobfs  fundamental  fornwhr. 
but  which  was  first,  given  by  Mr  Michael  Roberts,  (/ow/jto  H&ndiMt  vol.  xxu  p.  1470, 
Doc.  1845)  that  every  geodesic  liu<1  Untclu»s  a  curvu  of  curvature;  that,  is,  att.«»i«lin^ 
to  tho  two  ojjpomto  ovaU  \vhi<Ji  onuHLitutio  tlut  (Uirvi*.  of  uurvature,  l.lu»,  gtHKU'sur  Hiu1  is  in 
general  an  infinite}  curve*  undulating  bt^twuen  tlusso  opposite^  ovals,  and  HO  touching  is-u'h 
of  thorn  an  infinite  number  of  tim<«  (but  possibly  in  particttilar  WIHCH  it  in  a  nionlrant 
curvo  touching  (^ach  oval  a  finitu  numbur  of  tinu'H),  Tlu»  geodesic  lint»H  thun  divid«» 
thomHclves  into  two  kimis,  awordingly  <w  they  touch  a  curve  of  ourvatwv  of  the  one 
or  the  other  kind ;  and  there  in  besides  a  third  limiting  kind,  the  linen  which  pass 
through  an  umbilicus :  uuy  such  goodosio  lino  pawon  through  the  opposite  umbilicus, 
and  IB  in  general  an  inftnite  curve  passing  an  infinite  number  of  times  alternately 
through  the  two  umbilici;  but  posnibly  it  i»  in  particular  cases  a  reentrant  rum* 
passing  a  finite  number  of  times  through  tho  two  umbilici,  I  annex  a  figure  giving 
a  general  idea  of  tho  configuration  of  the  geodesic  lines  drawn  in  different  directions 
from  a  given  point  P  on  the  surface  of  the  ellipsoid:  this  is  drawn  (as  it  were)  tm 
the  plane  of  the  greatest  and  least  axes;  but  it  is  not  a  perspective  or  geometrical 
representation  of  any  kind,  but  a  mere  diagram  for  tho  purpose  in  question.  We  have 
A,  A,  B,  C,  0  the  extremities  of  the  axes;  ZTi,  47,,  IT8,  J74  the  umbilici;  P  the  point 
on  the  surface;  1P2  and  1P4  the  curves  of  curvature  through  P,  viz,  these  are  ovala 


425] 


NOTE  ON  THE  GEODESIC   LINES   ON  AN   ELLIPSOID. 


35 


containing  the  umbilici    U19  17%  and  Ult  Z74  respectively.    Then    ZTiPZT",  and    Z/aPC^  are 
the    limiting    geodesies    passing    through    the    umbilici;    the    line    TPT'    represents    a 


"CJ 


geodesic  line  of  the  one  kind,  viz.  this  at  T  touches  an  oval  (curve  of  curvature)  Z7iEF4, 
and  at  T'  the  conjugate  oval  UaJ78.  Similarly  8P8'  is  a  geodesic  line  of  the  other 
kind,  viz.  this  at  S  touches  an  oval  (curve  of  curvature)  DiZ7a,  and  at  S'  the  conjugate 
oval  UJJi ;  the  dotted  figure-of-eight  curves  are  the  loci  of  the  points  of  contact 
T,  T',  S,  S'. 
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ON    A    SUPPOSED    NEW    INTKCIIIATION    OF    DIFFERENTIAL 
EQUATIONS    OF    THK    KEdOND    ORDER. 

[From  the  I'MotHijthicol  Mugusine,  v<»I.  xr.n.  (I.S71),  pp.  107 — I.')!).1] 

Turn   rc'fi'rs   to   a   paper,   ChulliH,  "  On   tlio   Api'lii'iition   of   n  new    IntOK'niUnn   of   Diltcii'iitial    Hiinntioi 
ot  O.io   Hcctinil   Order  to  HUUUI  uiiH<ilv<id   1'rubluiiiH  in  lltu   Calaihm   af  Variationx,"  /'////.    May.  HIUUII  voliintr 
VI).  a 
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ON    GAUSS'S    PENTAGRAMMA   MIRIFICUM. 

[From  the  Philosophical  Magazine,  vol.  XLII.  (1871),  pp.  311,  312.] 

TAKE  on  a  sphere  (in  the  northern  hemisphere)  two  points,  A,  B,  whose  longitudes 
differ  by  90°,  and  refer  them  to  the  equator  by  the  meridians  AE  and  BG  respectively; 
join  A,  B  by  an  arc  of  great  circle,  and  take  in  the  southern  hemisphere  the  pole 
D  of  this  circle  ;  and  join  D  with  E  and  G  respectively  by  arcs  of  great  circle.  We 
have  a  spherical  pentagon  ABGDE,  which  is  in  fact  the  "  Pentagramma  niirificum," 
considered  by  Gauss,  as  appearing  vol.  in.  pp.  481—490  of  the  Collected  Works.  Among 
its  properties  we  have 

the  distance  of  any  two  non-adjacent  summits'] 

>  —  yu  ; 
the  inclination  of  any  two  non-adjacent  sides  J 

so  that  each  summit  is  the    pole  of  the  opposite   side,  or  the  pentagon  is   its  own 
reciprocal. 

Bach  angle  is  the  supplement  of  the  opposite  side. 

If  the  squared  tangents  of  the  sides  (or  angles)  taken  in  order  are  a,  &  y,  S,  e,  then 


equivalent  to  three  independent  equations,  so  that  any  three  of  the  quantities  may  be 
expressed  in  terms  of  the  remaining  two.  (This  agrees  with  the  foregoing  construction, 
where  the  arbitrary  quantities  are  the  latitudes  of  A,  B  respectively.) 
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Projecting  from  the  centre  of  tho  sphere  upon  any  piano,  wo  have  a  piano 
pentagon  which  is  such  that  the  perpendiculars  let  fall  from  tho  summits  upon  tho 
opposite  sides  respectively  moot  in  a  point.  This  (as  easily  soon)  implies  that  tho  two 
portions  into  which  each  perpendicular  is  divided  by  tho  point  in  question  have  tho 
same  product. 

Conversely,  starting  from  tho  piano  pentagon,  and  erecting  from  tho  point  of  in  tor- 
section  a  perpendicular  to  the  piano,  tho  length  of  this  perpendicular  being  equal  to 
the  square  root  of  the  product  in  question,  wo  have  the  centre  of  a  sphere  such  that 
the  projection  upon  it  of  tho  piano  polygon  is  tho  pentagramma  uiirificum. 

I  remark  as  to  the  analytical  theory,  that,  taking  tho  origin  at  the  intorsoo.tion 
of  the  perpendiculars,  and  for  the  coordinates  of  tho  summits  (a,,  /?,),  ...  (aft,  $>)  respectively, 
then  we  have 


where  <y3  ivS  thtk  above-mentioned  product,  or  7  is  the  radius  of  tho  sphere. 
<'itndtri(tt/0t  September  14,  1<S71. 
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NOTE  SUE  LA  COEEESPONDANCE  DE  DEUX  POINTS  SUE  UNE 

COUEBE. 

[From  the  Comptes  Eendus  de  VAcad&mie  des  Sciences  de  Paris,  torn.  LXII.  (Janvier — 

Jim,  1866),  pp.  586—590.] 

THIS  is  to  the  same  effect  with  the  paper  885,  "On  the  Correspondence  of  two  Points  on  a  Curve"; 
four  examples  of  the  theory  are  given,  the  first,  second,  and  third  of  them  the  same  as  in  this  paper— the 
fourth  example  is  as  follows: 

4°.  Recherche  du  nombre  des  points  sextactiques,  c'est-k-dire  des  points  qui  sont  tels 
que  par  chacuu  passe  une  conique  qui  a  dans  ce  point  un  contact  du  cinquieme  ordre 
avec  la  courbe.  II  faut  prendre  pour  les  points  P  les  intersections  avec  la  courbe  de 
la  conique  qui  a  au  point  P'  un  contact  du  quatrieme  ordre :  les  points  unis  seront 
ceux  dont  il  s'agit.  La  courbe  ©  =  0  est  la  conique  qui  a  au  point  P'  un  contact 
du  quatrieme  ordre.  On  a  ainsi  parmi  les  intersections  le  point  P'  5  fois ;  done  k  =  5. 
A  chaque  point  P  correspondent  2m  -  5  points  P ;  &  chaque  point  P  10m2  —  20m—  5  -  208 
points  P'  (j'emprunte  le  terme  —  208  d'une  formule  que  vient  de  donner  M,  Zeuthen) ; 
done  la  formule  donne  pour  le  nombre  des  points  unis 

10  m2  - 18  m  - 10  -  20  8  + 10  £, 
c'est-4-dire 

15m2 -33m -30  8. 

Mais  cette  expression  comprend  le  nombre  3m  (m  —  2)  —  6  8  des  inflexions ;  en  effet  pour 
un  point  d'inflexion  la  conique  avec  contact  du  quatri&me  ordre  se  r^duit  &  la  tan- 
gente  prise  deux  fois,  ce  qui  est  une  conique  avec  contact  du  cinqui&me  ordre.  Done 
enfin  le  nombre  des  points  sextactiques  sera 

m(12m—  27)-  248, 
ou,  pour  uDe  courbe  sans  points  doubles 

m  (12m  -27), 
ce  qui  s'accorde  avec  la  valeur  que  j'ai  trouv^e  par  d'autres  moyens. 
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SUR   LES    (K)NIQUES  UKTKUMINKKH    PAR  CUNQ  OONDIT1ONH   I)K 
(JONTAOT   AVKC    UNK   OOURBK   DONNKM 


[From  the  (Jomptex  Jlettdus  de  I'Aatddmw  de#  tidenties  d  JfVrm,  torn.  LXIU.  (Jtttttet  — 

1HC<>),  pp.  »—  12.] 


papor  (dated  Cambricl^N  '^<>  Juno  IH(ili),  oontaluH  th«  uxproHHiniiH  for  the  iiuintx»rH  (fi),  (I,  t)t  (,'i,  '^) 
(3,  1»  1),  (U,  J2,  1),  (2,  1,  1,  1)  ami  (1,  1,  I,  1,  I),  of  tlw  ccmicK  which  Hutinfy  iivo  cotulititniH  of  flontiuit  with  a 
Kiven  curve,  a»  obttunod  in  tlio  paper  400  "On  tho  OUWOH  which  HaiiHfy  ^ivon  oonditiouH,1*  H<»^  p,  214,  and 
which  (*xproKnxonH  woro  found  by  tlu»  nanio  PVCKWHH,  vi>?.  by  ctmHidcration  of  functional  c^uationH  obtained  by 
Hupptming  the  given  oui-vo  to  break  up  into  two  cnrvim  of  tho  ordcrn  m  and  m*  roHpcotivtily  ;  th<»w»  wan  in 
th«  oxprofiBion  for  (1,  1,  1,  I,  1)  a  numerical  <»rror  an  niv&tionucl  in  tho  footnote  of  tho  HIUUM  pan**.  Tho 
paper  contains  also  tho  formula  ju"  '•-  |{v"*f'3/)'/*"<r";::^»  »n*l  tn°  tocpruHHion  for  (S8.V,  3^")  «ivon,  pp.  S&08,  204. 
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NOTE  SUE  QUELQUES  FOEMULES  DE  M.  E.  DE  JONQUIEEES, 
EELATIVES  AUX  COUEBES  QUI  8ATISFONT  A  DES  CON- 
DITIONS DONNEES. 


[From  the  Comptes  Emdus  de  I'Academie  des  Sciences  de  Paris,  torn.  LXIII.  (Juillet— 

Ddcembre,  1866),  pp.  666—670.] 

LES  formules  dont  il  s'agit  sent  publiees  dans  les  Comptes  Rendus,  stances  du  3 
et  du  17  septembre  1866.  En  faisant  une  simple  transformation  algebrique  pour  y 
introduire  la  classe  Jf(=w2  —  w)  de  la  courbe  donn^e  Um,  et  en  changeant  un  peu  la 
forme,  les  th^oremes  de  M.  de  Jonquieres  peuvent  s'6noncer  comme  il  suit: 

1°.  Le  nombre  des  contacts  des  courbes  Cr  qui  ont  tin  contact  de  1'ordre  n  avec- 
une  courbe  fixe  Um,  et  qui  passent  en  outre  par  %r(r  +  S)-n  points  donnas,  est 


OBSERVATION.  Inonc^  de  cette  manike,  le  th^orfeme  s'applique  m&me  au  cas  n  =  0» 
En  efiet,  pour  w  =  0,  le  nombre  donnd  par  le  th^orfeme  est  =mr,  qui  est  le  nombre 
des  contacts  de  Tordre  0  (intersections  simples)  de  la  courbe  donn^e  Um  avec  une 
courbe  d^termin^e  de  Tordre  r. 

2°.  Le  nombre  des  contacts  de  Tordre  n'  (=  ou  <  n)  des  courbes  Gr  qui  ont  deux 
contacts  des  ordres  n  et  n'  respectivement  avec  une  courbe  fixe  U™,  et  qui  passent 
en  outre  par  Jr(r+  3)  -ft  —  ri  points  donnas  est 

«  J  (n  +  1)  (ri  +  1)  {[nM  +  (2r  -  2n)  m]  [n'M+  (2r  -  2»')  m] 
-2(n*  +  m,'  +  n'*  +  n  +  n')M 

+    [-  4sr  (n+  ri  +  1)  +  4  (n2  +  nn'  +  n'^  +  n  +  n')]  m}. 
C.   VIL  6 
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OBSERVATION.  Knonce  do  ce.tte  maniorc,  le  theorems  s'applique  memo  aux  cas 
?/  =  0,  et  9i/  =  H.  Eu  cffet,  pour  nf  =  0,  lo  nombro  donne  j)ar  lo  tlu'oremo  ost 
=  (r7^  _  H,  —  i)  .  |  (^  +  i  )  [WJ|/  -f.  ^2r  -  2w)  w],  co  (|iii  ost.  e^al  an  nombre  dcs  courbcs  GYr 
qui  ont  avec  la  courbe  donneo  Um  \\\\  contact  do  Tonlro  >/,  inultiplic  ]>ar  rui  —  //•  —  I, 
nombre  dcs  contacts  do  Tordre  0  (intorseotions  siinplos)  do  cliaoutio  do  c.os  oourbos  aviw 
la  courbe  J7'ft.  Et  pour  H'  —  HI  lo  nombre  dos  contacts  ost  lo  double  du  nombro,  dos 
cotirbos  Ctr. 

Je  remarquo  t[uc  los  cloux  thoorcunos  pouvcnt  st>  (U?uumt.ror  do  la  tnamero  <lont 
jo  rno  suis  scrvi  on  chorchant  lo  nombro  dos  coniquos  <|ui  satisfont  t\  cinq  conditions 
donnooH;  car,  on  rompla^aut  la  courbc1  ni  par  Tonscmblo  <U»,  doux  cotirbos  in  c,t  ni\ 
<m  trouvo  quc  pour  lo  th<Soreme  V  lo  nombro  ch<in»ho  ost 


on  IOH  coefficicntw  (a,   /3)  no  (kspt»»dont.  q\i<1   do   (r,   w);   ot   puist  on   supposunt   <|tio   o.n 
e  soit  connn,  on  trouvo  (jiu1  pour  lo  tMoromo  2'  lo  nombro  choroho  <kst 


«  -J  (  w,  +  1  )  (n'  +  1  )  [w-V  +  (2r  -  2w)  WA]  [w'JI/  4-  (2r  -  2//') 
ou  do  memo  I<«H  o<Kkfficicnts  (a,  #)  no  <lop(kndont  tjuo  dtk  (r,  //)• 

Or  voici  common!,  on  pout  determinor  los  <».ootlicittnts  dans  les  doux  thoorf^ 

Pour  le  fcheuremo  I",  on  domontro  quo  pour  Um  uno  <lroit*\  lo  nomhn*  <^hortJi<? 
<wt»  =(?!+  1)  (r  —  /<);  ot  quo  pour  (7m  uno  coniquo,  lo  nombro  ehorclu?  s<^  <loduit  <lo 
lil  on  ocrivmit  2r  au  Hou  d(t  r;  cVst-a-diro,  (ju<>  pour  la  oonique,  lo  nombro  out 
SB  (n  +  1  )  (2r  -  w).  On  a 


ot  do  la 


co  qui  uchJ^vt^  la  ddmonstratioiu 

Pour  lo  tWonNme  2",  on  dowontro  ([\w  pour  (7m  uno,  droito,  1<^  Tiombro  oJusrc 
ORt  «(ft+  IJ^-i-'OCr-^-'/OO4-^-//'-  1),  ot  (juo  pour  (7™  urn?  eoniquc,  lo.  nombre 
<;horch(S  s<4  ddduit  do  la  en  dcrivant  2r  an  lieu  <ie  r  ;  c'ent-iX-diro,  pour  la  oonique, 
lo  tiombre  eat 


On  a  done 

'  +  l)(  r-n-?0(  r-n-n'-lJ 
-n-«0(2r-w-n'^ 


cela  donae  pour  a  ct  j8  leB  valo\ir« 


ot  la  demonstration  est  ainsi  achevde, 
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Je  remarque  que  sous  les  formes  ici  donn^es  les  deux  thdorfemes  s'appliquent  & 
une  courbe  Um  avec  des  points  doubles,  mais  sans  point  de  rebroussement. 

Le  th&r&me  dont  je  me  suis  servi  pour  la  determination  des  coefficients  peut 
s'Aaoncer  sous  la  forme  plus  gen&ale  que  voici,  savoir: 

En  d&iotant  par  <f>(rt  n,  n',...)  le  nombre  des  courbes  Or  qui  ont  avee  une  droite 
donnde  des  contacts  des  ordres  n,  ri,...,  et  qui  passent  en  outre  par  %r(r  +  3)-n-ri... 
points  donnfe,  alors  si,  au  lieu  de  la  droite  donnee,  on  a  une  conique  donnee,  le 
nombre  des  courbes  Gr  sera  =  <£(2r,  n,  ri}  ,..). 


En  eflfet,  liquation  de  la  courbe  cherchee  GT  contient  des  coefficients  ind^termin^s, 
lesquels,  par  les  conditions  de  passer  par  les  points  donnfe,  se  r&luisent  lindairement 
&  n+71'...+l  coefficients;  en  d^notant  par  (A,  B,  ...)  ces  coefficients,  liquation  de  la 
courbe  contiendra  lin^airement  (A,  B,...)  et  sera  ainsi  de  la  forme  (A,  B,  ...]£#,  y9  #)r  =  0. 
Liquation  de  la  droite  donaee  est  satisfaite  en  prenant  pour  (x,  y}  z)  des  fonctions 
lindaires  d^terminees  d'un  paramfetre  variable  6  ;  done,  en  coupant  la  courbe  (?*  par 
la  droite  donnee,  on  obtient  une  equation  (A,  B,  ...][#,  1X  =  0,  et  en  exprimant  que 
cette  equation  ait  n  racines  egales,  ri  racines  egales,  etc.,  on  obtient  entre  (A,  B,  (7,  ..,) 
des  Equations,  lesquelles,  en  ^liminant  tous  les  coefficients,  exceptd  deux  quelconques 
(A,  B),  conduisent  k  une  Equation  finale  (A,  5)^  =  0,  et  le  degr£  p  de  cette  Equation 
est  ce  qu'il  s'agissait  de  trouver,  le  nombre  des  courbes  O\  Si  au  lieu  d'une  droite 
donnee  on  a  une  conique  donnee,  il  n'y  a  rien  k  changer,  sinon  que  les  coordonn^es 
(a?,  y,  z)  doivent  etre  remplac^es  par  des  fonctions  quadratiques  de  0;  on  a  ainsi  une 
Equation  (A}  B,...Q0,  1)^  =  0,  qui  conduit  &  une  Equation  finale  (A,  By'  —  O,  ou  p' 
est  la  m^me  fonction  de  (2r,  nt  ri,...)  qu'est  p  de  (r,  n,  n't  ,..);  et  le  nombre  des 
courbes  Cr  est  —  p.  Le  th^orfeme  est  done  ddmontr&  Et,  pr^cisdment  de  la  meme 
maniere,  on  d^montre  le  th^or&me  encore  plus 


Ea  d&aotant  par  <^>(r,  n,  n',...)  le  nombre  des  courbes  Gr  qui  ont  avec  une  droite 
donnee  des  contacts  des  ordres  n,  ri,  ...,et  qui  passent  en  outre  par  ^r(r  +  3)  —  n-ri... 
points  donnas,  alors  si,  au  lieu  de  la  droite  donnee,  on  a  une  eourbe  wiicursale  donnee 
de  1'ordre  m,  le  nombre  des  courbes  Cr  est  =<£(?7ir,  n,  ri,  ...). 

On  aurait  pu  se  servir  directement  de  cela  pour  d^montrer  les  th^orfemes  1°  et  2°. 
Par  exemple,  pour  le  th^orfeme  1°,  la  consideration  de  la  courbe  imicursale  Um  donne 


c'est-Ji-dire 

a-Kn  +  lJn,    )8  -  i  (»  +  1)  (2r  -  2n), 

comme  auparavant. 


6—2 
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SUR    LA    TRANSFORMATION    dUBIQUE    D'UNE    FUNCTION 

ELLIPTIQUK. 


[From  the  Comptea  Rendas  de  VAatddmie  rfc/p  tfcwncw  de  Pw/X  torn-  LXXV.  Janvier  — 

,/Vm,  MM,  pp.  5«0—  563.] 

SOIT   17=  (a,  6,  c,  d,  «$*,   I)4  uno  fouutiou  quartiquo  qwlcouquo  do  #:   /,  */  lew 
deux  invariants: 

3cat    ,/  =  ace  -  <^rfy  -  Ife  +  2  W  -  c:{), 


/a  —  27i/a 

ot  preuoiw  fl  ~  --  .....  -^  '    pour  1'invariant  almohi  <lc  U*    Koi(«it  di»  mA»u^  U'~(a\  6',  ,..$#,  I)4 

//3  —  27t//a 
et   fl'as  —  »,s         Kuvariaut   ulnsolu   dtj    (/'.     En   suppoHunt   «pio  V<7,  V'i/'   wncut   Urn 

nulicaux  den  deux  fouctioiis  olliptiqucn  liAw  par  la  transformation  du  tr<»Hi6ino  ordro 
ou  ctibique,  on  pout  He  propaucr  la  tjuoHtiou  <|uoll«  ont  la  relation  («itw  IOH  (huix 
invariantB  absolun  fi,  il;?  J'ai  trouvd  cotte  n^latiou  d'abord  ]>ar  d<w  consid^ratioiiH 
gdomiJtriqucH  (jui  me  furent  migg«Jr<Je8  par  uuo  l«ttr«  do  M,  Hylvcwtrt*  ;  puin  je  1'ai  <hMtiiU» 
<lea  formula  pour  la  transformation  cubiquc  <lonni!«R  par  M.  Mertnito,  Ordk,  t.  LX.,  18(52, 
p.  304),  et  onfiu,  t\  1'aado  d'imo  conwdiSmtion  tirdo  do  COB  fomndoH,  j*ai  rdunsi  h 
Tobtonir  &  moycn  dcs  fonnuloH  dos  Fwndcwwitto  Nova.  Je  vai«  donrior  ici  cottc  doruibre 
investigation  do  la  relation  dont  ii  s'agit, 

En  supposant  quo  lea  functions  17,  U'  soiont  traneiformdoa  lin<Sairomont  en 
(l-^)(l-*ft#),  (l-0l)(l-'Vyi)  re«pectivomont,  pour  oxprimer  la  liakm  entre  los 
modules  Jp,  X9,  au  lieu  de  Tdquation  explicito  ontre  \/%,  \/\  (Fund.  Nova,  p,  2.3),  jo 
me  sers  des  formules,  p.  25,  •  Ie&quello8  en  y  ^crivant 
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c'est-&-dire 

2a/3  +  a+/3  =  2, 
deviennent 

/fc^-a'A    \2  =  -a/33. 

Les  transformations  lin&ires  donnent  sans  peine 

l)4  108X2(\2~1)* 

~ 


et  il  s'agit  entre  ces  Equations  d'dliminer  a,  y8,  A,  X  de  manure  k  obtenir  une  Equation 
entre  fi,  O'. 

J'&ris 

!-!)* 


Liquation  entre  a,  j8  donne 


et  on  a  de  1^, 

p 
puis,  en  faisant  attention  a  1'identit^ 


(2a  +  1)  (a  +  2)  (a  -  1)4  +  27a  (a  +  1)<  =  2  (a2  +  4< 
on  obtient  entre  a',  £',  k  relation  trfcs  simple  a'  +  ft  =  1. 
L'expression  de  A2,  donne 

a'(a+2) 
^~    2a  +  l    ' 


__  f 

fr  +  14^  +  1  =  -~  {««  (a  +  2)*+  14*  («  +  2)  (2a  +  1)  +  (2a 


et  on  a  de  la 


(a?  +  4a  +  1)»  .  (a8  +  3«*  +  16a»  +  So*  +  1)»  ' 
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Or  on  a 

_ 
a      1~ 


et   do   liX,   cm   tbrmant    roxprewion   do    la   foiiction   ""  •'",     .  ,n       ,  on    la    trouvo   (J^Uo   a 
la  valour  qui  viont  d'etre  donncc  j>otir  H  t^n  tonnes  do  a:    ou  a  done 


et  do  uicnie 

cv- 

12  -- 


Avoc   la   rolatioii   a'+^^l,  IVliininafciou   dtk   %',  ($'   <kutr<»  tu\s  oquations 
paw  do  difficult!?. 
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THEOKEME     KELATIF    A    LA    THEOEIE    DES     SUBSTITUTIONS. 
Extrait   d'une  lettre  adress^e   &  M.   J.   A.   SERRET. 

[From  the   Oomptes  Rendus  de  VAcademie  des  Sciences  de  Paris,  torn.  LXVIL  (Juillet  — 

Decembre,  1868),  pp.  784,  785.] 

ON  peut  ^noncer  par  rapport  aux  substitutions  un  thdor&me  qui  comprend  les 
trois  th^orfernes  in.  IV.  v.,  t.  II.  pp.  260  —  263  de  votre  Gours  d'Alg&bre  Supdrieure. 

Pour  un  nombre  quelconque  /i,  on  peut  former  avec  les  <j>(^)  nombres  inf&ieurs 
et  premiers  a  /-t  plusieurs  syst&mes  de  nombres  lesquels  sont  chacun  un  systkne 
conjugu^  (mod.  fju):  c'est-a-dire  que  le  produit  de  deux  nombres  quelconques  d'un  tel 
syst&me  est  congru  suivant  le  module  //,,  a  un  nombre  du  systfeme.  Comme  cas 
extremes,  1'unit^  est  un  tel  syst&me,  et  les  $>(f*)  nombres  forment  aussi  un  systeme 
conjugue. 

Pour  /j,  premier,  en  ddnotant  par  a  une  racine  primitive  de  p  et  par  /  un 
diviseur  quelconque  de  /"—  1,  les  nombres  =  a/a  (mod.  //-),  a  dtant  un  entier  quelconque, 
forment  un  systeme  conjugud  Et  g^n^ralement  pour  un  nombre  /*,  quelconque  ce 
nombre  a  des  racines  quasi-  primitives  a,  &  7,...,  aux  exposants  A,  J5,  (7,...,  tels  que 
a*  =  1  (mod.  ft),  y9B  =  1  (mod.  ^),  .  .  .  et  ABC  ...  =  </>  (p).  En  choisissant  une  combinaison  quel- 
conque, par  exemple  a,  0  de  ces  racines,  soient  /,  g  des  diviseurs  quelconques  de  A,  B 
respectivement,  les  nombres  s  a/*  bff?  (mod.  p)  forment  un  systeme  conjugu^,  Tordre  du 

A  ID 

me  ou  nombre  des  termes  ^tant  =  -7—  . 


Cela  &ant,  on  a  -ce 

Une  substitution  T  quelconque  de  I'ordre  p  tiant  formJe  avec  n  lettres,  Von  forme 
toutes  les  substitutions  S  telles  que  le  produit  $2T$~1  se  rdduise  A  une  puissance  de  T 
dont  Veaposant  soit  un  nombre  quelconque  appartenant  d  un  systbme  conjugud  (mod.  /A), 
les  substitutions  S  constitueront  un  systkme  conjugut  de  Fordre  OM,  oiju  6  denote  Vordre 
du  systbme  conjugut,  (mod.  p)  et  M  le  nombre  des  substitutions  fahangeables  avec  T. 

La  demonstration  est  tout  &  fait  la  m&ne  que  celle  que  vous  donnez  p.  62  pour 
votre  th^orfeme  IV,  en  y  ajoutant  seulement  que  les  nombres  i,  j  qui  appartiennent 
au  systfeme  conjugue  (mod.  JJL)  auront  leur  prdduit  ij  congru  ^  un  nombre  de  ce  m&me 
systfeme  conjugud 
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BUR  LE8  KUUFACJEtf  TKT.RAKDRALES. 

[Notes  to  the  work  Do.  la  (loimu'rio,  "  /iw7»m.7/««  aitr  te  surfaces  re^lces 

stjnH'triqut'N,"  Hvo.  Paris,  1.SC7.J 


Premier  AWmuire.    Notes  pp.  100  —  1  !).'}. 

EQUATIONS  OK  CKKTAINKH 
1°.    lA'quation 


+  2bf((tfbg  +  oW  - 
2o/i  (oAa/+  6y  -  %X)  ^"w1  -  26A  (^c/t  +  a9/9  - 
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SURFACES  BIT  EUITI&ME  ORDRE. 


-  a/)  a^2  -  26c/2  (bg  -  cA  )  0%2 

-  a/)  ^w2 


+  c2  (a2/2 

+  A2  (a2 


-  c 


r  +  c2A2  - 


o.  vn. 
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(oft,  pour  abr<%er,   on   a  t'crit  x^af+ty  +  ch,  ct   fl   ost.  unc  quantitd  quclconquo)  ost 
celle  d'une  surface  du  htiitifeme  ordro  qui  a  pour  courbos  doubles  lea  quatro  coniquoH 

#  =0,  +  cf  -  to?3  +fuP  =  0  ; 

y  =0,  -  a*8          +  cw8  4-  flrw3  =  0  ; 

s  =  0,  +  fo^  -  af         +  hw~  =  0  ; 

w  =  0,  -/tfa  -  /7?/a  -  /i-58  =  0. 


En  determinant  il,  aavoir,   on   ecrivant,   X  +  ^  +  v^O,  rr/Xa  +  bfffjf  +  c/w8  =  0  (co 
donne  deux  syHtfcnieH  dt^  vakniro  de  X  :  p  :  v),  o.t  jmis 


42          (c^+  fyy  <*  -  2S  ^  («/+  %)a  -  4  («/-  Ig)  (fy-ch)  (<A  -  «/), 


la  surfiice  tloviont  unc  surface  ntyjlce,  savoir,  la  qitadrivpinale  de   M.  cle  la  (Jouriutrio  ; 
ot,  on  particulier,  en  Hiipposant  ••i.-K    +  j  "0.  ou  obtiunt 

1      1       1 

X:^:|r"«/:^:o*' 
ot  do  Ik 

611-  (-2-4-)  -8  («/-  fir/)  (fy;  -  o/f  )  (ch  -  af  ), 

ot  la  Hurfaco  sera  ddvoloppablo, 


+ 


(oti  (1  est  uno  q\iantxt<J  qucloonquu)  OHt  colic  d'uno  surfaco  du  huiti6mo  ordrc  ayant 
pour  courbos  doubles  lea  quatre  courbos  du  quatrifemo  ordro 


A)  «  0,  A2^y3  -  r;^y  +  a#V  ss  0  ; 

y  «  0,  -  A^3             4/^^3  4-  6«W  m  0; 

*  »  0,  4-^yV  -/t^^             4-  copy*  m  0  ; 

w  »  0,  -  ay«^  -  6^^  -  otfyfl             «  0. 
En  &rivant 
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(ce  qui  donne  quatre  syst&mes  de  valeurs  de  X  :  p  :  v)t  et  puis 

^       fV  —  p,-,    X  —  v  t    ,  u  — X 
=  °f  ~X         ^ zT~ : 

la  surface   devient  une  surface  r^gl^e,  savoir,  la  quadricuspidale  de  M.  de  la  Gournerie; 
et,  en  supposant 

(«/)*  + (fc)*  +  (<*)*-0, 

et 

X  :  A*  :  y-(a/)*  :  (fy)*  :  (A)* 
ce  qui  donne 

O-  [(«/)*-%)*]  [(^-((A)1]  [((*)*-(«/)*]  : 
la  surface  devient  d^veloppable. 

Cambridge,  18  Ocfo&re  1866. 

Leuwikme  Mdmoire.    Notes  pp.  2T9 — 283. 
NOTE  I.    SUR  LA  DECOMPOSITION  DU  LIEU  DBS  G^^RATRICES  EN  SURFACES 

T^TRA^DRALES  DISTINCTES. 

II  me  semble  qu'une  de  vos  conclusions  a  besoin  d'etre  modifi^e.    Ainsi  la  surface 
t^tra^drale  d^riv^e    de    deux   courbes    triangulaires    Jt  exposant  —  (m   ^tant   un   entier 

positif),  laquelle,  selon  un  de  vos  thdor&mes,  serait  de  Tordre  2m2,  paralt  se  decomposer 
en  m  surfaces  chacune  de  Tordre  2m.    II  y  a  pour  cela  une  raison  A  priori  j  en  effet, 


Plan  2=0 

A 


P/  P' 


Planw=0 


pour  deux  triangulaires  de  la  forme  en  question,  en  employant  votre  construction,  on 
peut    ^tablir   une    correspondance   non-seulement    entre   les   deux    systfemes    de    points 

7—2 
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A,  B,  ..,,  ct  A',  B',...,  mais  aussi  outre  chaque  point  A  ct  un  scul  point  corrospondant 
A',  car  liquation  de  la  premiere  courbc  (Stant  de  la  forme 


on  satisfait  t\  cetto  equation  en  dcrivant 

«:  :  y  :  *  =  «(£+  a)w  : 
oh  0  cat  un  paramotre  variable.    Do  memo,  liquation  de  la  weconde  courbo 

i          i  \ 

/  V*  +  </'y  *  4-  k'w"1  =  0, 


on  satiB&it  a  cette  equation  en  (Jcriv 

,7:  :  y  :  w  =  a' 
oti  &  est  axissi  un  param^tre  variable. 
Pour  la  droite  OP,  on  a 

et  pour  la  droite  O 


done,  la  condition  pour  la  corroHpondanoo  <le«  droitOH  cat 

^ 

~~ 


ce   qui  donnc  m   valeurs   diffdnsntoa   pour  ff  on   teruujH  de  ^.    Main  chacune  d(^  <H>H 
valours  cat  de  la  forme 


ot,  en  ne  faiaant  attention  qu'i  unc  Heule  valour  de  d',  on  a  le  point 
0  :  y  :  ^«tt(6  +a)w  :  1(6  +@)m  ;  0 

qui  correspond  k  un  point  unique 
*  : 


Pour  le  cas  de  Texposant  £,  on  a,  de  cetto  mani&ro,  une  surface  do  1'ordro  6, 
J'ai  v^rifi^  cela  daas  le  cas  particular  de  la  surface  d<Jvoloppable.  II  est  trfes-siugulior 
(c'est  M.  Salmon  qui  m*a  fait  cette  remarquo)  qu'en  ^crivant  dans  cette  Equation 
(of,  f>  z\  uP)  an  lieu  de  (#,  y,  ^  w)9  on  obtiont  liquation  d'une  surface  du  douzifeme 
ordre,  lieu  des  centres  de  courbure  d'un  ellipsoide* 

idge,  15  JP&rwr  1866. 
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NOTE  II.    A.  I/OCCASION  DE  L'ORDRE  DES  SURFACES  T^JTRA^DRALES. 

Je  crois  que  j'ai  ne'glige'  de  vous  faire  connaitre  un  the'oreme  assez  ge'ne'ral  au 
sujet  de  Tordre  de  ces  surfaces.  En  conside'rant  dans  Tespace  deux  courbes  (planes  ou 
&  double  courbure)  des  ordres  m  et  m'  respectivement,  et  en  supposant  qu'il  y  ait 
entre  les  points  de  ces  deux  courbes  une  correspondance  (a,  of),  (c'est-a-dire  qu'&  un 
point  donne*  de  la  courbe  m  correspondent  a?  points  sur  la  courbe  m',  et  a  un  point 
donne'  de  la  courbe  m'  correspondent  a  points  sur  la  courbe  m),  •  alors  la  surface 
re'gle'e  que  Ton  obtient  en  unissant  par  des  droites  les  points  correspondants  des  courbes 
m  et  m'  sera  de  1'ordre  ma' 4-  m'a.. 

Cambridge,  18  Octobre,  1866. 


NOTE  III.    SUR  LA  SURFACE  COMPL^MBNTAIRE. 

Je    puis    reconnaitre,    par    mes    propres    formules,   que,   des  p<f    surfaces    de   Tordre 
q,  il   n'y  en   a  que  pq   qui  passent   par   la  troisieme   directrice.     En   effet,   le   rapport 
anharmonique    k    est    donne'    en    termes    des    parametres    de   la    troisieme    directrice,   au 

P 

.  moyen   d'une   Equation   qui   contient   la  quantity  irrationnelle   kq .     En  rationalisant  cette 
Equation,   on   obtient    pour    k    une   Equation   de   Tordre  pq\    a    chaque   racine  k^   corres- 

P 
pondent    q    surfaces,    savoir    celles    qui    appartiennent    aux    q     valeurs     de     kj ;    mais 

P 
liquation    irrationnelle    n'est    satisfaite    que    par   une    seule    valeur   de  k-f ,    a    savoir   la 

£ 
valeur  de   k^    donn^e  par  liquation  irrationnelle,  en   y  substituant  pour   k,  en  tant  que 

k  y  entre  rationnellement,  la  valeur  k  =  k^  Done,  &  chaque  racine  ^  correspond  une 
seule  surface  qui  passe  par  la  troisieme  directrice.  La  question  a  laquelle  donne  lieu 
cette  circonstance  paralt  tres-int^ressante.  La  surface  de'termine'e  par  les  trois  directrices 
est  compose'e  de  pq  surfaces  chacune  de  Tordre  2p*q,  et  d'une  surface  residuale  de 
Tordre  Zp*(<f  —  q*)-  Quelles  sont  la  nature  et  les  proprie'te's  de  cette  surface  re'siduale? 
Je  serais  bien  aise  de  savoir  si  vous  avez  fait  des  recherches  a  ce  sujet. 

Cambridge,  29  Mars  1866. 
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ON    CERTAIN    SKEW   SUKFAOKS,    OTHERWISE    SCROLLS, 


[From  the  Tnimtictionx  of  the  (hmbridtjG  Phihmplrictd  tiociety>  vol.  XI,  Part  n.  (18(5!)), 

pp,  377—  2«»,    Head  Nov.  II,  1807!] 

TUB  investigations  contained  in  the  present  Memoir  were  suggested  to  mo  by  the 
Memoirs  of  M.  IV  lu  Gournorie,  presented  by  him  to  the  Academy  of  Helenas  in 
1805  and  1800,  published  iu  extract  in  the  Cotnptw  Kcnduti,  and  reproduced  in  his 
work  "  RecfwGlM  mir  fev  mirfartw  v*A///fev  tforMmtw  sym^hiqw^,  par  JU!CH  I)(*  la 
floumtirie,  av<v  <io«  uoton  pur  Arthur  C-ayhy,"  8vo.  Paris,  I«SG7,  Although  tlu%  roHulfcs 
or  tho  greater  part  of  (horn,  agree  with  thowt  in  the  work  just  n*ferr<j,d  to,  the  mod*1 
of  treatnuuit  in  different,  and  more  geiu-ral,  tho  orders,  &a  of  tluk.  difTe.reut  ncrolls  being 
obtained  by  considerations  founded  on  the  theory  of  Oorrertponde.ne.e,  and  I  have  thought 
it  not  improper  to  submit  to  geometers  in  this  altered  form  the  theory  of  the  very 
interesting  elans  of  Scrolls  for  which  they  are  indebted  to  M.  l)e  la  Uournerie's  researches, 


Article  Now,  1  to  10,    tteMwtriwl  OoMtructwn  of  a  (Mtw*  of  tiwotttt. 

1.  CotiHider  auy  two  curves  (plane  or  of  double  curvature)  U,  II',  of  the  orders 
m,  m'  respectively,  and  lot  the  points  of  U  have  with  those  of  J7'  au  (a,  </)  eorro 
spoudenco;  vk  let  tho  points  of  tine  two  curves  be  so  related  that  to  each  point  of 
U  correspond  of  points  of  Z7',  and  to  each  point  of  U'  correspond  a  points  of  U: 
then  tho  linea  joining  tho  corresponding  points  of  IT,  U'  form  a  scroll  tho  order  of 
which  is 


2,  In  particular  let  U,  U'  be  plane  curves  in  tho  pianos  II,  IT  respectively  ;  and 
lot  the  correspondence  between  the  points  of  the  two  curves  be  established  as  follows; 
viz,  consider  in  the  plane  II  a  curve  ii  of  the  class  fi,  and  in  the  plane  II7  a  curve 
&'  of  the  class  X;  and  (to  avoid  useless  generality)  let  the  tangents  of  these  two 
curves  O,  SI'  have  to  each  other  a  (1,  1)  correspondence;  that  is,  to  each  tangent  of 
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£1  there  corresponds  a  single  tangent  of  ft',  and  to  each  tangent  of  ft'  a  single  tangent 
of  ft  (this  assumes  that  the  curves  ft,  ft'  are  rational  transformations  one  of  the 
other,  and  that  they  have  consequently  the  same  Deficiency).  This  being  so,  let  the 
points  of  U  which  lie  on  any  tangent  of  ft  and  the  points  of  U'  which  lie  on  the 
corresponding  tangent  of  ft'  be  taken  to  be  corresponding  points  of  U,  U'.  The  corre- 
spondence is  then  (/tm',  //m) :  in  fact  through  a  given  point  of  U  there  pass  \L  tangents 
of  ft,  and  the  corresponding  //,  tangents  of  ft'  meet  D7  in  pm'  points,  that  is,  to  a 
given  point  of  U  correspond  /m'  points  of  Z7';  and  similarly  to  a  given  point  of  U' 
correspond  p!m  points  of  U.  And  hence  the  order  of  the  scroll  formed  by  the  lines 
joining  the  corresponding  points  of  U,  U'  is  =  (//,  +  //)  mm'. 

3.  This  conclusion  may  be  otherwise  established  as  follows ;  let  K,  K'  be  any  two 
corresponding  points    of   27,  £T,  so  that  the  scroll  we  are  concerned  with  is  that  gene- 
rated by  the  series  of  lines  KK'\   and  let  I  denote    the  line  of  intersection   of  the 
planes  II,  II'.    The  line  J  meets  the  curve   U  in  m  points,  and  taking  one  of  these 
points  for  a  point  K  we  may  from  this  point  draw  p  tangents  to  the  curve  ft,  that 
is,  the  point  in  question  is  a  point  K  in  respect  of  p,  different  tangents  of  the  curve 
ft;    to  each   of   these  tangents   there    corresponds    a   single   tangent    of   ft',   and   such 
tangent  of  ft'  meets  the  curve    U'  in  m'  points,  that  is,  to  the  point  K  in  question 
there   correspond  jjmf   points   Kf  and   consequently  pm1   lines   KK'  in   the   plane  II' ; 
hence  to  each  of  the  m  points  K  on  the  line  7  there  correspond  pmi'  lines  KKf  in 
the  plane  II';  and  we  have  thus  /mm'  generating   lines  in  the  plane  II';  there  are 
in  like  manner  //mm'  generating  lines  in  the  plane  II. 

Take  K  an  arbitrary  point  on  the  curve  !7;  there  are  /*m'  corresponding  points 
K',  and  consequently  //.m'  generating  lines  through  K,  that  is,  through  each  point  of 
the  curve  ?7;  or  the  curve  U  (which  is  of  the  order  m)  is  a  /i-w'-tuple  line  on  the 
scroll ;  similarly  the  curve  V  (which  is  of  the  order  m')  is  a  //m-tuple  line  on  the  scroll. 

The  complete  section  of  the  scroll  by  the  plane  II  consists  of  the  curve  U  taken 
/Am'  times  (order  pmmr)  and  of  the  //mm'  generating  lines  in  the  plane  II;  that  is, 
the  order  of  the  section  is  =  (p,  4-  //)  mm' ;  and  we  thus  see  that  the  order  of  the 
scroll  is  =(/*,  +  //)  mm'.  Of  course  in  like  manner  the  complete  section  of  the  scroll 
by  the  plane  II'  consists  of  the  curve  U'  taken  //m  times  (order  //mm')  and  of  the 
/i,mm'  generating  lines  in  the  plane  IT,  the  order  of  the  section  being  thus  =(/*+//) mm'. 

4.  There  are  on  the  scroll  certain  singular  tangent  planes ;    viz.  if  we  have  two 
corresponding  tangents  of  ft,  ft'  meeting  the  line   I  in  the  same  point,  then  we  have 
m  points  K  and   m'    points  K'  all  lying  in  the  plane  of  the  two  tangents;    and   of 
course  the  mm'  lines  KKf  will  all  lie  in  the  plane  of  the  two  tangents;  that  is,  the 
intersection  of  the  scroll  by  the  plane  in  question  will  be  made  up  of  the  mm'  lines, 
and  of   a  curve  of   the  order  (/*  +  /*'-  l)mm';    and  the  plane  in   question   is  thus  a 
singular  tangent  plane. 

5.  The  number  of  these  singular  tangent  planes  is  = /*  +  //;  in  feet   considering 
as  corresponding  points  on  the  line  /,  the  intersection  of  this  line  by  any  tangent  of 
ft  and   the   intersection   by  the  corresponding    tangent    of  11',    the   correspondence  is 
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obviously  (p,  //);  viz.  through  a  given  point  P  considered  as  belonging  to  the  first 
system  there  pass  p  tangents  of  fl,  and  corresponding  thereto  we  have  /*  tangents  of 
&'  each  intersecting  I  in  a  single  point  P';  that  is,  to  a  given  point  P  correspond 
p  points  PI  and  similarly  to  a  given  point  P'  correspond  p'  points  P.  And  this 
being  so,  the  number  of  united  points,  that  is,  points  of  /  through  which  pass  corre- 
sponding tangents  of  fl,  £1',  is  =  /*  +  /*'. 

6.  In  particular  the  curves  fl,  fl7  may  reduce  themselves  each  to  a  point:    the 
tangents   to    the    two    curves    are    here   the    lines   passing   through    the  points    Q,    IV 
respectively:    and  the   condition  for  the  (1,  1)  correspondence   of   the  two  tangents  is 
that  the  pencils  of  lines  shall  be  homographically  related ;  or,  what  is  the  same  thing, 
that  these  two  pencils  shall  determine    on   the    line   /  two    ranges  which  are   homo- 
graphically related;  the  entire  construction  is  then  as  follows: 

Given  in  the  plane  IT  a  curve  U  and  a  point  fl,  and  in  the  plane  II'  a  curve 
U'  and  a  point  & ;  and  taking  in  the  plane  II  a  pencil  of  lines  through  fl,  and  in 
the  plane  IT  a  pencil  of  lines  through  fl7,  in  such  wise  that  the  two  pencils  corre- 
spond homographically;  then  if  a  line  of  the  first  pencil  meets  the  curve  U  in  the 
m  points  K,  and  the  corresponding  line  of  the  second  pencil  meets  the  curve  Uf  in 
the  m'  points  K'9  the  scroll  in  question  is  that  generated  by  the  mm'  lines  KK'. 

7.  By  what  precedes,  the  scroll  is  of  the  order  2mm7 ;  the  curve  U  is  a  m'-tuple 
line,  and  the  complete  section  by  the  plane  II  is  made  up   of  this  curve   taken  m' 
times  and  of  mm'  generating  lines ;  similarly  the  curve   U'  is  a  m-tuple  line,  and  the 
complete  section  by  the  plane  II7  is  made  up    of    this  curve  taken  m  times  and  of 
mmf  generating  lines ;  there  are  two  singular  tangent  planes  such  that  the  section  by 
each  of  them  is  made  up  of  mm7  generating  lines  and  of  a  curve  of  the  order  mm7; 
the   planes  in  question  are  obviously  those  through  the  lines  flfl7  and  the  coincident 
points  of  the  two  ranges  on  the  line  /,  say  the  points  A,  B  respectively. 

8.  The  foregoing  results  will   be  modified  in  special  cases.     Suppose,   for  instance, 
that  the  curve  U  passes  a  times,  a  times,  and  /8  times  through  the  points  H,  A,  B, 
respectively,  and  that  the  curve   U'  passes  <o'  times,  a'  times,  and  fi'  times  through  the 
points  fl',   A,  B  respectively.    Then  to  each  point  on  the  curve    U  there   correspond 
the  m'-ft>7  intersections  (other  than  the  point  Q')  on  a  line  through  XI7,  so  that  U' 
is  a  (m7-G>7)tuple  line  on  the  surface.    The  curve   Uf  meets  the  line  I  in  m'  points 
and  corresponding  to  each  of  them  we  have  a  line  through  li  meeting  the  curve    U 
in  (m  -  <M)  points,  exclusive  of  the   point   11 ;    this  would  give  w7  (m  —  CD)  generating 
lines  in  the   plane  II;    but  among  the  m7  points  are  included  the  point  Aot  times, 
and   the   point  B$'  times ;   the  (m  -  a>)  points  corresponding  to  A  include  the  point 
AOL  times,  and  we  have  thus  the  point  A  corresponding  to  itself  act7  times,  and  giving 
a  reduction   =  aa7  in  the  number  m7  (m  —  o>)  of  generating  lines :  similarly  the  m  —  o> 
points  corresponding  to  B   include  the  point  Bfi  times,    and  we  have  thus  the  point 
B   corresponding   to  itself  {Iff  times   and   giving   a   reduction   =/3$'   in    the  number 
w! (m  —  to)  of  generating  lines;  the  number  of  generating  lines  in  the  plane  II  is  thus 
=  m7(m  -  a))  -  aa7-  {If?.    The  complete   section  by  the   plane  II  is  made  up  of  the 
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curve  f7(w-a/)  times  (order  m(w'-V))  and  of  the  m'(m-G>)-aa'-£/3'  generating 
lines  ;  the  order  of  the  section,  and  consequently  also  the  order  of  the  scroll,  is  thus 
=  2mm'-wa/-w'a>-aa'--/8j8'.  It  is  clear  that  in  like  manner  the  curve  ZP  is  a 
(m  —  o>)tuple  line  on  the  surface,  and  that  the  complete  section  by  the  plane  II'  is  made 
up  of  this  curve  taken  (w-6>)  times,  order  m'(w-fi>),  and  of  m  (mf  -  o>')  -  aa'  -  $ff 
generating  lines. 

9.  The  section  by  the  tangent  plane  through  A  is  made  up  of  (m  -  a>)(m'  -  <»')  —  aa' 
generating  lines  (viz.  these  are,  the  line  £IA  a!(m  -  <o  -  a)  times,  the  line  £l'A  a  (m'  -  a  -  a') 
times,   and  (m  —  o>  —  a)  (??i'  —  a/  —  a')  other  generating  lines)  and  of  a  curve  of  the  order 
mm'—  ow'  —  $8':  similarly  the  section  by  the  tangent  plane  through  S  is  made  up  of 
(m  —  G>)  (m!  -  a/)  —  /3/3'  generating  lines  (viz.  these  are,  the  line  £15  /^(m-o  —  $)  times, 
the  line  il'5  jS  (m'  -  CD'  -  /3')  times,  and  (m  —  a>  —  £)  (m/  —  a/  —  /3')  other  generating  lines), 
and  of  a  curve  of  the  order  mm'-  W  —  aof. 

10,  A  very  interesting  case  is  when  (m,  mr  being  each  even)  we  have 


Here  the  curve  U  is  a  -J-m'-tuple  line  on  the  scroll,  and  the  complete  section  by  the 
plane  II  is  this  curve  taken  -£ra'  times  ;  the  order  of  the  section,  and  therefore  of  the 
scroll  is  thus  =Jmm/;  of  course  in.  like  manner  the  curve  U'  is  a  £m-tuple  line  on 
the  scroll,  and  the  complete  section  by  this  plane  is  the  curve  U'  taken  \m  times: 
the  section  by  each  of  the  planes  llft'J.,  £1£1'.B  is  a  curve  of  the  order  %mm\  the 
planes  in  question  being  in  the  present  case  no  longer  singular  tangent  planes,  or  even 
tangent  planes  at  all,  of  the  scroll 

Article  Nos.  11  to  14.    Analytical  Theory. 

11.  It  will  be  convenient  to  denote  by  J9,  0  respectively  the  points  heretofore 
called  H,  £1'  respectively:  this  being  so,  we  have  a  tetrahedron  ABOD>  of  which  the 
faces  ABD,  ABG  are  the  planes  heretofore  called  II,  II'  respectively,  and  the  other 
two  faces  CDA,  CDS  are  the  singular  tangent  planes  Qti'A,  £1U7B  respectively.  And 
then,  taking 

0  =  0,    y-0,    £=0,    w  =  0 

for  the  equations  of  the  faces  BCD,  CDA,  DAB,  ABC  of  the  tetrahedron,  we  may  write 
for  the  equations  of  the  curve  Z7,  ^=0,  /3(#,  y,  w)  =  0,  for  those  of  the  curve  U',  w  =  0, 
f*(®>  y>  ^  —  Oj  and  "kakfc  the  homographic  ranges  on  the  line  J(#  =  0,  w~  0)  to  be 
given  as  the  intersections  of  this  line  with  the  pencils  of  planes  %  —  Qy,  $  —  Wy  =  Q 
respectively  (9  a  variable  parameter,  k  a  constant).  The  points  K  are  therefore  given  by 

x-  fy  =  0,    2=0, 
the  points  K'  by 


and  then  the  lines  KE'  belonging  to  the  different  values  of  the  parameter  6  gene- 
rate the  scroll. 

C.  VII,  8 
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12.    Or,   what  is  the  same  thing,  taking  (X,  Y,  Z,  W)  as  tho  coordinates  of   A", 
(A",  F,  #',  W)  as  tho  coordinates  of  A",  wt/havo 

x  -  0y-o,  #  -o,  MX,  y,  in=o, 

and  then  the  equations  of  tho  lino  KK'  are 

=  0: 


or,  as  these  may  bo  written, 


Ar  ,     r  ,    0  ,     IK  j; 

A",   r,  z\   o  i 


-  W  la?  +  WT'y  .     +  (  -V  1"  -  xY  '  Y)  w  «  0, 

-  YZ'*  +  XZ'y  -  (  -V  y  ;  -  X'  Y)  s  .          «  0, 


C(juivatent  of  courao  to  two  equal  ions.    Tin*  elimination  of  A",   F,  W,  X',  Yf,  %',  0  from 
all  tho  equations  gives  tho  equation  of  the  scroll. 

13*    Substituting  the  valuen  X  —  QY,  Xf  —  kQY't  w«  have 

/.(»y;  K,  irj-o,  yuwr;  r,  ^-o, 


or,  what  in  the  Hamo  thing,  writing   .  r  »  ^  and  ^  »  f,  wo 


have 


Recollecting  that  the  last  four  equation**  are  equivalent  to  two  equations  only,  and 
substituting  for  a>;  f  their  values  in  terms  of  ft  we  have  in  effect  two  equations,  which 
by  the  elimination  of  6  lead  to  a  relation  in  (#,  y,  *,  w),  the  equation  of  tho  scroll 

14.  We  may  find  the  sections  of  tho  scroll  by  the  planes  o?»0,  y»0  respectively. 
Writing  first  #»0,  we  have 
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Hence  taking  the  other  two  equations  in  the  form 

/•tffcfc  «*)-<>,    /*(%   f,    |)-0, 
and  putting  0y  =  -M,  we  have 


from  which  eliminating  u  we  obtain  an  equation/^,  *,  w)  =  0,  the  equation  of   the 
section  by  the  plane  x  =  0, 

Similarly,  writing  y  =  0,  we  have 


whence  taking  the  equations  in  the  form 


and  writing  z  =  v>  we 

from  which,  eliminating  v,  we  obtain  an  equation  /3(#,  z,  w)  =  0,  the  equation  of  the 
section  by  the  plane  y  =  0. 

Article  Nos.  15  to  29.    The  Curves  U,  Uf  are  henceforward  "triangular"  curves. 

15.    Let  r  =  ±  £  9  where  p,  q  are  positive  integers  prime  to  each  other,  and  let  the 

given  sections  be 

z  =  0,    Aaf+Bf     .      H-Dw;r  =  0, 

w=0,    A'ar  +  Bff  +  O'sr      .      =  0, 

where  it  is    to   be   observed  that  r  being   =+^,  the  two  given  sections  are  of  the 

order  pq,  the  order  of  the  scroll  is  =2p2<f,  each  of  the  given  sections  is  a  jpj-tuple 
line  on  the  scroll,  and  the  plane  thereof  meets  the  scroll  in  the  section  taken  pq  times, 

and  in  the  pq  generating  lines:  but  r  being  =-^,  the  two  given  sections  axe  each 


of  the  order  2pj,  with  three  ^J-tuple  points  (o>=  a^ft^pq,  o>'  =  ct  =  ffs=pq)9  and  thence 
the  order  of  the  scroll  is  i(2pjy>  ='2p2ja;  each  of  the  sections  is  a  jp^-tuple  line  on 
the  scroll,  and  the  plane  meets  the  scroll  only  in  the  section  taken  pq  times.  But 
in  either  case,  ,if  q  be  >  1,  that  is,  if  r  be  fractional,  it  will  presently  appear  that 
the  scroll  of  the  order  2pY  breaks  up  into  q  scrolls  each  of  the  order  2pty 

8—2 
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1C.    To  find  the  section  l>y  th«  piano  <r  =  0,  we  havo 

Au'+B    y 

A't,+1r 

U 
and  eliminating  u  we  obtain 


(k-iy   f  Nr/i-Mr  ..  .   . 

writing  (  -  «A    1  =a  (-)>•  (/•    J  '  tluis  lls 


or,  what  is  the  same  thing,  it  is 


And  in  rt»fjiwl  to  thin  and  the  olhrr  otjuati<»w  whic.h  ctwitain  (-)'"r,  it  in  to  bo,  «bw»rviul 
that  r  being  initial  wo  huv<^  (-)•'•  =  (-)'•,  and  that  r  btking  fractional,  every  value  of 
(-)"r  Ls  also  a  value  of  (-)>';  HO  that  wo  may  in  every  OHHO  write  (-)''  in  place  of  (-)  r. 

Similarly  for  the  section  by  the  plane  Y/  =  0,  wo  have 

Aaf  +  Jlif  .         +  t)  (-  (/j  -  I  )  w)f  ==  0, 

^'  (toy  +  iff  +  <;((&  -  1)  sY  •        «  <>» 

and  eliminating  fy  wu  havo 

(AV~A'RW)af        ~  B(J'(k-iyv+iri)  (-(fc-  1))'^«  0; 
or,  what  ia  the  same  thing, 


17»    The  four  sections  thu«  are 


Ojbj     *"""  ,*nL  jT5/(/ 

-      '       (l~AX 


It  will  be  convenient  to  speak  of  these  four  curves  as  directrices  of  tho  scroll, 
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18.  Suppose  for  a  moment  that  r  is  integral;  as  either  of  the  given  equations 
may  be  multiplied  by  a  constant,  we  may  assume  that  D  =  -(-)r{7';  substituting  this 
value  and  dividing  the  first  and  second  equations  each  by  C'}  we  have 


A  "Df  __^ 


=  0,  Aof+  Ef  .      -(- 

=  0,  A'af+  '          J3y>        (7V  .      =0, 


so  that  the  diagonally  opposite  coefficients  differ  only  by  the  factor  —  (—  )r  ;  viz.  the 
matrix  is  symmetrical  or  skew  symmetrical  according  as  r  is  odd  or  even. 

19.  If  r  be  fractional,  it  is  to  be  observed  that,  although  the  three  symbols  (-)r 
and  the  two  symbols  (1  -  k)r  which  enter  into  the  first  and  second  equations  of  No.  17, 
do  not  in  the  first  instance  represent  of  necessity  the  same  values  of  (-)r  and  (1  —  k)r 
respectively,   yet    there    is    no    loss    of  generality   in   assuming   that   they  do   so  —  the 
irrational  equations  are  mere  symbols  for  the  rational  equations  to  which  they  respectively 
give  rise—  and  the  irrationalities  (-)**  and    (1  -  k)r  will   on   the    rationalisation    of  the 
equations  disappear  along  with  the  irrationalities  xr,  yr,  zr,  to  which  they  are  attached. 
But  the  case  is  otherwise  with  the  irrationality  kr  involved  in  the  expression  AB'—A'Bkr\ 

n\ 

writing  as  before  r=*±~(p  and  q  positive  integers  prime  to  each  other),  the  symbol 

kr  has  q  different  values;  and  there  is  not  in  the  first  instance  any  relation  between 
the  kr  of  the  first  equation  and  the  kr  of  the  second  equation  :  for  each  of  these 
equations  the  rationalised  equation  (that  is,  the  equation  rationalised  in  regard  to  the 
coordinates)  will  contain  the  irrationality  Jf,  and  will  thus  for  each  of  the  q  values 
of  kr  represent  a  distinct  curve.  The  given  equations  (viz.  the  first  and  second  equations) 
represent  each  of  them  a  single  curve  of  the  order  pq  or  2pq,  according  as  r  is 
positive  or  negative;  the  first  and  second  equations  represent  each  of  them  q  such 
curves. 

20.  Hence,  starting   from  the   two  given  curves   in  the   planes  #  =  0   and  w  =  0, 
respectively,  and  with  a  given  value  of  A,  the  section  of  the  scroll  by  the  plane  y  =  0 
is  made  up  of  q  curves,  viz.  the  curves  obtained  from  the  second  equation  of  No.  17, 
by  assigning  to  the  radical  kr  each  of  its  q  different  values;  the  scroll  consequently 
breaks  up  into  q  different  scrolls,  viz.  the  lines  passing  through  the  two  given  curves, 
and  any  one  of  the  q  curves  in  the  plane  y  =  0,  constitute  a  distinct  scroll.    The  lines 
in  question  meet  the  plane  #  =  0,  not  indifferently  in  any  one  of  the  q  curves  in  that 
plane,  but  in  a  certain  one  of  these  curves,  viz.  in  that  curve  for  which  the  radical 
If  has  the  same  value  as  for  the  curve  in  question  in  the  plane  y  =  0.     Hence  we 
may  in    the  first   and   second  equations   regard   the   radicals   kr    as   having   the   same 
meaning,  and  the  system  of  four  equations  in  effect  breaks  up  into  q  systems,  viz.  the 
systems  obtained  by  giving  to  the  radical  Af  its   q  different   values;    each    of  these 
systems  gives  a  scroll,  and  the  scroll  derived  from  the  two  given  curves  with  a  given 
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value  of  k  is  made  up  of  those  q  scrolls.    And  henoo,  attaching  a  unique  value  to  each 

of  the  symbols  (-)r,  (l-fc)r,  and  jf,  we  may,  as  before,  write  ./)  =  (-)r  6",  and  so  mince 

the  original   equations  as  in    the   cast1,  r  integral,   to    tho   form   No.   18,  in   which    the 
diagonally  opposite  coefficients  differ  only  by  the  factor  —  (-)r. 

21.     Lot  the  two  given  equations  be  taken  to  be 

*«0,  fcBr-(-)r<r/       .        +hwr  =  Q, 

«,  =  (),    -(-yfjf-(-Y<iy-(-YhJ     .    =0; 
we  have  then 


or,  putting  this  =s-(~)rc,  that  is,  writing 

afkr  +  by  (-  1  }f  +  cli  (  I  -  k)r  =  0, 
the  four  equations  become 

a  *  Of  .  wf  -  Hr  bzr  +fwr  -  Or 


s  =  0,  faf  -  (~V  a/        *       +hwf  =  0, 


where  c  being  considered  ns  giv<^n,  &  in  determined  as  mentioned  above,  or,  what  is 
the  warne  thing,  k  :  —  1  :  1-&-X  :  ^  :  />,  wt^  have  \  :  p  :  v>  and  thence  /c,  determined 
by  the  equations 

X+        jU,   +       ?/r=0, 


21    Consider  for  a  moment  X,  /A,  v,  an  tho  coordinates  of  a  point  in  a  plane,  then 
±£  as  before),  tho  equation  o/V"  +  typ*  +  chv*  =  0,  it*  that  of  a  curve  of  the  order  pq 

,  according  an  r  is  positive  or  negative:  and  this  curvo  is  met  by  th<^  lino  X+/i  +  ^  =  0, 
in  pq  or  2p#  points,  that  ia,  k  has  this  number  ;xy  or  2^r/,  of  values  ;  but  to  each  of 
those  values  of  k  there  aorreHpondn  (not  (j  values  b\it)  only  a  single  value  of  tt?t  viz, 
that  value  for  which  afkr  +  bff(-iy  +  ch(l-ky**Qi  that  in,  starting  from  tho  two 
directrices  in  tho  pianos  z  «  0,  w  »  0,  respectively,  and  a  given  third  directrix  in  the 
plauo  y»0  (or  in  the  plane  #**()),  wo  may  by  means  of  oach  of  the  pq  or  Zpq  values 
of  k  construct  a  scroll  passing  through  the  three  directrices,  and  which  will  al«o  pafcwj 
through  tho  fourth  directrix  in  the  plane  ®  «*  0  (or  in  the  piano  y  *  0),  but  such  scroll  is 
only'  one  (not  each)  of  the  q  scrolls  which  can  be  constructed  from  tho  two  given  flection* 
iu  the  planes  »  »  0,  w  **  0,  respectively,  and  from  tho  assumed  value  of  k.  It  has  been 

mentioned  that  whether  r  is  *=  +  ^,  or*-^,  tho  total  scroll  constructed  from  the  two 

?  ? 

given  directrices  in  the  planes  #=*<),  w«0,  and  from  a  given  value  of  k  is  of  the  order 
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2p2gf2,  and  that  such  scroll  breaks  up  into  q  distinct  scrolls,  hence  the  order  of  each 
of  the  distinct  scrolls  is  =  2p*q.  Whence,  starting  with  the  given  directrices  in  the 
planes  #  =  0,  w  =  0,  and  a  given  third  directrix  in  the  plane  y=0  (or  in  the  plane 
.#=0),  we  have  pq  or  2pq  scrolls  each  of  the  order  2p2g,  and  passing  through  these 
three  directrices,  and  through  the  given  fourth  directrix  in  the  plane  #  =  0  (or  in  the 
plane  y  =  0), 

23.  It  is  to  be  observed  that  when  q  is  >  1,  then  considering  the  three  directrices 
as  given,  the  pq  or  Zpq  scrolls    each   of   the  order  2p2£,  do  not    make   up   the   total 
scroll  generated  by  the  lines  which  pass  through    the   three   given   directrices.    I  call 
to  mind  that  for  three  given  directrices  the  orders  of  which  are  m,  n,  p,  respectively, 
and  which  meet,  the  second  and  third,  the  third  and  first,   and  the  first  and  second, 
in  a  points,  /9  points,  and  7  points  respectively,  the  order  of  the  scroll  generated  by 
the  lines  which  meet  the  three   directrices   is    —  2mnp  —  am  —  /3n  —  <yp.     Suppose   first, 

that  r=  +  -,  then  the  directrices  are  each  of  the  order  pq,  and  they  do  not  any  two 

of  them  meet;  the  order  of  the  scroll  is  =  2pfy*.    Suppose  secondly,  r  =  —  2,  then  the 

directrices  are  each  of  the  order  2pg,  but  each  two  of  them  have  in  common  two 
pq-iuj>\Q  points  counting  as  2p2g3  intersections;  the  order  of  the  scroll  is  thus 
(16-8.4)jp»g*  =  4pY.  In  the  first  case  the  lines  which  meet  the  three  directrices 
generate  a  residuary  scroll  of  the  order  2p3(g8—  g2),  and  the  pq  scrolls  each  of  the 
order  2psg;  in  the  second  case  they  generate  a  residuary  scroll  of  the  order  4ips  (g8  -  g2), 
and  the  %pq  scrolls  each  of  the  order  Zpq. 

24.  In  the  case  r  =  +  -  ,  by  way  of  illustration  of  the  origin  of  the  pq  scrolls  each 

of  the  order  2p2g,  I  consider  the  particular  case  p  =  1,  that  is,  r  =  -  ,  the  reciprocal  of 

a  positive  integer  g,  and  where  it  is  to  be  shown  that  we  have  q  scrolls  each  of  the 
order  2q.  The  given  directrices  are  here 


.     =0, 

each  of  them  a  unicursal  curve  ;  we  may  in  fact  satisfy  the  two  equations  respectively, 
by  writing  in  the  first  of  them  j/ 

0  :  y  :  w=a(<£+a)«  :  b  (<£  +  £)»  :  d(<f>  +8)«; 
and  in  the  second 

*  :  y  :  s  =  a'( 


where  <i,  &,,d,  a,  /3,  8,  a!,  V,  c',  a',  /3',  7'  are  properly  determined  constants,  #,  <£'  are 
variable  parameters.  It  follows  that,  considering  the  points  E,  E'  which  are  the  inter- 
sections of  the  first  curve  by  the  line  a?—  0t/=0,  and  of  the  second  curve  by  the 
corresponding  line  #  —  kdy  =  0,  we  have  not  only  a  correspondence  of  q  points  K  with 
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k  points  K'  ,  but  we  may  establish,  and  that  in  q  different  manners,  a  correspondence 
between  single  joints  K  and  K'.  For,  substituting  the  foregoing  values  of  x  :  \j  in  the 
equations  M—dy—Q  and  M  —  k6y  —  0  respectively,  we  have 


and  thenco 


so  that,  extracting  the  ^th  root,  of  each  side,  wo  have,  in  </  different  ways  corresponding 

to   the  q  values  of  the  radical  [.  ,!r,  a  relation  of  the  form   <&'=-,       ';  and   eon- 
1  U'  frW  w$  -I-  '>' 

sideling  0'  as  having  this  value,  the  points  A",  A"'  as  given  by  the-  equations 

z  «  0,    #  :  //  :  w;«  u(<£  +  aV  :  A  (0  +  #  )''  :  </  (<£  +  8  )'', 
and 


renpeclively,  corresjM>nd  as  single  ]>oinis  t^o  <»m:b  other.  Wo  have  thus  in  7  different 
ways  a  series  of  corresponding  points  A",  A",  and  consequently  q  series  of  lines  7\A" 
each  of  tJ  ii  jin  generating  a  scroll  which  (as  the,  order  of  the  scroll  generated  by  all 
the  <]  series  is  «2f/J),  nnust  be  each  of  them  of  the,  order  2ry;  and  the  decomposition 
in  question  is  thus  explained. 

25.  lu   the  scroll  of  the  order  2y3,  each  directrix  is  a  <y-t»uplo  line,  niul  the  com- 
plete section  by  the  plane  of  the  directrix  is  made  tip  of  the  directrix  q  times  (order  </a), 

and  of  c/  generating  linos,  in  fact,  of  q  y-fold  generating  lines:  to  show  that  thin  is  HO, 

\         \          i 
consider  the  directrix  in  the  piano  3-0,  vix.  the  equation  of  this  is  Ar'/  +%''+/)//;*'  «(), 

i          t 

Writing  herein  ?/>  =  (),  we  have  Ax*  +  %''  ^0,  that  is,  A*JR  -  (—  )7  /#//  ~"  ti  ;  it  is  clear 
that  the  mtiotuilised  equation  must  reduce  itself  to  }/l'Jtf~(~yj/#yj<'^(),  and  that  the  line 
ws=0,  is  tints  a  tangent  of  </«]K>intic  inti^mwtion  at  the  point  w«  0,  ^l  fto  —  (—  )v  /%»(), 
Taking  AT  at  this  point  we,  have,  in  each  of  the,  scrolls  of  the  order  %  q  coincident 
positions  of  K',  that  is,  a  (/-fold  lino  KKf  in  the  piano  ?/;«();  and  the  like  for  the 
piano  #=(),  so  that  the  total  section  by  the  piano  z~()  is  wade  up  of  the  directrix 
(/  times  and  of  q  g-fold  generating  lines;  and  it  follows  that  for  each  of  tho  scrolls 
of  tho  order  2j,  the  section  by  the  plane  #  =  0  is  made  up  of  the  directrix  onco,  and 
of  a  j-fold  generating  line, 

26,  It  is  oasy  to  see  that  in  tho  general  case  r*-f%  tho  like  conclusion  holds; 

for  the  scroll  of  the  order  2pY»  the  section  by  the  plane  of  the  directrix  consists  of 
the  directrix  pq  times  (order  p*q*),  and  of  p*q  y-foid  generating  lines  ;  whence  for  each 
of  the  q  component  scrolls  of  tho  order  2/>ty  the  section  is  made  up  of  the  directrix 
p  times  (that  is,  the  directrix  is  a  ^-tuple  line  on  the  scroll)  and  of  p*  g-fold  generating 
lines, 
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27.  Ill  the  case  r  =  —  *-,  where  the  order  of  the  directrix  is  =  2w,  then  in  the 

q 

scroll  of  the  order  2p*g1,  the  directrix  is  a  pq-tuiple  line  on  the  scroll,  and  taken  pq 
times  it  constitutes  the  complete  section  by  the  plane  of  the  directrix  ;  whence  in 
each  of  the  q  component  scrolls  of  the  order  2ps#,  the  directrix  is  a  jp-tuple  line  ;  and 
taken  p  times  it  constitutes  the  complete  section  by  the  plane  of  the  directrix. 

28.  It  is  convenient  to  exhibit  the  foregoing  results  in  a  tabular  form  as  follows: 


Each  directrix  is  of  order  pq.  Each  directrix  is  of  order  2pq,  with  three 

points. 


Scroll  belonging  to  two  directrices,  and  a  given  value  of  &,  is  of  the  order 


breaking  up  into  q  scrolls  each  of  order  2p*q,  breaking  up  into  q  scrolls  each  of  the  order 

each  which  scroll  of  the  order  2p*q  has  each  2p*q,  each  which  scroll  of  the  order  2p*q  has 

directrix  for  a  jp-tuple  line  and  has  besides  p*  each  directrix  for  a  fi-tuple  line,  and  conse- 

g-fold  generating  lines  in  the  plane  of  the  quently  no  generating  line  in  the  plane  of  the 

directrix.  directrix. 

Considering  two  directrices  and  a  given  third  directrix, 

k  has  pq  values.  k  has  2pq  values. 

Total  scroll  for  the  three  directrices  is  made  up  of 

pq  scrolls  each  of  order  2p2y  (viz.  one  for  each  2pq  scrolls  each  of  order  2p2g  (viz.  one  for 

value  of  Jk),  and  residuary  scroll  of  order  each  value  of  k)}  and  residuary  scroll  of  order 


29.  The  following  are  noticeable  cases;  r  =  l  gives  the  hyperboloid  as  derived  from 
three  directrix  lines  ;  r  =  —  1  the  hyperboloid  as  derived  from  three  plane  sections 
thereof;  r=2,  an  octic  surface,  M.  De  la  Gournerie's  Quadrispinal  ;  r==  —  2,  an  octic 
surface,  his  Quadricuspidal  ;  r  =  |,  a  sextic  surface  which  (as  remarked  by  Dr  Salmon), 
on  writing  therein  (af,  j/a,  #2,  w2),  in  place  of  (#,  y,  z,  w),  is  converted  into  a  surface 
of  the  twelfth  order,  locus  of  the  centres  of  curvature  of  an  ellipsoid. 
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435. 

ON   THE    SIX   COOtlDlNATEtf   OF  A    LINE. 


['From  the  Transactions  of  the  tftinibrittye  Wtkmphiml  fttici'i'tt/,  vol.  XI.   I'art  n. 
jip.  2!K>— 823.    Komi  Novi'inbur  11,  '!H(i7.'] 

THK  notion  of   tho   «ix   awmlhiuU'H   of  a    lino   wia,  HO    far   us    I    ant    awiro 
c.stal>linli(i<l  in  iny  pa|u>r  "  On  a  n«w  analylioixl  rcprcwuitiaLion  of  Curves  in  Hpaco,"  Qiutrt. 
Math.  Jour.  t.  111.  (IK(iO),  pp.  225— .280,  (2K4] ;  wo  p.  220,  whore,  writing  p,  </,  r,  «,  t,  u 

( V     '//       ^      '///I 

for  th«  six  (let-enninantiH  of  tlu,^  uiutrix  |  '  'V  *'  »[ ,  T  nknuirk  Uiab  Uu^s  vahufH  giv<» 

idontimlly  pa  +  c/i-f  rw  =  0  ;  and  I  consular  a  <MHM  as  rcpn'st'iiiod  l>y  a  h<nno(ift»nrouH 
ocinatiou  F=0  bctAvtu'U  tho  nix  coonlinatt'H  (;>,  </,  r,  «,  /,  v/);  and  many  of  the  invoHti* 
Cations  of  tho  pnw(»nt  tucMuoir,  in  which  Ilium  coordiuatcH  an^  (^nj)loytMl,  havo  ln«ni  iu 
iny  poHHOH»iou  for  Kotnct  yearn  JMIHL  But  tlu»HO  coordinates  i>rtwjnUul  Uu*,niHt%lv<*H  in<l<s 
peudontly  to  Prof.  Pliic.ki'r,  and  the  theory  of  them  in  wet  forth  in  IUH  most  interesting 
and  valuable  memoir,  "On  a  new  Geometry  of  Mpaoe,"  Phil.  Tram.  t.  CLV.  (18(if>)f 
pp.  723 — 7!)!  ;  tho  course  of  development  there  given  to  tho  theory  is  however 
altogether  different  from  that  in  tho  prenent  memoir.  They  havo  alno  more,  recently 
been  made  use  of  in  a  paper  by  Herr  Lliroth,  "Zur  Theorio  der  wiiuisohieibn  Fliichon/' 
Qnlk,  t.  LXH.  (1887),  pp.  130—152. 

I  have  iu  tho  present  memoir  applied  thcfio  coordinates  to  tho  question  of  the 
Involution  of  nix  HnoR ;  tho  notion  of  thia  relation  of  BIX  lines  in  duo  to  Prof.  Sylventur, 
to  whom  it  presented  itself  in  tho  year  1861,  in  connexion  with  a  theorem  in  tho 
Lehrt'uch  der  titatik,  by  Mobius  (Leipzig,  1837),  that  if  four  forces  acting  on  a  nolid 
body  are  in  equilibrium  the  lines  along  which  the  forces  act  are  the  generating  linoa 
of  a  hyperboloid.  Prof*  Sylvester  was  thereby  led  to  consider  six  linen  such  that 
(regarding  them  as  lines  in  a  solid  body)  there  exist  along  them  forces  which  are  in 
equilibrium;  and  he  thence  obtained,  by  the  statical  considerations  reproduced  in  the 
present  memoir,  the  construction  (when  five  of  the  lines  are  given)  of  a  sixth  line  to 
pass  through  a  given  point  or  to  be  situate  in  a  given  plane. 
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Article,  Nos.  1  to  8.    The  Sia  Coordinates  of  a  Line;  definition  and  general  notions. 

1.  Using  any  quadriplanar  coordinates  (as,  y,  z,  w)  whatever,  consider  a  line;  on 
the  line  two  points  the  coordinates  of  which  are  (a,  /3,  %  8)  and  «  ft',  7',  #)  respectively  ; 
and  through  the  line  two  planes,  the  equations  whereof  are  (A,  B,  Ct  D$#,  y,  z}  w)  =  0, 
and  (A',  J3',  C",  D'^x,  y,  z}  w)  =  0  respectively;  we  have 

(A,B,  C 


P,vt  8)-0, 
(A',  H,  C',  LJa!,  ft  v',  S')  =  0. 

2.    From  the  first  and  second  equations,  eliminating  successively  A,  B,  C,  D}  we  find 


off-  of  ft  ,    -  (yet  -  7xa),    aS'  -  a'S 


(A,  B,  C,  D)  =  0, 


0      9    yt?  - 

-OSS'-£'S),    -(7S'~7'S),         0 

and  from  the  third  and  fourth  equations  we  find  the  like  system  with  (A'9  B's  C'3  D') 
in  place  of  (A,  B,  £7,  jD).  Comparing  the  corresponding  equations  of  the  two  systems, 
we  find  an  equality  of  ratios,  as  will  presently  be  mentioned. 

3.  From  the  first  and  third  equations,  eliminating  successively  a,  ft,  7,  8,  we  find 

0           ,  AS-A'B9  -(CA'-C'A),  AD'-A'D    (a,  ft,  7,  8)  =  0, 

-  (ABf  -  A'B),  0        ,  BO'  -  B'C  ,  BDf  -  B'D 

CA'-C'A,  -(BC'-B'O),  0        ,  CD' - 

-(AV-A'D),  -(BU-B'])),  -(CD'-G'D),          0 

and  from  the  second  and  fourth  equations  we  find  the  like  system  with  (a7,  jS7,  7',  8') 
in  place  of  (a,  ft,  7,  §) :  comparing  the  corresponding  equations  of  the  two  systems,  we 
find  the  same  equality  of  ratios  as  before,  viz. 

4.  This  is 

/->    /         /v  /  /  at  fQ          W  f§         /OSy         /O'SJ     •    »j5\'          ni'Sl 

jWfy     — .  r>  ry     I   ryflt     ^  iv  CC    "  OCO     ™™  Ct  o    '.   CtO      *™*  Ct  O      *  OO     "~*  O  0     •    70       """"  7 

^Jliy-^jD  :  BD'-B'D  :  CD'-C'D  :  BO' -SO  :  CA'-C'A  :  Aff-A'B, 
and  putting  each  of  these  two  equal  sets  of  ratios 

then  the  quantities  (a,  6,  c,  /,  &  A),  which  it  is  easy  to  see  satisfy  the  condition 


9—2 
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are  said  to  bo  the  '  six  coordinates  '  of  the  line  :  as  only  the  ratios  of  the  six  quantities 
are  material,  and  as  the  last-mentioned  equation  establishes  a  single  relation  between 
these  ratios,  the  system  of  the  six  coordinates  contain  four  arbitrary  ratios  or  parameters, 
for  the  determination  of  tho  particular  line. 

5,  A  line   is   thus   determined   by  its    six    coordinates  (a,  ft,  c,  /  //,  h),  which  are 
such  that  «/+  %  +  cA  =  0  ;  and  conversely  any  six  quantities  (a,  b,  c,  j\  y,  h.)  satisfying 
this  relation  may  be  taken  to  be  the  «ix  coordinates  of  a  line. 

6.  It  iu   proper   to   show  that    the    ratios   a  :  b  :  c  :  /  :  g  :  h  are   independent  of 
the  particular  two   points   ou   the   line,  or  two  planes  through   the  line,  used   for  their 
determination.    In  fact,  if  instead  of  the  points 


«',  P,  ?',  s', 

we  have  any  other  two  points  on  the  line,  Hay  the  points 


va  +  pa',     i//J  +  p$,     vy  +  py',     i/S  +  pS', 

then  tho  six  (tatenmnants  have  their  original  values  each  multiplied  by  XP-/LM/;  and 
tho  ratios  are  unaltered. 

And  the  like  Ls  tho  eawo,  if  instead  of  the  planes 

A>  B,  a,  />, 


we  have  any  other  two  pianos  through  the  line,  nay  the  planes 


tho  determinants  have  their  original  values  each  multiplied  by  Xp-^i/;  and  tho  ratios 
aro  -unaltered, 

7.  It  may  be  remarked,  that  the  theory  of  the  six  coordinates  considered  as  derived 
from  the  two  points  fa  ft,  %  5),  («',  #',  ry^,  g'),  and  as  derived  from  tho  two   plane« 
(A,  B,  Ot  D),  (A\  If,  C',  tf)>  is  preciaely  the  aamo  in  each  cane;  and  we  may  confine 
ourselves  to  tho  first  point  of  view,  regarding  therefore  the  nix  coordinates  as  derived 
from  the  two  points  (a,  A  7,  8),  (a',  &,  7',  V).     I  further  remark,  that  I  do  not  at 
present  in  anywise  fix  the  absolute  magnitudes  of  the  coordinates  (a,  6  c,  /,  g,  h):  it 
is  only  the  ratios  that  we  are  concerned  with. 

8.  The  values  of  the  ratios  a  :  b  :  c  :  f  :  g  :  h  of  the  six  coordinates  do  how- 
ever depend  on  the  particular  coordinate  planes  0«0,  y  =  0,  ^  =  0,  w«0,  made  use  of 
for  their  determination;   and   in   the   sequel   it  will   bo   necessary  to  investigate  tho 
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formulae  of  transformation  to  a  new  set  of  coordinate  planes  #0  =  0,  y0  =  0,  #0  =  0*  w0  =  0. 
And  I  shall  also  show  in  what  manner  the  absolute  magnitudes  of  the  coordinates  may 
be  fixed.  But  deferring  the  consideration  of  these  questions,  I  consider  the  planes 
x  =  0,  y  =  0,  z  =  0,  w  =  0  as  given  planes,  and  take  the  six  coordinates  (a,  6,  c,  /,  g,  h) 
of  a  line  to  be  determined  as  above  in  reference  to  these  given  planes,  the  absolute 
values  of  these  coordinates  remaining  indeterminate,  and  their  ratios  only  being  attended 
to.  And  I  proceed  to  consider  the  various  questions  which  present  themselves  in  the 
geometry  of  the  line,  considered  as  thus  determined  by  means  of  its  six  coordinates 
(a,  6,  c,  /,  g,  A). 

Article,  Nos.  9  to  18.    (Various  Sub-headings.)    Elementary  Theorems. 

Condition  that  a  line  may  be  in  a  given  plane. 

9.  Taking  the  line  to  be  (a,  &,  c,  f,  g,  A),  the  equation  of  the  given  plane  to  be 

(A,  B,  G,  D$#,  y}  z,  w)  =  Q; 

then  if  (a,  ft  7,  8),  (a',  ft,  7',  8')  are  the  coordinates  of  any  two  points  on  the  line, 
we  have  the  system  of  equations  ante,  No.  2,  and  substituting  therein  for  ft/  —  ^ 
&c.  the  values  (a,  6,  c,  /,  g,  A),  we  find 

0,       c,    -b,   f    (A,  B,  C,  D)  =  I 
-c,        0,        a,    g 
b,    —  a,        0,    A 

which  equations,  equivalent  to  a  twofold  relation,  are  the  required  condition.  It  may 
be  remarked  that,  treating  (A,  B,  C,  D)  as  current  plane  coordinates,  each  equation  of 
the  system  is  that  of  a  point  lying  in  the  line. 

Condition  that  a  line  may  pass  through  a  given  point. 

10.  The  coordinates  of  the  given  point  are  taken  to  be  (a,  ft  7,  8).    If 

(A,  B,  0,  D$>,  y,  z>  «0«0,    (4',  B',  C',  JPfa,  y,  z,  w)  =  0, 

are  the  equations  of  any  two  planes  through  the  line,  then  we  have  the  system  of 
equations  ante  No.  3,  and  substituting  therein  for  Aff  -  A'B,  &c.  their  values  in  terms 
of  the  coordinates  (a,  6,  c,  /,  g,  h)  of  the  line,  we  have 

0,        h,    -g,    a    (a,  ft  %  S)=0; 
-A,       0,       /,    b 
9,    -/,       0,    c 
-a,    -&,    -  c,    0 

which  equations,  equivalent  to  a  twofold  relation,  are  the  required  condition.  It  is 
obvious  that,  treating  (a,  ft  7,  8)  as  current  point  coordinates,  each  equation  of  the 
system  is  the  equation  of  a  plane  through  the  given  line. 
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Condition,  for  the  intersection  of  two  lilies. 

11.  The  coordinates  of  tho  linos  are  taken  to  be  (it,  b,  c,f,g,  h\  and  (at,  b/t  o,,ft,  ff,,  //,), 
respectively.  If  (a,  $,  7,  8),  (a',  /S',  7',  8'),  wo  the  coordinates  of  any  two  points  in  lh« 
first  line,  .and  (a,,  /8,,  7,,  S,),  (a/,  /?/,  7,',  8/),  arc  tho  coordinates  of  any  two  points  on 
the  second  Hue,  then  the  four  points  are  in  a  plane,  that  is,  we  have 


«',  p.  «/, 


<, 


s 


0, 


that  is,  expanding  the  dotorminant  and  suhstitiiting  for  $7'  -  ft%  &(-•.  and  ftfl,'  -  /3,'y,, 
&c.  thch1  values  in  terms  of  the  ooordinak'B  of  tho  two  linen  renpcctively,  we  have 


«//  +  1><J,  + 

or,  as  this  may  also  bo  written, 


+  /A  +  fa/ 


for  tho  condition  that  tho  two  linuH  may  intermit. 

12.    The  NJUUO  result  will  bo  obtained  if  wt)  take 

(,i,  11,  0,  ])"$*,  y,  8,  w)-0,    (A',  If,  (7,  irfa  y,  z,  w)-0, 
for  the  equations  of  any  two  pianos  through  tho  first  line,  and 

(A,,  B,,  C,,  Dfa,  y,  z,  w)  =  0,    (-fl/f  11',  ,  Of,  J>/$«,  y,  *,  w)- 


for  tho  oqnations  of  any  two  planes  through  the  second   line,     The  four  planes  will 
meet  in  a  point,  that  is,  wo  have 


A,    11,    Q,    1) 

A1,  jif,  a,  & 

A,,    Bt,    Ot,    D, 


=  0, 


A;,  s;t  of,  D; 

or,  expanding  and  substitxiting,  wo  havo  tho  name  condition  as  bofore* 

13,    In  tho  caso  of  any  two  linos  (a,  bt  c,  /,  g,  A),  and  (ay,  t,,  c/9  ft,  gt}  ht\  wo 
may  dofino  tho  '  moment '  of  tho  two  linos  to  bo  tho  function 

a/  +  lg,  +  ch,  +fa,  +  gb,  4-  he,, 

it  being  understood  that  wo  havo  not  as  yet  any  complete  quantitative  definition  of 
the  moment;  this  being  so,  we  have,  in  what  precedes,  the  theorem  that  the  moment 
of  two  intersecting  lines  is  » 0. 
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Plane  through  two  intersecting  lines. 


14.  Let  (A,  B,  C,  D}$#,  y,  *,  w)  =  0  be  the  equation  of  the  plane  through  the 
two  intersecting  lines  (a,  6,  c,  /,  g,  K)  and  (a,,  &„  c,,  /„  &,  A,)-  We  have  two  systems 
of  equations,  as  in  No.  9,  and  comparing  the  corresponding  equations  of  the  two 
systems,  we  find  in  the  first  instanc'e 


A  :  B  :  C  :  £  =       \        :&/-&/:  of,  -cj  :  -<fc,-&,c) 
=  <W,  -  <*,ff  :       /*        -  <#,  -  cy#  :  -  (ca,  -  c,a) 


where  X,  ^,  r,  /o,  are  in  the  first  instance  unknown;   the  different  sets  of  ratios  are 
of  course  identical  in  virtue  of  the  relation 

(/,»  ff<>  */>  a/>  fy>  <>&<*»  t>  c>  f>  ff>  *)  =  0, 

and  comparing  them  we  have  equations  which  lead  to  the  values  of  X,  p,  v,  />;  and 
we  thus  obtain  more  completely, 


h,c  :  -  (oB,  -  a,&) 
+  c*, 


A:B;G  :  D=f,a+l>tg  +  e,h  :  If.  +b,f          :  of,  -cj 


15.    It  is  in  these  equations  easy  to  verify  the  identity  of  the  different  sets  of 
values:  we  ought,  for  instance,  to  have 


that  is, 

(M  +  a,/+  6/9r)  (Ayo  4-  a/x  +  ^)  +  (a&y  -  a,&)  (/^  -//flr)  =  0, 

and,  observing  that 


&,&),  =  cA  .  c7  A,, 
the  left-hand  side  is 

=  cht  (oh,  +  a/  +  lg,  +  a,f+  b,g  +  c,h), 

=  ch,  (of,  +  lg,  +  cht  +fa,  +  gb,  +  ho,),  =  0. 

Point  on  two  intersecting  lines. 

16.    Let  (a,  ft,  7,  8)  be  the  coordinates  of  the  point  of  intersection  of  the  two 
intersecting  lines  (a,  &,  c,  /  g,  K)  and  (a,,  &„  c,,  /,  g/t  h,\     We  hare  two  systems  of 
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equations  such  as  in   No.   10,  and  comparing  the   correspond  ing  equations  of   the  two 
systems,  we  lind 

a  :  /3  :  7  :  8  -  L        :      ag,-  a,tg    :      ahf  -  a,h     :  gh(  -  gfh 

=     If,    -ft,/:  M         :      W,,,-&>      :/{/',-/*,/ 


whore  /),  J)/,  JV,  P,  are  in  the.  lirsfi  instance  uuknowu;  but,  comparing  the  different 
sets  of  values,  wo  have  equations  for  finding  th-o  values  of  these  quantities,  and  we 
thus  obtain  the  more  complete  system 

a  :  £  :  <y  :  B  =     /a  +  bfg  +  cth  ;      ay,  -  tt,g  :      <th,  -  a,h  :  gh,  -  </> 


//  +  ^c  :  f<jt  -f,<j 
==  -  (be,  -  b,c)  :  -  (wy  -  c/0          :  -  (rift,  -  a,/;)  :  /a  +  //,/>  +  /f^, 

where  it  is  to  be  observed   that  the  right-hand   side  considered    OH  a    matrix  is   the 

transposed  matrix   of  that  whieh  occurs  in  No,    1*{,  in  the  formula  for  A  :  Ji  :  (1  :  D* 

The,  verification  of  the  identity  of  the  different  sets  of  values  can  of  course  be  effected 
us  in  No.  15, 


rion,  for  a,n  arbitrary  plane  through  &  line. 

17.    The  condition  in  order  that  the  piano  (A,  It,  (7,  ./)$#,  y,  z,  w)  =  0,  may 
through  the  line  (^,  ft,  c,  /,  //,  //)>  is  the  twofold  relation  given,  No,  9 ;  it   is  satisfied 
l>y  any  one  of  the  four  systems 

A  :  11  :  (J  :  1)       «     0  :      h:      <j  :  a, 
or  as  -  A  :      0  :     /  :  ft, 

or  =     ff  :  -f  :      0  :  c, 

or«-a;"ft:-c:0; 
and  consequently  also  by 

:  (    A,       0,    -/,    -6£fc  *  ft  ») 

:  (    a,        ft,        c,        0$£  77,  f,  o); 
or,  what  i»  the  same  thing,  by 

A  :  J5:0:D«     (    0,       A,    -f,        ajft  9,  &  ») 

:(    ^    -/i        0,        cjfe  9,6  «) 
:(-«,    -»,    -C,        0$f,  17,  t  a>) 

where  (f,  9;,  f>  a>)  are  arbitrary:  there  is,  however,  no  loss  of  generality  in  putting  any 
two  of  these  quantities  «  0. 
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Etvpression  for  an  arbitrary  point  in  a  line. 

18.  The  condition  in  order  that  the  point  (a,  /3,  7,  S),  may  lie  in  the  line 
(a,  6,  c,  /,  g,  A),  is  the  twofold  relation  given,  No,  10 ;  it  is  satisfied  by  any  one  of 
the  four  systems 

or  as  — c  :      0  :      a  :  g, 
or  =     6  :  —  a  :      Q  :  h, 

or  =  -/  :  —  g  :  -  h  :  0 ; 
and  consequently,  also  by 

a:  /3:y:S  =  (    0,  -  c,  6,  -/$*,  y,  *>  w) 

:  (    c,  0,  -a,  -  #  $>,  y,  *,  w) 

:  (-  6,  a,  0,  -  h  $  0,  y,  *,  w) 

'  (   f,  9,  h,        0  $  0,  y,  *,  w) ; 
or,  what  is  the  same  thing,  by 

a  :  B  :  7  :  £  = 


:  o, 

c, 

-&•       . 

/  $  *.  y.  *,  w) 

-  °> 

0, 

a, 

#$  #i  #>  *•  w) 

:  *. 

-a, 

o, 

A  5  x,  y,  z,  w) 

«,  y,  *,  w) 

where  (a?,  y,  5,  w)  are  arbitrary:  there  is,  however,  no  loss  of  generality  in  putting  two 
of  these  quantities  =  0. 

Article  Nos.  19  to  25.     Geometrical  considerations  in  regard  to  three,  four,  five, 

and  six  lines. 

Before  proceeding  further,  I  will  establish  certain  geometrical  notions  in  regard  to 
three,  four,  five,  and  six  lines.  I  use  the  term  'tractor'  to  denote  a  line  which 
meets  any  given  lines. 

19.  Three  given  lines  have  an  infinity  of  tractors;  viz.  these  are  the  generating 
lines  of  a  hyperboloid  having  the  three  given  lines  for  directrices. 

20.  Four  given  lines  may  be  directrices  (generating  .lines)  of  the  same  hyperboloid, 
viz.   every  tractor   of   any  three  of  the  four  lines   is   then   a  tractor  of  all  the  four 
lines.    But  in  general,  four  given  lines  have  a  pair  of  tractors;   viz.   considering  the 
tractors  of  any  three  of  the   four   lines,  these   form  a  hyperboloid   having  the   three 
lines  for  directrices;    the  fourth  line    meets   this   hyperboloid  in   two  points,  and  'the 
generating  line   through  either   of  these   points   is  a   line   meeting   each  of  the  four 
given  lines,  that  is,  it  is  a  tractor  of  the  four  given  lines. 

C.   VIL  10 
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21.  The  fourth  line  may  however  touch  the  hyperboloid;  and  in  this  case,  instead 
of  a  pair  of  tractors,  the  four  lines  have  a  twofold  tractor.     The  relation   of  the  four 
lines  to  each  other  is  a  symmetrical  one;    and   we  have  thence  the   theorem,  that   if 
any  one  of  four  given  lines  touch  the  hyperboloid  through  the  other  three  lines,  then 
will  each  of  the  four  given  lines  touch  the  hyperboloid  through  the   other  three  lines. 
But  the  relation  to  each  other  of  four  lines  having  a  twofold  tractor   may  be  other- 
wise expressed  as  follows;    viz.   considering  a  tractor  of  the  four  given   lines,  each  line 
determines  with  the  tractor  a  point,  the  intersection  of  the  line  and  tractor;  and  it 
also    determines    a   plane,   viz.   the    plane    containing    the    line    and    tractor;    we    have 
therefore  a  range  of  four  points  on  the  tractor,  and  a  pencil  of  four  planes  through 
the  tractor;    and  if   the  tractor  be   a  two-fold   tractor,  the    range  and  pencil   will  be 
homographic;  and  conversely,  if  the  range  and  pencil  are  homographic,  the  tractor  will 
be   a    twofold  tractor.     This  is    easily  obtained   as  a    limiting    case    from    the   general 
one  where  the  four  lines  have  a  pair  of  tractors;  each  line  determines  with  the  one 
tractor  a  point  and  a  plane  as  above,  and  this  plane-  intersects  the  second  tractor  in 
a  point;  we  have  thus  through  the  first  tractor  a  pencil  of  planes,  and  on  the  second 
tractor  a  range   of  points,  and   these  two    are    homographic.    But,   in   the    case    of   a 
twofold   tractor,   the    range    on    the    second    tractor    coincides    with    that    on    the    first 
tractor;    that  is,  the  range  of  points  on  the   tractor  is   homographic  with   the  pencil 
•of  planes  through  the  tractor. 

22.  Given  any  four  lines,  and  a  point   0,  then  either  in  the  general  case  where 
the   four   lines   have   a   pair   of   tractors,  or   in   the    special    case   where  they  have    a 
twofold  tractor,  there  exists  and  can  be  found  through  the  point  0  a  single  fifth  line 
such  that  the  five  lines  have  (as  the  case  may  be)  a  pair  of   tractors,  or  a  twofold 
tractor.    And  similarly,  given  the  four  lines  and  a  plane  ii,  there   exists  and  can  be 
found   in  the  plane  XI  a  single  fifth  line   such   that  the  five  lines  have  (as  the   case 
may  be)  a  pair  of  tractors,  or  a  twofold  tractor. 

23.  Five   given   lines    have   not   in   general   any  tractor;    the   five   lines  may  be 
directrices  (generating  lines)  of  the  same  hyperboloid,  and  they  have  then  an  infinity 
of   tractors;    or  they  may  have  a  pair  of  tractors,   viz.  the   fifth  line  may  be  a  line 
meeting   the   tractors   of   the   other   four  lines;    or  (as   a  particular   case    of   the  last 
relation)  the  five   lines   may  have  a   twofold    tractor;    or  the   five    lines   may  have   a 
single  tractor. 

24.  Given  any  five  lines  and  a  point   0;    then,  selecting  any  four  of  the  given 
lines,  we  may  through  0  draw  a  line  having  with  the  four  lines  a  pair  of  tractors. 
Treating  in  this  manner  each  of  the   five  sets  of  four   lines,  we  obtain  through  the 
point   0  five  lines  constructed  as  above;  we  have  the  theorem  which  will  bfc   proved 
in  the  sequel,  that  these  five  lines  lie  in  a  plane  O.    And  similarly,  given  the  five 
lines,  and  a  plane  fl,  then  selecting  any  four  of  the  five  lines,  we  may  in  the  plane 
H  draw  a  line  having  with  the  four  lines  a  pair  of  tractors ;  treating  in  this  manner 
each  of  the  five  sets  of  four  lines,  we  obtain  in  the  plane  XI  five  lines;  and  we  have 
then  the  theorem  that  these  five  lines  meet  in  a  point  0. 
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25.  In  the  case  of   six    given    lines,  we   may  have    between   the   lines    the   like 
relations  to  those  for  the  case  of  five  given  lines  ;   or  we  may  have  the  more  general 
relation  of  the  involution  of  six  lines,  depending  on  the   last-mentioned  theorems,  viz. 
given  any  five  lines,  and  the  point   0   or  the  plane  li,  then  determining  in  the  one 
case  the  plane  £1  and  in  the  other  case  the  point   0,  and  taking  as  a-  sixth  line  any 
line  whatever  through  the  point   0  and  in  the  plane  £1,  the  six  lines  are  said  to  be 
in  involution,  or  to  form  an  involution  of  six  lines.     I  now   revert  to   the  analytical 
theory  of  the  line. 

Article  Nos.  26  to    51.    (Various  mi-headings.)    Gases    of  a   linear  relation  or  linear 

relation  between  the  sice  Coordinates. 

26.  If  the  coordinates  (a,  6,  c,  /,  g,  h)  of  a  line  are  regarded  as  variable  quantities 
connected  by  a  single  equation  or  by  two  or   ttoee    equations,  we   have  a  system  of 
lines  with  three  or  two  arbitrary  parameters  or  with  a  single  arbitrary  parameter;  and 
so  if  there  are  four  equations  the  system  consists  of  a  determinate  number  of  lines. 
For    a    linear    relation,   the    coefficients    may  be   either  (F,  G,  H,  A,  B,   G),  not    the 
coordinates  of   a  line,  that  is,  not   satisfying   the  relation  AF+BG  +  GH^Q,  or  they 
may  be  the  coordinates  of  a  line,  satisfying  the  relation  in  question.    I  consider  the 
several  cases  in  order  as  follows  : 

Linear  relation  (F,  G,  H,  A,  B,  C£a,  6,  c,  /,  g,  h)  =  0,  where  (A,  J5,  G,  F,  G,  H) 
are  not  the  coordinates  of  a  line. 

2*7.  Considering  any  six  lines  which  satisfy  the  relation  in  question,  we  may 
eliminate  the  coefficients  F,  G}  H,  A,  B,  C,  and  .  thus  obtain  an.  equation  V  =  0,  where 
V  is  the  determinant  formed  with  the  coordinates  of  the  six  lines;  this  equation, 
regarding  therein  the  coordinates  of  five  of  the  six  lines  as  given,  is  in  regard  to 
the  coordinates  of  the  remaining  line,  say  the  original  line  (a,  6,  c,  /,  g,  h\  a  linear 
relation  equivalent  to  the  original  linear  relation  (F,  G,  H,  A,  J3,  CT$a,  b,  c,  /,  g,  h)  =  0. 
The  equation  in  its  new  form,  viz.  the  equation  V  =  0,  establishes  between  the  six 
lines  a  relation  which  is  in  fact  the  relation  of  involution  already  referred  to;  viz.  it 
will  be  shown  in  the  sequel  that,  starting  from  the  equation  V  =  0  as  the  definition 
of  the  relation  of  involution,  we  are  led  to  a  construction  for  a  line  in  involution 
with  five  given  lines  the  same  as  the  construction  explained  ante  No.  25. 

Linear  relation  ,(F,  G,  H,  A,  JB,  <7$>,  b,  c,  f,  g,  h)=  0,  where  (A,  B,  0,  F,  G,  H) 
are  the  coordinates  of  a  line. 

28,  The  linear  relation  expresses  that  the  two  lines  (a,  6,  c,/  g,  K$A,  JB,  C,  Ft  G,  H) 
intersect,  or  what  is  the  same  thing,  that  the  line  (a,  6,  c,  /,  g,  h)  is  any  line  whatever 
meeting  the  line  (A,  B,  C,  F,  G,  H). 

Two  linear  relations  (  F  ,  G  ,  H  ,  A  ,  B  ,  0  ~$a,  b,  c,  /,  g,  h)  =  0, 

I  <>>/>  9>  A)-0, 


where  the  two  sets  of  coefficients  respectively  are  or  are  not  the  coordinates  of  a  line. 

10—2 
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29.  If  the  two  sets  of  coefficients  are  each  of  them  the  coordinates  of  a  line, 
then  the  two  equations  express  that  the  line  (a,  &,  c,  /,  g,  K)  is  any  line  whatever 
cutting  each  of  the  two  given  lines.  And  the  general  case  is  in  fact  reducible  to 
this  particular  one;  for  suppose  that  neither  set  of  coefficients  belongs  to  a  line,  then 
we  may  from  the  two  given  linear  relations  form  the  relation 

b,  c,  f,  g,  A)  =  0, 


and    if   the    ratio    X  :  \   be    properly  determined,  then    (\A  +  \Al,  ...)    will    be    the 
coordinates  of  a  line.    This  will  in  fact  be  the  case  if 


(\A  +  VL)  (XF  +  V^i)  +  0&  +  XjJi)  (Xff  +  \G,)  +  (X(7  +  X^)  (Xff  +  VHi)  =  0, 
that  is,  if 

(AF+BQ  +  GH,  AFl  +  BQl  +  OHl  +  FAl  +  GBl  +  OHl9  A1F1  +  B1Q1  +  C1H$\,  X^-O, 

• 

a  quadric  equation  giving  two  values  of  the  ratio  X  :  \,  that  is,  two  linear  relations 
in  each  of  which  the  coefficients  are  the  coordinates  of  a  line  :  we  have  thus  two 
derived  lines,  and  the  line  (a,  6,  c,  /,  g,  h)  meets  each  of  these  derived  lines. 

There  is  no  real  difference  if  one  or  the  other  of  the  given  systems  of  coefficients, 
say  the  system  (A,  B,  (7,  F,  G,  H),  are  the  coordinates  of  a  line.  We  have  then 
AF  +  BG  +  CH  =  0;  the  quadric  equation  in  X  :  \  has  a  root  \  :  X  =  0,  and  rejecting 
it,  the  other  root  is  determined  by  a  simple  equation  :  this  only  means  that  the  line 
(A,  B,  0,  F,  ff,  H)  is  itself  one  of  the  two  derived  lines. 

But  there  is  a  real  difference  in  the  case  where  the  equation  in  X  :  Xa  has  equal 
roots;  to  explain  this  special  case,  observe  that  if  in  the  general  case  we  consider  the 
two  derived  lines  as  a  pair  of  tractors  of  any  four  lines,  then  the  linear  relations 
express  that  the  line  (a,  6,  c,  /,  g,  K)  has  with  these  four  lines  a  pair  of  tractors; 
and  in  the  special  case  under  consideration  the  linear  relations  express  that  the  line 
(a,  6,  c,  /,  #,  A)  has  with  the  four  lines,  or  (what  is  the  same  thing)  with  any  three 
of  them,  that  is  with  some  three  lines,  a  twofold  tractor.  According  to  what  precedes 
(No.  21),  the  construction  of  the  line  (a,  &,  c,  /,  g,  h)  is  in  fact  as  follows,  viz.  if  on 
the  twofold  tractor  considered  as  given,  we  take  a  series  of  points  p,  and  through 
the  tractor,  homographic  with  the  range,  a  pencil  of  planes  P,  then  the  sought-for 
line  will  be  any  line  through  a  point  jp,  in  the  corresponding  plane  P.  But  it  is 
proper  to  give  an  analytical  proof  of  the  construction. 

30.  I  observe  that  we  may  without  loss  of  generality  assume  J.1JT1  +  51(?1  +  01fl"1  =  0, 
and  this  being  so,  the  condition  for  the  equality  of  the  roots  of  the  quadric  equation  is 


that  is,  writing  (o^  61,  d,  /i,  #1,  h)  in  place  of  (Al9  Bl9  G13  Fly  Gl}  HJ,  the  case  in 
question  may  be  taken  to  be  that  of 

Two  linear  relations 

(fi,  g\>  AH  Oi,  &i>  o&a,  61  c>  /i  9>  A)  =  0, 
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where  (a^  61?  d,  /i,  gl9  hi)  are,  (A,  B>  0,  F,  <?,  H)  are  not,  the  coordinates  of  a  point, 
and  where 

(/i,  0i,  k,  oi,  61,  <$4  5,  0,  F,  ff,  S>  0  ; 


tfAe  twofold  derived  line  is  in  fact  the  original  line 


31.    To  simplify,  we   may  take  #=0,  y  =  0   for   the    equations  of  the  line;   the 
coordinates  of  the  line  then  are  (o^  61?  c^,  /la  ^,  Ai)  =  (0,  0,  0,  0,  0,  1).    Taking  more- 

over #  =  0,  2/=0,  -  =-K  for  the  coordinates  of  the  point  »,  and  -  =  ^  for  the  equation 
•y     o  ct     p 

of  the  plane  P,  the   homographic   relation   of  the  point    and   plane   is    given   by  an 
equation  of  the  form 


or,  as  this  may  be  written, 

(F,  <?,  J5T,  ^,  5,  0$-^7,  ay,  05  -08,  -j8«,  ®)  =  0, 

where  H  and  e»,  being  each  multiplied  by  0,  do  not  really  enter  into  the  equation. 

The  equations    of   any  line    whatever    through   the    point  p  and   in  the  plane  P 


maybe  written  £0  —  ay«0,  A'sc  +  B'y  +  Sz  —  y(*)  =  Q,  where  A!,  B'  are  arbitrary:  hence 
arranging  the  coefficients  in  the  order 

0,    -«,    03        0, 
^       *',    S,    -% 

the  coordinates  (a,  6,  o,  /,  g,  h)  of  the  line  in  question  are 

(-jfty,  ay,  0,  -a$,  -^  ^L' 


so  that  we  have 

(/i,  0i,  ^>  fli,  6i,  Qijfl*  6,  c,  /,  0,  A) 

=  (0  ,  0  ,  1  ,  0  ,  0  ,  0  Jo>  &,  a,  /,  0,  *)i  =<?,  =0; 


and  morever  the  homographic  relation,  replacing  therein  the   arbitrary  quantity  a  by 

A'cL  +  ffp,  becomes 

(F,  Q,H,A,B.  Q%a,b,  */,0,i)-0. 

Hence  the  linear  relations  satisfied  by  the  coordinates  (a,  b,  c,  f,  g,  h)  of  the  line  in 

question  are 

(/i,  0i,  hly  oi,  &!,  c&a,  6,  c,/,  0,  A)  =  0, 

(J^,  G,H,A,B,  afab,-o,f,g,h)-09 

with  the  coefficients 

(/i,  0i,  Ai,  fli,  ^  c1)  =  (0,  0,  1,  0,  0,  0), 

(A,B909F,Q,H)-(A,B,V,F,  G,  5), 
values  which  satisfy  the  condition 

,  5,  o;  j;  (?,  fl)-a 
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Hence  the  line  (a,  &,  c,  /,  g,  h)  through  the  point  p  and  in  the  plane  P  is  a  line 
the  coordinates  of  which  satisfy  two  linear  relations  as  mentioned  in  the  heading;  and 
the  theorem  is  thus  proved.  The  demonstration  would  be  simplified  by  taking,  as  is 

oc         ry 

allowable,  the  homographic  relation  to  be  -g^g* 

32.  It  appears  from  the  foregoing  examination  of  the  case  of  two  linear  relations 
that  in  the  following  cases  of  three  or  more  linear  relations  there  is  no  real  loss  of 
generality  in  assuming  that  the  coefficients  of  each  set  are  the  coordinates  of  a  line; 
for  if  originally  this  be  not  so,  we  have  only  to  replace  the  given  relations  by  linear 
functions  of  these  relations,  and  to  assign  such  values  to  the  multipliers  \  \,  X2.., 
as  in  each  case  to  make  the  new  coefficients  to  be  the  coordinates  of  a  line ;  and  as 
there  are  two  or  more  arbitrary  ratios  A,  :  \  :  A*...  to  be  assigned  at  pleasure  and 
only  a  single  condition  to  be  -satisfied,  no  cases  of  failure  can  arise.  The  remaining 
cases  may  consequently  be  stated  in  a  more  simple  form. 


Three  linear  relations,  the  coefficients  of  each  set  being  the  coordinates  of  a  line. 

33.  The  three  relations  express  that  the  line  (a}  b,  c,  /,  g,  h)  meets  each  of  the 
three  given  lines;  that  is,  that  the  line  is  any  generating  line  of  a  hyperboloid  having 
the  three  given  lines  for  directrices. 


Four  linear  relations,  the  coefficients  of  each  set  being  the  coordinates  of  a  line. 

34.  The  four  relations  express  that  the  line   (a,  &,  c,  /,  g,  h)  meets  each  of  four 
given   lines;    or  what   is   the   same  thing,   that   the   line    is   a    tractor    of  four    given 
lines.     It  is  to  be  noticed  that   the  four   linear  relations  serve  to   express  the  ratios 
a  :  b  :  c  :  /  :  g  :  h  linearly  in  terms  of  any  one   of  these  ratios,  or  what  is  the  same 
thing,  to  express  the  several  ratios  in  terms  of  an  arbitrary  ratio  u  :  v.    Substituting 
the  resulting  values  in  the  equation 

&f+  bg  +  ch  =  0, 

we  have  a  quadric  equation  for  the  determination  of  the  remaining  ratio,  or  of  the 
ratio  u  :  v;  and  then  each  of  the  ratios  of  the  coordinates  can  be  expressed  rationally 
in  terms  of  either  root  of  the  quadric  equation;  we  thus  obtain  the  coordinates  of 
each  of  the  two  tractors  of  the  four  given  lines;  or  we  have  a  complete  analytical 
solution  of  the  problem,  to  find  the  tractors  of  four  given  lines.  The  quadric  equation 
may  have  equal  roots ;  that  is,  the  four  given  lines  may  have  a  twofold  tractor,  which  is 
then  determined  linearly. 

35.  The  theory  of  the  linear  relations  of  the  coordinates  (a,  6,  c,  /,  g,  h)  of  a  line 
may  be  considered  in  a  different  manner.    It  will  be  convenient  to  take  the  different 
cases  in  a  reverse  order,  beginning  with  the  extreme  case  (not  before    mentioned)  of 
a  fivefold  relation  and  ascending  to  the  case  of  a  onefold  or  single-  relation. 
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Case  of  the  fivefold  relation. 


36.    The  fivefold  relation 


a>    &,    c,   /,    0,    h      =  0, 


expresses  that  the  quantities  (a,  &,  c,  /,  0,  A)  are  proportional  to  fa,  &a,  d,  /1}  0i,  A,). 
As  the  former  set  are  by  hypothesis  the  coordinates  of  a  line,  the  given  set  fa,  Il9  d,/,  0i,  hi) 
must,  it  is  clear,  also  be  the  coordinates  of  a  line,  and  the  relation  then  expresses 
that  the  line  (&,  6,  c,  /,  0,  K)  coincides  with  the  given  line. 


Ctose  q/  £Ae  fourfold  relation. 

37.    The  fourfold  relation  is 

a  9    b  »    c ,   /,    0  ,    A 


or  -what  is  the  same  thing,  we  have  the  six  equations 
the  indeterminate  quantities  X,  Xi,  X2.    If  the  coefficients 

fa,   &i>  <a>'/i>  0!,  Ai),      fa,  63,  C2,  / 


,  &c.,  involving 


3,  A,) 


are  not  either  set  the  coordinates  of  a  line;  then  substituting  the  foregoing  values 
-Xa  —  X^-f  Xa&j,  &c.  in  the  equation  a/'4-&0  +  cA=0,  we  have  a  quadric  equation  in 
(Xi  :  Xg)  :  and  for  each  root  of  this  equation,  the  coefficients  X^-hX^,  &c.  will  be  the 
coordinates  of  a  line.  There  are  thus  in  general  two  derived  lines;  and  the  fourfold 
relation  expresses  that  the  line  (a,  6,  c,  /,  0,  A)  coincides  with  one  or  other  of  these 
derived  lines.  There  is  no  real  difference  if  one  or  the  other  of  the  two  sets 
(01,  &i>  ft,  /i,  0i,  A0»  K  &s,  d,/i,  02.  *0»  or  if  each  set»  are  the  coordinates  ^of  a  line; 
one  of  the  derived  lines  or  both  of  them  will  in  these  cases  coincide  with  one  or 
both  of  the  given  lines.  And  if  the  quadric  equation  has  equal  roots,  then  instead  of 
two  derived  lines  there  is  a  twofold  derived  line,  and  the  line  (a,  6,  c,  /,  0,  A)  must 
coincide  with  this  twofold  line. 

38.  A  case  presenting  peculiarity  is  however  that  in  which  the  coefficients  of  the 
quadric  equation  vanish  identically;  this  is  only  so  when  the  coefficients  (Oj,  61,  C!,/13  0X,  AO 
and  (oj,  6a>  ^  /*>  02>  A,)  are  the  coordinates  of  two  intersecting  lines.  The  equations 
—  Xa  =  Xaa1  +  X2Oj},  &c.  here  show  that  every  line  whatever  which  meets  each  of  the 
two  lines  fa,  b1}  d,fl9  gl9  Aj)  and  fa,  &2,  ca,/a,  02,  A»)  meets  also  the  line  fa  ft,  c,/,  0,  A); 
that  is,  the  line  (a,  6,  c,  /,  0,  A)  is  any  line  whatever  in  the  plane  and  through  the 
point  of  intersection  of  the  two  intersecting  lines.  We  see  moreover  that  not  only 

0, 
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but  also  that  a/l-f  6^+  cA1H-/ri  +  //6i  +  cA,  =  0  and  «/;  +  b(j,  +  cAa  +/as  4-  <j*8  +  c/jfl  =  0  ; 
that  is,  the  moment  of  each  pair  of  lines  is  =0.  It.  may  IK*  remarked  that  the  ratios 
X  :  \!  :  Xg  may  be  detennined  from  any  two  of  the  six  equations 

Xu  +  Xjtfj  -f  Xa",  =  0,  ...  XA.  +  XiAj+XsAa^O  ; 

but  that  in  consequence  of  the  moments  being  each  =  0,  there  is  not  for  the  deter- 
mination of  these  ratios  any  such  set  of  equations  t  as  occur  in  the  cases  subsequently 
considered  of  a  threefold  relation,  &c. 

SO.  In  what  follows  we  have  three  or  more  sets  (</h  ft,,  0,,/i,  <jl}  A,),  &e,.;  and  wo 
may  without  lows  of  generality  assume  that  each  of  these  are  the  coordinates  of  a  lino  :  for 
replacing1  the  several  coefficients  «n...  by  linear  fund  ions  /^  +  /v*a  +  AM's  -H  &&,  <Sce.,  the 
multipliers  may  be  determined  so  that  these  are  the  coordinates  of  a  point:  and  since 
for  each  set  there  is  only  a  single  condition  to  be  satisfied  by  the  two  or  more 
ratios  /^  :  p»  :  ^  ...  ,  it  is  easy  to  we  that  no  eases  of  failure  will  arise. 

(Jane  of  th(>  threefold  relation. 
40.    The  threefold  relation  is 

|  ">    ft  >    o*  ,    /,    //,    A      =0, 

1»       *U       Clt      /,       </!,       AI 

a,      ftit      ^a,     /j,     //a,      AH 
«»      '>»»      <^'»»     /»»     //u,      A., 

where  («!,...),  (cr?,  ...)(<*»!••*)  are  each  the  coor<linat(^s  of  a  line.    Hero  writing 

\a>  4-  \l<tl  +  X^r/a  4-  X^r,,  =  (),.,, 


it  is  clear  that  every  lino  which  meets  each  of  the  lines  (at,,.,),  («»,.--)» 
also  incut  tlu?  line  (^,  6,  c,  /  y9  A);  the  lines  which  meet  the  first-mentioned  three  linen 
aro  the  goiu*ratii»g  linen  of  a  hyperboloid  having  th<ks(k  thre<%  lines  for  directrices,  and 
it  honco  appears  that  the  line  (a,  6,  c,  /  //,  A)  is  any  directrix  line  whatever  of  the 
hyporboloid  in  question. 

41.    Using  the  notations  01,  02,  12,  &c.  to  denote  the*  moments  of  the  several  pair* 
of  Hues,  vi& 

01  =  (//!  +  byl  +  c  AI  +/«.,  +  (/  6,  +  A  Ci, 

12 


then  from  the  equations 


+X>a3*0,  &c.,  we  deduce 

X,01  4- 

X10  +     ,     + 
X20  +  X121 
X30 
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and  hence  eliminating  X,  X^  Xa,  X3,  we  find 

.     01,    02,  03  1  =  0, 

10,      .      12,  13 

20,    21,      .  23 

30,    31,    32,  . 

a  relation  between  the  moments  satisfied  in  virtue  of  the  given  threefold  relation;  but 
which  as  a  mere  onefold  relation  is  of  course  not  equivalent  to  the  threefold  relation. 
It  will  subsequently  appear  that  the  equation  expresses  that  any  one  of  the  four  lines, 
say  the  line  (a,  6,  c,  /,  #,  h)  touches  the  hyperboloid  having  the  other  three  lines  for 
generatrices;  this  condition  is  satisfied  in  virtue  of  the  threefold  relation  which,  as  we 
have  seen,  expresses  that  the  line  (a,  &,  c,  /,  g,  h)  lies  wholly  in  the  hyperboloid  in 
question. 

42.    The  last  mentioned  determinant  is  the  Norm  of 

V01  .  23  -f  \/02  .  31  +  V03.12; 
so  that  the  equation  may  be  written 

VoO3  +  V02731  +  V6O2  =  0, 
or,  what  is  the  same  thing, 

V01  V2~3  -h  V02  V3l  +  V03\/12  =  0, 

it  being  of  course  understood  that  the  signs  of  the  radicals  must  be  determined  in 
accordance  with  this  equation;  we  then  find 


X  : 

or  say 


V23  .  31  .  12   :  </02.03  .23  :  V03  .  01  .  31  :  V01  .  02  .  12, 


_    _  __        _    _    _  _    _ 

=  V23  V31  Vi2  :  V02  V03  V23  :  V03  Voi  V31  :  VOl  V02  Vl2  ; 

in  fact,  substituting  these  last  values  in  the  linear  equations  for  X,  \19  Xa,  Xa,  we  find 
that  the  equations  are  all  satisfied  in  virtue  of  the  single  equation 

VOl  V23  4-  </02  V31  +  V03  Vl2  =  0. 


43.    We  have  here 


Case  of  the  twofold  relation. 
a,    b,    c,   /,    g,    h     =0, 


where  (a^,  ...)(a2j...)(asj...')(a4>...)>  are  each  the  coordinates  of  a  line.    Here,  writing 

Xa  +  Xify  +  XA  +  XsOs  -HX4a4  =  0 ; 
a  VIL  11 
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it,  is  clour  that  every  lino  which  meets  each  of  the  four  given  Unas,  will  nlso  moot  tho 
lino  (a,  ft,  c, /,  <;,  A);  but  the  only  lines  meeting  the*  four  given  linos  nre  two  deter- 
minate lines,  the,  tractors  of  the,  lour  given  linos;  and  the  conclusion  is,  that  the  line 
(<*»  ij  c>  ft  ff,  A)  i>s  Jiny  I"10  whatevor  which  meets  tint  two  tractors. 

44.  If,  however,  the  four  given  lines  have  a  twofold  tractor,  then  the  lino  (a,  />,  c,/,  /7,  //) 
is  Htill   a  line   having  two  conditions  imposed  upon  it;   it   is  in  fact  a  lino  determined 
as  in    No.    21,   viz.  if  on  the   tractor  wo  take  a    series  of  points  />,  and  through  the 
tractor  a  series  of  pianos  P,  corresponding  homographicnlly  to  the  points,  then  tho  line 
(of,  6,  o,  /,  </,  h)  is  any  lino,  through  a  point  p,  in  thu  (Corresponding  piano  /*. 

45.  Using  as  before  01,  02,...  12,  &c.  to  denote  tho  moments  of  the  sovorul  pairs 
of  lines,  wo  huvo 

Xj  t)  1  +  X.,02  +  A*OS  +  X,Q4  «  0, 

xio     .     +  xai2  +  x» 

X20  +  X»  2 1       .       +  X, 


and  thenoo  also 

.      01,    02,    OS,    04 

10,      .  12,  13,  H 

20,  21,      ,  2S,  24 

SO,  SI,  32,      .  34 

40,  41,  42,  4S,     , 

a  relation  between  tho  moments  satisfied  in  virtue  of  tho  original  twofold  relation ;  bnt 
which,  as  a  Mingle?  equation,  is  of  course  not  equivalent  to  tho  twofold  relation.  It  is 
in  fact  easy  to  HOC  that  this  equation  expresses  that  tho  five  lines  have  a  common 
tractor;  this  is  true,  since  in  virtue  of  the  twofold  relation  there  are  really  two 
common  tractors. 

I  have  not  obtained  from  tho  linear  equations  any  symmetrical  expressions  for  the 
ratios  X  :  Xz  :  X,  :  X», 


46.    Tho  onefold  relation  is* 


'Jose  of  u>  onefold  relation. 
«»    6,    c,  /,    g,    h 

y  /*  t 

&*>     &a>     ft»    /a»    ff*>     h 
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where  (alt  ...),  (aa,...),  (a3, ...),  (a4, ...),  (ac, ...),  are  each  the  coordinates  of  points  in  a  line. 
The  preceding  mode  of  dealing  with  the  question  is  inapplicable,  since  there  is  not  in 
general  any  line  which  meets  the  five  given  lines ;  in  the  particular  case,  however, 
where  the  five  given  lines  are  met  by  a  single  line,  say  when  they  have  a  common 
tractor,  then  the  line  (a,  6,  c,  /,  g,  li)  is  any  line  meeting  this  common  tractor.  The 
general  case  is  that  of  the  involution  of  six  lines,  mentioned  No.  25,  and  the  con- 
sideration of  which  was  deferred. 


that 


47.     The  onefold  relation  implies  that  we  can  find  multipliers  X,  p.,  v,  p,  a,  T,  such 


\a  +  fjub  +  vc  +  pf  +  o-g  +  rh  =  0, 
!  -f  vc±  +  pf:  +  0-#!  +  T/A!  =  0, 

+  pfs  +  o-gs  +  rhs=  0, 

we   may  by   means   of  the   last   five   equations   determine  the   ratios   of  A,,  JJL,  v,  p,  <r,  r, 
viz.  these  quantities  will  be  proportional  to  the  determinants  formed  out  of  the  matrix 


C4,       /4, 


gB, 


and    the    first    equation    is    then  a    linear    relation   in    (a,  6,  c,  /,  g.  h)3   expressing    the 
relation  that  exists  between  these  coordinates. 

48.  Consider  an  arbitrary  point  0  on  the  line  (a,  6,  c,  /,  g,  h)  ;  taking  this  point 
as  origin,  the  coordinates  of  0  are  0,  0,  0,  1;  and  if  #,  yt  #,  w,  are  the  coordinates 
of  any  other  point  on  the  line,  then'  writing 


0,    0,    0,    1, 

a  :  6  :  c  :  /  :  g  :  h  =  0.  :  0  :  0  :  x  :  y  :  z ; 
\a  4-  /Jib  +  vc  4-  jO/*f  eg  +  rh  =  0 


we  find 

and  the  equation 


becomes  simply  p#-f<7j/4-T#  =  0;  viz.  this  equation  expresses  that  the  line  (a,  6,  c,/,  #,  A), 
assumed  to  pass  through  a  given  point  0,  lies  in  a  determinate  plane  li  through  this 
point. 

49.  To  construct  this  plane  O,  I  consider  any  four  of  the  five  given  lines,  say 
the  lines  2,  3,  4,  5,  and  I  endeavour  to  find  the  line  OQi  through  0,  which  has 
with  these  lines  a  pair  of  tractors;  qucb  line  through  0,  the  coordinates  of  the  line  in 
question  may  be  taken  to  be  0,  0,  0,  FI9  G-l9  H^  (where  Fl9  Glt  Hly  are  in  fact  the 

11—2 
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coordinators  #,   ?/,   3,  of  any  point  on  the   lino    OQ^)  ;   and  then   the    condition    for  the 
pair  of  tractors  may  bo  written 


=  0, 


whore  2>a>  P»-*  are  arbitmry  eoefiicienln;  and  wo  Iu»nci>  deduce 


but  in   pnulsely  th<^  same  way,  if  tin*   line   M^,  havo  with   tlu^  linos    I,  3,  4,  5,  a  pair 

of  tnu^ions,  and   if  f\^    (t,2,  //.JT  In1  th<»  coordinaU^s  of   a  point   on    tho    lin<r    ()Q,>,  and 

similarly  for  tho  linos  OQ^  UQ4,  OQ^  and  tlu^  coordinatos   (Ara,    6ya,   77;,),   (/^4»   0'4,  //a) 
(K,  ^>  -//ft),  wo  hav(^ 


and  thoso  otjuationB  show  that  tlwi  live  linos  M^,  OC^,  0(^,  OQ4t  OQ^  lie  in  tlu»  plant* 


HO  that  thin  piano  in  given  as  the  piano  through  tho  linos  OQi,  Oytt 

and  wo  havo  thus  (givon  tho-  linos  J>  2,  3,  4,  5,  and  tho  arbitrary  point  0)  tho  con- 

struction of  the  lino  ((/,  />,  c,  /,  //,  //)  through  0  in  involution  with  tins  given  linos. 

50.    Tho  original  onefold  relation  may  bo  replaced  by  tho  six  equations 

•  0, 


0, 
and  hence  denoting  as  before  the  moments  by  01,  02,  12,  &c.  we  have 

.  \0  1  +  X,02  +  X803  +  ^04  +  Xfl05  =  0, 
X10  ,  +M2-fXai:)  +  X414+X,15«0, 
X20  +  X,21  .  +  X»23  +  X424  +  Xe25  «  0, 
X80  +  Xa31  +Xa32  .  +X434  +  Xft35  «0, 
X40  +  X,41  +  Xa42  +  X*43  ,  +  X&45  »  0, 
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which  lead  to 

.  01,  02,  03,  04,  05    =0, 

10,  .  12,  13,  14,  15 

20,  21,     .  23,  24,  25 

30,  31,  32,     .  34,  35 

40,  41,  42,  43,     .  45 

50,  51,  52,  53,  54,  . 

a  relation  between  the  moments  equivalent  to  the  original  onefold  relation,  and  con- 
sequently expressing  that  the  six  lines  are  in  involution.  I  have  not  obtained  a 
symmetrical  system  of  values  for  the  ratios  X  :  Xx  :  X2  :  X5  :  X4  :  X5. 

51.  Reverting  to  the  relation  which  exists  between  the  point  0  and  the  plane  fl, 
it  is  proper  to  remark  that,  since  to  any  given  point  0  there  corresponds  a  single 
plane  il,  and  to  any  given  plane  O  a  single  point  0,  it  follows  that  the  point  0 
and  plane  £1  are  reciprocal  figures  ;  viz.  they  are  reciprocals  of  the  particular  kind 
treated  of  by  Mobius,  wherein  the  reciprocal  of  a  point  is  a  plane  through  the  point, 
and  the  reciprocal  of  a  plane  a  point  in  the  plane;  and  of  which  the  analytical 
character  is  that  the  reciprocal  of  the  point  (a,  yS,  7,  8)  is  the  plane 


•f  (-  la.  -  -m/3  -  wy    .     )  w  =  0. 


Article  No.  52.    A  geometrical  property  of  an  involution  of  six  lines. 

52.  The  figure  of  six  lines  in  involution  is  connected  in  various  ways  with  the  theory 
of  cubic  curves  in  space,  for  instance,  considering  a  point  A  of  the  curve,  this  determines 
with  any  given  line  I  a  plane  meeting  the  curve  in  two  other  points,  and  the  line  X 
which  joins  these  two  points  may  be  called  the  projection  of  the  line  L  This  being 
so,  if  in  any  osculating  plane  of  the  cubic  we  have  six  lines,  Z,  Zl5  Z2,  Z3,  Z4,  Z5, 
tangents  of  a  conic  in  that  plane,  the  six  projections  X,  Xi,  Xg,  X*,  X4,  X5  of  these 
tangents  will  be  a  set  of  lines  in  involution,  I  do  not  stop  to  prove  this  theorem 
or  to  develope  any  of  its  consequences. 


Article  No.  53,    To  find  the  condition  that  four  given  lines  may  have  a  twofold  tractor* 
53.    Taking  the  coordinates  of  the  given  lines  to  be 
(o>  b>  ot  f>  9>  A),  fat  &ii  *>  fi>  9i>  M>  (&*>  &*>  ^  A  9*>  **)>  (a»>  &*  °*>  /*>  9*  *i) 
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then  if  (A,  Ji,  (1,  F9  G,  II)  bo  the  coordinates  of  a  tractor  of  these*  lines,  wo  .have 

(J'\     <7,     //,     A,     It,     d$<h>    &1»     <•!»/!»    //H     M  =  0, 

(7'\    tl,   //,   4,   A    tfQ//3,    />:t,   ^  Jlt  //:«,    //3)  =  0, 

In  virtue  of  thtvse,  relations  the  ratios  ^1  :  7)*  :  (/  :  F  :  d  :  II  are  given  linear 
functions  of  any  one  of  those  ratios  or  of  an  arbitrary  ratio  //  :  ?»;  and  wo  tlu^n  havt^ 
AF+liG+iUlzsO,  a  quadric  Luptation  for  d^torniininjj  tlu*  unknown  ratio,  in  tho 
case  of  a  twofold  traetor,  this  equation  must  have  equal  roots;  whence  employing  as 
usual  the  method  of  hide  terminate  multipliers,  wi*  find 

A  4-  Xft  4-  Xj^j  4^  X3aa  ~\-  X:;(/3  =s  0, 
/)  4"  Xt)  4*  Xj/^  4"  X»/).j  4"  Xyf^  -"  (), 
(t  4*  Xc  4*  hfi  4*  X./J.J  4"  Xa<';j  SH  0, 


IIouoc  roproHonting1  as 
we  deduec 


/?  4-  X//  4-  Xa//,  4-  XB//y  4-  X.,//a  «  0, 
y/  4'  XA  -I-  X,//!  -I-  X,,//a  4-  Xa//»  =  0, 

(*foni  tlu»  inonuknls  «f  the  pairs   of   linen  )>y  01,  02, 
.      X,OI 


so  that,  aw  already  mentioned,  wo  havo 

.      01,    02,    03    =0, 

10,      ,       12,    13 

20,    21,      .      23 

30,    31,    32,     . 
a«  the  eumdition  that  tho  four  given  linos  may  have  a  twofold  tractor. 


Article  Nos.  5*i  to  SC,    HyperbdM  ypwiAng  through  three  ffiven  lines. 


54,    Tho   direct  invostigation   is   nomowhat  tcdiouH;   but  I  write   down,  and   will 
afterwards  vorify,  tho  equation  of  tho  hyperboloid  panning  through  tho  thn$o  givon  lines 


Writiag  for  shortness  (agh\  &c.  to  denote  tho  determinants 

,  &c. 
a9, 
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the  equation  of  the  hyperboloid  is 

+  (cfg)  z*  +  (ale)  w* 


+  [(bch)    - 

+  KM/)    -  (%)  ]  «>  +  [(a  A/) 

In  fact,  we  have 

(agk)  =  OL  (ffji*  -  gji*)  4-  ^ 

=  a.  gh  +  g  .ha  +h.ag, 

where  a,  &c.  stand  for  a1?  &c.  and  ^/i,  &c.  for  gjiz  —  grA,  &c.     Hence    the  foregoing 
equation  may  be  written 

a?  (a.gh+g.  ha  +  h.  ag) 


(a  .  lo  4-  b  .  ca  +  c  .  ah) 

«.^  +  6.^  +  flr.o6\          /    &  .fg  +f.gl  +g.  bf\ 
-c.ah-  a.  he  -h.ca)  +  y*(+c.hf+h.fc+f.chj 

b  .ch  +  c  .hb  -h.bc\          t    c  .  gh  +  g  .he  +h.  cg 


o.af+a.fc+f.oa 
-b.cg-c.gb-g.bc 

55.    This  is 

bo  ,  w  (  hy  —  gz+  aw) 


+  ab  .  w  (    £0  -jfy         + 
+  gh.a  (ax  +  by  +  cz) 
+  A/.y 


+  a/  {w  (00  4-  &y  +  a*)  -  fl?  (  hy-gz  +  aw)} 


-¥-y  (      ty 

—  of  .z  (        hy-gz+aw) 

—  cg.z  (—hoc     +fe  +  bw) 

-  ag  .  so  (-hoc     +fe  +  bw) 

-  aA  .  x  (gat  -fy        +cw) 
-bh.y  (gx-fy        +ow) 
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f>6.    Hence  writing 

,  \r        \~r       ff       1jr\ 

(A,  1 ,  Z,  n  )  • 


•    >        h,    —  g,    a, 
-A,      -   ,       /,    ft, 

—  a,    —  6,    —  c,    . 


the  foregoing  equation  w 


-fy  .  z  W 


-  bf.  yX  -  c//  .sY  -  ah  .  ,rJ?  -  cf.  sX  -  ay  .  ,r  }r  -  W/  .  \jZ  =  0  ; 
or,  collecting  and  arranging,  this  i« 

X  {-  (//  .  «  -  bf  •  ;y  -  rf  .s  +  bc.  w\ 
4-  K  {—  r  ///  .  .f«  -  ?>//  .  //  ~  Cflr  .  8  «f  flrt.  .  w} 
+  K  |—  rt/f  .  w  —  />/f  .  y  —  cA  .  -s?  +  ab  .  w} 
4-  W  {-  ///*  .  ^  -  /(/".  ?/  -,///  .  s  +  (<tf.  +  6/7  .  +  <sft  .)  ?/;}  «  0, 

which  is  satisfied  by  A*  =  0,  )rwO,  ^-0,  1F-0;  thai)  IH,  siuc<k.  (m,  ft,  c,  /,  //,  A)  havt» 
boon  writton  in  plactk  of  ((/„  ?>l(  r,  ,/,,//,,  //,),  by  -V,  =  0,  Ki  =  0,  ^»0,  Tf^O  (if  wo 
thus  denote  the  corresponding  functions  of  (rr,,  /^,  c^/i,  //17  //!)),  that  is,  tlu^  hyporboloid 
piusHOs  through  th<»  line  (<^,  6,,  Ci,/n  //lf  /^);  and  similarly  it  passes  through  the*  other 
two  lines. 


Artido  NOH.  57  and  58,    The  m$ 


iwtlM  defined  CM  to  their  absolute 


57.  In  all  that  preectdoH,  tho  abnoluto  magnitudes  of  the  (!oordinat<»H  hav<^  boon 
left  indeterminate,  only  the  ration  being  attended  to.  Bub  the  magnitudes  of  the  six 
coordinates  may  bo  fixed  in  a  very  simple  manner  as  follows;  viss.  tuning  ordinary 
rectangular  coordinates,  then  for  any  lino,  if  ^,  f/tf(  *«  arc  the  coordinates  of  a  particular 
point  on  this  lino,  and  a,  A  7  tho  inclination*)  of  the  lino  to  tho  axes,  the  coordinates 
of  another  point  on  the  lino  are 


atid  hence  writing 


\ve  have 

a  :b:c:f:g  :  A.« 
Or  wo  may  take 


0  cos  0  -  #0  cos  a  :  cosa 


:  0087. 


a  a=  #0  COH  $  -  2/a  cosy,     /«  cos  a, 
6  w  ^?0  cos  y  —  #0  cos  a,     ^7  =  cos  ft, 
c  K 
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values  which  of  course  satisfy,  as  they  should  do,  the  relation  af+  bg  -f  ch  =  0.  It  is 
hardly  necessary  to  remark,  that  the  values  of  a,  fc,  c  are  not  altered  on  substituting 
for  #o,  y0,  £0  the  coordinates  #0-i-$cosa,  y0  +  scosj8,  #<>-}-$  cosy  of  any  other  point  on 
the  line. 

58.  Considering  any  two  lines  (a,  6,  c,  /,  g,  h),  (a3,  613  ci,  /i,  <fr,  Aj),  if  we  define 
the  moment  of  the  two  lines  to  be  the  product  of  the  perpendicular  distance  into  the 
sine  of  the  inclination  of  the  two  lines,  then  we  have,  Moment 

=  a/  +  bfr  +  ch,  +fa1  +gbl  +  hclt 

viz.  we  have  now  a  quantitative  definition  of  the  function  of  the  coordinates  previously 
called  the  moment  of  the  two  lines. 

For  the  demonstration  of  this  formula  it  is  to  be  remarked,  that  taking  on  the 
first  line  a  segment  of  the  length  r,  the  coordinates  of  its  extremities  being  (#„>  y<»  #o) 
and  (x0  +  r  cos  a,  y0  +  r  cos  /3,  ZQ  -h  r  cos  7), 

aud  on  the  second  line  a  segment  of  the  length  rx  the  coordinates  of  its  extremities 
being  (a?0'»  2A»'»  #o')  an(i  (tfo'  +  ^iCosa^  2/0'  -H^i  cos  &,  zj  +  r1cos71)  and  joining  the  extremities 
of  these  segments  so  as  to  form  a  tetrahedron,  the  volume  of  the  tetrahedron  is 


But  the  volume  of  the  tetrahedron  is  also  equal  to  J  of  the  product  of  the  opposite 
edges  into  their  perpendicular  distance  into  the  sine  of  the  inclination  of  the  two 
edges  (a);  that  is,  it  is  =^TI  into  the  moment  of  the  two  lines,  and  we  have  thus 
the  formula  in  question. 

Article  Nos.  59  to  75.     Statical  and  Kinematical  Applications. 

The  coordinates  (a,  6,  c,  /,  g,  h\  as  last  defined,  are  peculiarly  convenient  in 
kinematical  and  mechanical  questions,  as  will  appear  from  the  following  investigations. 

59.  Using  the  term  rotation  to  denote  an  infinitesimal  rotation,  I  say  first  that 
a  rotation  X  round  the  line  (a,  6,  c,  /,  g,  h)  produces  in  the  point  (0,  y,  z)  rigidly 
connected  with  this  line  the  displacements 

8#  =  x,  (  .  —hy+gz  —  a), 
fy  =  X(  hx  .  -jfc-6), 
.  -c). 


1  I  take  the  opportunity  of  mentioning  a  very  simple  demonstration  of  this  formula  :  taking  the  opposite 
edges  to  be  r,  r,,  their  inclination  =0,  and  perpendicular  distance  =&;  the  section  of  the  tetrahedron  by  a 
plane  parallel  to  the  two  edges  at  the  distances  *,  h-z  from  the  two  edges  respectively  is  a  parallelogram, 
the  sides  of  which  are  r^h"z)  and  S£  respectively,  and  their  inclination  is  =6;  the  area  of  the  section  is 
therefore  g£  sin  *.*(*-*)  and  the  volume  of  the  tetrahedron  is  =gj  sin  B  j  ^  (h  -  z)  Oz,  r^rr^sintf,  The 
same  result  is  however  obtained  still  more  simply  by  drawing  a  plane  through  one  of  the  two  edges  perpen- 
dicular to  the  other  edge;  the  volume  is  then  equal  to  the  sum  or  the  difference  of  the  volumes  of  two 
tetrahedra  standing  on  a  common  triangular  base;  and  the  required  result  at  once  follows. 

C.  VII.  12 
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In  fact  assuming  for  a  moment  that  the  axis  of  rotation  passes  through  the  origin, 
then  for  the  point  P  coordinates  x,  y,  z>  the  square  of  the  perpendicular  distance  from 

the  axis  is 

(     .          -  y  cos  7  +  z  cos  $J 

+  (    x  cos  7      .          -  z  cos  a  )2 
+  (-  at  cos  ft  +  y  cos  a     .          )2, 

and  the  expressions  which  enter  into  this  formula  denote  as  follows;  viz.  if  through 
the  point  P  at  right  angles  to  the  plane  through  P  and  the  axis  of  rotation  we 
draw  a  line  PQ,  =  perpendicular  distance  of  P  from  the  axis  of  rotation,  then  the 
coordinates  of  Q  referred  to  P  as  origin  are 

-  y  cos  7  +  z  cos  ft, 

x  cos  7     .          —  z  cos  a  , 

-  x  cos  /3  +  y  cos  a     .          , 

respectively.  Hence  the  foregoing  quantities  each  multiplied  by  \  are  the  displacements 
of  the  point  P  in  the  directions  of  the  axes,  produced  by  the  rotation  X. 

60.  Suppose  that  the  axis  of  rotation  (instead  of  passing  through  the  origin)  pass 
through  the  point  fa,  y0,  $0);  the  only  difference  is  that  we  must  in  the  formula 
write  (x-x0,  y-y*>  z-z^)  in  place  of  fa  y,  z):  and  attending  to  the  significations  of 
the  six  coordinates,  it  thus  appears  that  the  displacements  produced  by  the  rotation 
are  equal  to  X  into  the  expressions 


hx     .    —fz  —  6, 


respectively;  which  is  the  theorem  in  question. 

61.    I  say  secondly  that  considering  in  a  solid  body  the  point  fa  y,  z)  situate  in 
the  line  (a,  6,  c,  f,  g,  A),  and  writing 

a>  ^  c>  f>  ff>  A  =  #cos/3-ycos%  #cos<y-#cosa,  y  cos  a  —  ss  cos  ft,  cosa,  cos/3,  0037, 

then  for  any  infinitesimal  motion  of  the  solid  body  the  displacement  of  the  point  in 
the  direction  of  the  line  is 

=  op  +  bq  +  cr  +fl+gm  +  hn, 

where  p,  q,  r,  I,  m,  n  are  constants  depending  on  the  infinitesimal  motion. 

In  fact  for  any  infinitesimal  motion  of  a  solid  body  the  displacements  of  the  point 
(x,  y,  z)  are 
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and  hence  the  displacement  in  the  direction  of  the  line  is 

=  cos  a  8#  -h  cos  /3  8y  +  cos  7  £s, 

which  attending  to  the  significations  of  (a,  6,  c,  /,  #,  A)  is 

=  ap  +  6#  -f  or  +fl  +  gm  +  hn, 
*md  we  have  thus  the  theorem  in  question, 

62.    It  thus  appears  that  for  a  system  of  rotations 

\  about  the  line  (c^,  61,  (a>  /D  9i>  M> 

X3  »  (^2,    62,    C2,  /2}    #2>    A2), 

&c.  „       .      &c. 

the  displacements  of  the  point  (GO,  y,  z)  rigidly  connected  with  the  several  lines  are 


and  when  the  rotations  are  in  equilibrium  then  the  displacements  (8#,  8y,  8^f)  of  any 
point  (a?,  y,  0)  whatever  must  each  of  them  vanish  ;  that  is,  we  must  have 

2Xa  =  0,    2X6  =  0,    2Xc  =  0,    SX/=0,    2X0  =  0,    2x^  =  0, 

which    are   therefore    the    conditions   for    the    equilibrium   of   the    system    of   rotations 
\!,  Xa,  &c. 

63.    And  it  further  appears  that  for  a  system  of  forces  acting  on  a  rigid  body, 

Xx  along  the  line  (c^,  &ls  c^,  /1?  ^1?  A*), 

X2  „  (fl>,  63,  ca,  /2,  gf2J  Aj), 

&c. 

the  conditions  of  equilibrium  as  given  by  the  Principle  of  Virtual  Velocities  is 


or  what  is  the  same  thing,  that  we  have 

0,    2X/=0, 


for  the  conditions  of  equilibrium  of  the  system  of  forces  \,  *,,  &c.  The  conditions 
of  equilibrium  are  thus  precisely  the  same  in  the  case  of  a  system  of  rotations 
(infinitesimal  rotations)  and  in  that  of  a  system  of  forces. 

64.  It  now  appears  that  the  greater  portion  of  the  investigations  in  the  first 
part  of  the  present  paper  are  applicable,  and  may  be  considered  as  relating,  to  the 
equilibrium  of  forces  (or  of  rotations;  but  as  the  two  theories  are  identical,  it  is 
sufficient  to  attend  to  one  of  them),  and  that  we  have  in  effect  solved  the  following 

12—2 
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question,  "Given  any  system  of  two,  throe,  four,  live  or  six  lines  considered  as  belonging 
to  a  solid  body,  to  determine  the  relations  between  these  lines  in  order  that  there 
may  exist  along  them  forces  which  aro  in  equilibrium  ;"  but  for  greater  doarnoss  f 
will  consider  the  several  wises  in  order;  it  is  hardly  necessary  to  remark  that  when 
the  forces  exist  the  equilibrium  will  depend  on  the  ratios  only,  and  that  the  absolute 
magnitude  of  any  one  of  the  forms  ma-y  be  assumed  at  pleasure. 

G5.  The  condition  in  the  case  of  two  lines  is  of  course  that  these  shall  coincide 
together,  or  form  one  and  the  same  line;  and  the  forces  are  then  equal  and  opposite 
forces. 

CO.  In  the  case  of  three  lines,  these  must  meet  in  a  point  and  lie  in  a  plane; 
and  the  force  along  each  Hue  must  then  be  us  the  sine  of  the  angle  between  the 
other  two  lines. 

(>7.    Supposing  that  the  forces  an*  X  along  the  line  (a,  6,  o,  f9  //,  //),  X,  along  the 
line   (c/u  6l4  c-i,  t/i,  //lf  //j),  and  Xa  along  the   lino   (r^,  ta,  tfa,  /j,//a,  //./),  the   conditions  of 
equilibrium   aro  Xu-f  \u\  -HXnUjj  —  O,  ......  \/i  +Xl//l  +  \9/fa*=0(  any  two  of  which  determine 

the  ratios  X  :  Xt  :  X*;  these  it  ratios  wore  not  worked  out  ttnte  No.  38  for  the  reason 
that  with  the  coordinates  there  made  use  of,  a  symmetrical  solution  was  not  obtainable; 
but  in  the  present  case,  selecting  the  last  three  equations,  these  are 


X  cos  a  +  Xt  cos  «j  +  Xa  cos  a,  =  (), 
X  cos  {3  +  Xt  cos  &  +  X,,  cos  ft*  =  0, 
X  COM  7  +  Xi  CON  yl  +  Xy  cos  %  «  0, 

giving  iu  the  first  instance  an  equation  which  expresses  that  the  throe  linoH  (assumed 
to  moot  in  a  point)  lie  in  the  same  piano;  and  then  if  01,  02,  12  bo  the  angles 
between  the  pairs  of  Hues  respectively,  giving  by  an  easy  transformation 

X  +\  cos  0  1  +  Xa  cos  02  ~  0, 

X  cos  1  0  -f  \  +  X.,  cos  12  «  0, 


68.    Putting   for   whortneHH  A,  ft,  0  in  tho   place  of  12,  20,  01   respectively,  we 
thence  find 

1       ,    cos  0    ,    cow  B    =  0, 

008  0      >  I          ,      008  A 

COHJ3      ,      COB^i      ,          1 

that  in 

1  -  cos9  A  -  cow9  B  —  COB*  G  +  2  COR  A  cow  B  cos  (7  *  0, 

equivalent  to  J.  +  .S+  Cf«27r;  and  then  from  tho  first  and  second  equations 

X  :  \  :  Xa  =  coH-d  cos  (7—  cosJ?  :  coa  R  COB  G  -  cos  A  :  1—  cos9  (7, 

«  sin  ^l  sin  0  :  sin  5  sin  C  :  sin9  (7, 

=  sin  A  :  sin  J3  :  sin  (7, 

which  is  tho  required  formula. 
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69.  In  the  case  of  four  given  lines  the  condition  (as  noticed  by  Mobius)  is  that 
the  four  lines  shall  be  generating  lines  of  the  same  hyperboloid.  In  fact  every  line 
which  meets  three  of  the  four  lines  must  also  meet  the  fourth  line;  for  otherwise 
the  moment  of  the  system  about  such  line  would  not  be  =0,  Calling  the  lines 
0,  1,  2,  3  and  writing  as  before  01,  02,  &c.  for  the  moments  of  the  several  pairs  of 
lines,  then  taking  the  moments  of  the  system  about  the  four  lines  respectively,  we 
obtain  directly  the  before-mentioned  system  of  equations 


X10 

X20+X.21       .      +  ^23  =  0, 
X30  +  \3H-M1      •      =0, 
leading  as  before  to  the  relation 

VOI  V23  +  V02  VSI  +  V03  Vl2  =  0, 
and  to  the  values 

X  :  \  :  Xg  :  \ 
for  the  proportional  magnitudes  of  the  forces.    These  last  equations  give 


which,  representing  each  force  by  a  segment  on  the  line  along  which  the  force  acts, 
denotes  that  the  tetrahedron  of  any  two  of  the  forces  is  equal  to  the  tetrahedron  of 
the  other  two  forces;  this  is  in  fact  equivalent  to  the  theorem  of  M.  Chasles,  that 
if  a  system  of  forces  be  in  any  manner  whatever  reduced  to  two  forces,  the  tetra- 
hedron formed  by  these  two  forces  has  a  constant  volume. 

70.  In  the  case  of  five  given  lines,  the  lines  must  have  a  pair  of  tractors.  Any 
four  of  the  lines  have  in  fact  two  tractors;  and  each  of  these  tractors  must  meet 
the  fifth  line,  for  otherwise  the  moment  of  the  system  about  the  tractor  would  not 
be  =  0.  In  the  case  where  the  four  lines  have  a  twofold  tractor,  the  foregoing  con- 
sideration shows  only  that  the  fifth  line  meets  the  twofold  tractor,  but  it  fails  to 
show  that  the  twofold  tractor  is  a  twofold  tractor  in  regard  to  the  fifth  line. 

*71.  I  stop  to  consider  this  particular  case  under  the  present  statical  point  of 
view.  Taking  the  twofold  tractor  for  the  axis  of  z\  let  the  line  0  meet  this  line  in 
the  point  (0,  0,  c),  the  coordinates  (a,  6,  c,  /,  g,  ti)  of  this  line  being  consequently 

(c  cos  ft    —  ccosa,     0,    cos  a,    cos  ft    0037) 

and  the  like  for  the  other  four  lines  1,  2,  3,  4.  Using  the  sign  £  to  refer  to  the 
last-mentioned  four  lines  the  equations  of  equilibrium  become 

Xc  cos  ft  +  %\GI  cos  ft  ==  0, 
Xc  cos  a  +  SXjCj  cos  ax  =  0, 
X  cos  a  +  SXX  cos  «x  =  0, 
X  cos/S  +  SXi  cos  ft  =  0, 
X  cos  7  +  2Xj  cos  7i  =  0. 
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These  equations  give 


cos  a  ' 

we   may  without  loss  of  generality  take  the  homographic  conditions   which   express  that 
the  axis  of  z  is  a  twofold  tractor  of  the  four  lines  to  be 

C08&  _  04  COS  &  =  £ 

cos  cr3         cosa4 
and  this  being  so,  the  last-mentioned  equation  becomes 

c  cos  /3  _ 
---  — 


cos  a 


and  it  thus  appears  that  the  axis  of  z  is  a  twofold  tractor  in  regard  also  to  the  line  0. 

72.  In  the  case  of  six  lines  such  that  there  exist  along  them  forces  which  are  in 
equilibrium,  taking   this  as  a  definition   of  the  involution  of   six  lines,  we  may  very 
readily  obtain  from  statical  considerations  the  before-mentioned  construction  of  the  sixth 
line;  viz.  it  may  be  shown  that  given  any  five  of  the  lines,  say  the  lines  1,  2,  3,  4,  o 
and   a  point   0,   we    can  through  the  point   0  determine    a   plane    O,   such  that    any 
line  whatever  through  the  point   0  and  in  the  plane  £1  is  in  involution  with  the  five 
given  lines.    Consider  the  tractors  of  any  four  of  the  lines,   say   the  lines   2,  3,  4,  5  ; 
we  may  through  the  point  0  draw  a  line   OA  meeting  the  two  tractors  ;   that  is,  the 
lines  2,  3,   4,   5  and  the  line   OA  will  have  a  pair  of  common  tractors.    There   con- 
sequently exist  along  these  lines  forces  which  are  in  equilibrium;  and  since  only  the 
ratios  are  material,  the  absolute  magnitude  of   the   force   along  the  line   OA   may  be 
anything  whatever.    Similarly,  considering  the  tractors  of  the  lines  1,  3,  4,  5,  and  through 
0  a  line  OB  meeting  these  tractors,  then  there  exist  along  the  lines  1,  3,  4,  5   and 
the  line   OB  forces  which  are  in   equilibrium,  and  the  absolute  magnitude  of  the  force 
along  the   line    OB   may  be   anything   whatever.     Hence,  combining   the   two   sets    of 
forces,  we  have,  along  a  line  through   0  in  the  plane   OA,  OB,  but  otherwise  indeter- 
minate in  its  direction,  a  force  in  equilibrium  with  forces  along  the  lines  1,  2,  3,  4,  5  ; 
that  is,  the  line  found  as  above  is  a  line  in  involution  with  the  lines  1,  2,  3,  4,  5. 

73.  It  is  to  be  added,  that  through  0  we  cannot,  out  of  the  plane  OA,  OB,  draw 
a  line  in  involution  with  the  lines  1,  2,  3,  4,  5  ;    for  if   any  such  line   OK  existed, 
then  we  should  have  along  each  of  the  lines  OA,  OB,  OK  forces  in  equilibrium  with 
forces  along  the  lines  1,   2,  3,   4,   5;    and  the  magnitudes  of   the    three  forces  being 
each  of  them  anything  whatever,  it  would  follow  that  along  any  line  whatever  through 
the    point   0   there  would   exist   a   force   in   equilibrium  with   forces    along    the   lines 
1,  2,  3,  4,   5  ;    that   is,  any  line  whatever   through    the  point   0  would  be  a  line  in 
involution  with  these  lines. 

74.  It  hence  appears,  that  drawing  OA  to  meet  the  tractors  of  2,  3,  4,  5  ;   OB 
to  meet  those  of  3,  4,  5,  1;  00  to  meet  those  of  4,  5,  1,  2;   OD  to  meet  those  of 
5,  1,  2,  3;  and  OE  to  meet  those  of  1,  2,  3,  4;  the  lines  OA,  OB,  00,  OD,  OE  will 
be  in  one  plane,  say  the  plane  £1:  and  that  any  line  through   0  in  the  plane  fl  will 
be  a  line  in  involution  with  the  lines  1,  2,  3,  4,  5. 
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75.  There  is  another  statical  representation  of  the  involution  of  six  lines.  If  a 
system  of  forces  act  on  a  solid  body,  then  taking  six  lines  at  random,  the  system 
will  be  in  equilibrium  if  the  sum  of  the  moments  be  =0  in  regard  to  each  of  the 
six  lines.  But  if  the  six  lines  be  in  involution;  then,  for  the  very  reason  that  a 
rotation  about  one  of  these  lines  is  resolvable  into  rotations  about  the  other  five  lines, 
if  the  sum  of  the  moments  be  =0  for  each  of  the  five  lines,  it  will  also  be  =0  for 
the  sixth  line:  that  is,  it  is  not  sufficient  for  the  equilibrium  of  the  forces  that  the 
sum  of  the  moments  shall  be  =  0  for  each  of  the  six  lines.  And  we  thus  see  that 
six  lines  in  involution  are  lines  such  that  the  equilibrium  of  a  system  of  forces  about 
each  of  the  six  lines  as  axes  does  not  insure  the  equilibrium  of  the  system. 


Article  Nos.  76  and  77.    Transformation  of  Coordinates. 

76.  Reverting  to  the  general  definition  of  the  six  coordinates  (a,  &,  c,  /,  g,  h)  of 
H  line  by  means  of  the  points  (a,  ft  7,  8)  and  (a',  /9',  7'  ,  S')  on  the  line  ;  suppose  that 
instead  of  the  original  coordinate  planes  #=0,  y~0,  £  =  0,  w  =  0  (forming  a  tetrahedron 
ABC  fD)  we  have  new  coordinate  planes  ^=0?  2/0=0,  #o  =  0,  w0=0  (forming  a  tetrahedron 
-AoBoOoA)  5  and  that  the  relations  between  the  two  sets  of  current  coordinates  are  given 
by  the  equations 

x  :  y  :  z  :  w  =     (\l9  fr,  vl9 


:  (X4,  /^4}  ^4> 

with,  of  course,  the  like  relations  between  the  original  coordinates  (a,  ft  7,  S)  and  new 
coordinates  (a0,  ft>,  7o>  80),  and  between  the  original  coordinates  (a',  ft,  7',  S')  and  the 
now  coordinates  «  ft7,  7o',  S0;),  of  the  two  points  on  the  line  (a,  i,  c,  /,  g,  h)]  then 
taking  (a0,  50,  C0,  /0,  g»,  k)  as  the  new  values  of  the  six  coordinates  of  the  line,  viz. 

writing 

a0          :          &o         :  C0          :       /o          :          ^o          :         A> 


we  obtain  a  system  of  formulae  which  may  be  conveniently  written  as  follows  : 
a  :  b  :  c  :  /  :  g  :  h 


:  31 
:  12 
:  14 

:  24 

:  34 

viz.  the  top  line  stands  for  ^t-^«o  +  (^-^60+&c.,  and  the  other  lines  are 
obtained  from  this  by  mere  alterations  of  the  suffixes. 
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77.    As  to  the  interpretation  of  those  formula;,  taking 

A  BOD  as  the  fundamental  tetrahedron  for  (#  ,  y  ,  j  ,  M  ), 

A9It<>CQDt  „  „  (<r«,  y0,  20,  H'0), 

then 

(\!,  ft,,  i/i,  /Oijjf.fe,  y«,  «oi  w«)=0  is  the  equation  of  plane  JtOD, 

(Xa,  ft,  I'a,  /?3$  „  )=  0  „  WX4, 

(X.,  ft,  i's,  />,$         „          )  =  0  „  DA  It, 

Ow>  ft,  vi>  pi\      »       )=o  „  A  no, 

whence,  observing  that  the  second  and  third  equations  belong  to  two  planes  each 
passing  through  the  line  DA,  it  appears  that  the  coefficients 

pv     j'X     Ajit     Xp     }ip     vp 
2,V   S3  n  23'   2:r  &}'  23  * 

are  the.  six  coordinates  of  the  line  ])A,  oxpre,s«iul  in  regard  to  the  tetrahedron 
(*'lfl#,A/V);  ftud  similarly  that  the  eoeilieionts  in  i.hti  six  expressions  of  the  trans- 
formation formula  are  the  six  coordinates  of  the*  lines  A  I),  HI),  (//>,  Ji(J,  (!A,  AH 
respectively  iu  rogiuxl  to  th<»  ttitrahodrou  (^0/io^oA»). 


In  tint  pnuu'ding  fonunhe  for  the  transformation  of  coordinates  the  ratios  only  have 
been  attended  to,  no  dotcnninate  absolute  magnitude  have  been,  assigned  to  the 
coordinates  (a.,  b,  c,  /,  //,  A).  Hut  I  will  nevertheless  show  how  wo  may  attribute 
absolute  magnitudes  to  these  coordinates. 

Article  NOH.   78  to  80.    New  definition  of  the  six  coordinates  <w>*  to  their  absolute 


78.  I  assume  (^,  y,  z,  w)  to  be  "volume"  coordinates;  vk  taking  as  before  AB(U) 
for  the  fundamental  tetrahedron,  and  denoting  thu  point  (w,  y,  z,  w)  by  P,  i  oHHtiuu1. 
that  wo  have 

*  :  y  :  *  :  w  :  1  «  PJi(U)  :  A  TO  I)  :  Alt  PI)  :  A  HUP  :  ABGl), 

where  Pltfll),  &c*  denote  the  volumes  of  the  several  tetrahodra  PJi(Jl),  &c.  It  in  to 
bo  noticed  that  tho  volume  i«  in  every  case  taken  with  a  determinate  sign:  analytically 
the  sign  may  be  iixed  by  taking  (#rt,  y^  ^)t  &a,  as  the  Oarfcewiau  cooixlinatoH  of  the 
points  A,  &c.  and  writing 


1,  1,  1,  1 

(whence  of  course  PBCD  =  PCDA  «  —  l*Gltl)>  &a  according  to  tho  rulo  of  signs)  :  or 
wo  may  in  an  equivalent  manner,  but  lews  easily,  determine  tho  sign,  by  considering 
the  sense  of  tho  rotation  about  CD  (considered  as  an  axis  drawn  from  0  to  D)  which 
would  bo  produced  by  a  forco  along  PB  (from  P  to  5). 
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79.  It  is  to  be  observed  that  the  foregoing  values  give  identically  &  +  y  +  0  +  w=zl., 
so   that  the   equation    of   the   plane    infinity  is   M  +  y  +  z  +  w  —  Q.     The  values  of  the 
coordinates  (#,  y,  #,  w)  may  be  written 

of  :  y  :  *  :  w  :  I  =  PBCD  :  PGAD  :  PABD  :  PGBA  :  ABGD', 
or  in  the  original  form 

x  :  y  :  z  :  w  :  l  =  PBCD  :  APGD  :  ABPD  :  ABGP  :  ABGD, 
as  may  be  most  convenient. 

80.  Denoting  the  points  (a,  ft,  7,  8)  and  (a',  #,  7',  V)  by   Q,  Q'  respectively,  we 
have 

a  :  ft  :  7   :  £   :  1  =  QBGD   :  AQCD   :  ABQD    :  ABGQ   :  ABGD 
and 

a'  :  /3'  :  7'  :  8'  :  1  =  Q'BCD  :  AQ'GD  :  ABQ'D  :  ABCQ'  :  ABGD, 

and  writing 


(a,  b,  c,f,  g,  h)  =  (fty-ffv,  <&-*/*>  «&-<*&  off  -eft,  /3S'-/3'S,  7$'  - 

viz.  the  two  sets  being  taken   to  be  equal,  a  =  $7'  —  /3'y,  &c.  instead  of  merely  pro- 
portional, then  it  is  easily  seen  that  we  obtain 

a:        6      :        c       :      /       :       g       :       h        :       1 
=  AQQ'D  :  Q'BQD  :  QQ'GD  :  QBCQ'  :  AQGQ'  :  ABQQ'  :  ABGD, 
that  is,  in  order  to  form  the  first  six  combinations  we  successively  replace 

(B,  G),  (G,  A),  (A,  B),  (A,  D),  (B,  D),  (0,  D) 
in  ABGD  by  (Q,  Q;)- 

Article  No.  81.    Resulting  formulae  of  Trmsformation. 
81.    For  the  transformation  of  coordinates  if  we  assume 


and  take  also  (a,  6,  c,  /,  g,  h),  (a0,  60i  4>,  /o,  ^o,  A0)  respectively  equal,  instead  of  merely 
proportional,  to  the  foregoing  values,  then,  observing  that  for  the  point  A0  we  have 
(0bi  ^o,  #o>  ^o)  =  (l>  0;  0>  0)  we  see  that  \,  \,  \,  X4  are  the  ABCD  -  coordinates  of 
^L0  5  and  the  like  as  to  the  other  sets  of  coefficients  ;  viz.  we  have 


:  AAQCD  :  ABAQD  :  ABGA,  :  ABCD 

99          •    »   -So     »        •        »      -Bo  W     •       »         -"0     :  99 
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ami  we  hence  find 

yw  vK  \p  \p  pp  vp 

23        :         23       :        23         :         23        :       23         :        23        : 

=  A£(]CQD  :  AO0A(}D  :  AAQJt»D  :  AAJ\D  :  AJi0D*D  :  AC{}D0D  :  ABOD 
vix.    multiplying    the    last-mentioned    set    of    terms    by    A(}B$(}DQ<~ABGD,   in    order    to 
make   the   last   term   equal   to   unity,  we  see   that  the  coefficients  ^  ,    v     &c.  are  equal 

2tVJ  2t*9 

to     ?i*r*  i\    *n*°   *ko   s*x   {ABGD\  —  coordinates  respectively  of  the  line  AD  by  means 


of  the   points   A,  D   thereof.     And  similarly  in   the  six  expressions  which  enter  into  the 

formul 
of  the 


formula  of  transformation,  the  coefficients  aro  =     \  jinn  °  ^n^°  ^°  s^x  (ABCD\  —  coordinates 


lint*  AD  in  regard  to  points  At  D  thereof 

»  Jl,  &  „ 

M  C,  D  „ 

„  B,  0  „ 

„  (y,    A  „ 

„  A,  B      „ 

fon^going  theory  of  the  transformation  of  coordinates  seemed  to  me  interesting 
for  its  own  sake,  and  I  have  developed  it  in  preference  to  the  more  simple  theory 
which  might  easily  be  entablinhed  of  tho  cane  in  which  the  coordinates  are  quantitatively 
defined  as  being  equal  to 


(SH  COH  ft  —  JA,  COH  7,  «?,»  cos  7  —  ^0  cos  a,  y0  <^os  yS  —  #o  cos  a,  cos  a,  cos  &  cos 
respectively. 
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436. 

ON    A   CEETAIN    SEXTIC   TOKSE. 


[From  the  Transactions  of  the  Cambridge  Philosophical  Society,  vol.  xi.  Part  m.  (1871), 

pp.  507—523.    Eead  Nov.  8,  1869.] 

THE  torse  (developable  surface)  intended  to  be  considered  is  that  which  has  for  its 
edge  of  regression  an  excubo-quartic  curve,  or  say  a  wicursal  quartic  curve.  I  call 
to  mind  that  (excluding  the  plane  quartic)  a  quartic  curve  is  either  a  quadriquadric, 
viz.  it  is  the  complete  intersection  of  two  quadric  surfaces ;  or  else  it  is  an  excubo- 
quartic,  viz.  there  is  through  the  curve  only  one  quadric  surface,  and  the  curve  is  the 
partial  intersection  of  this  quadric  surface  with  a  cubic  surface  through  two  generating 
lines  (of  the  same  kind)  of  the  quadric  surface.  Returning  to  the  quadriquadric  curve, 
this  may  be  general,  nodal,  or  cuspidal;  viz.  if  the  two  quadric  surfaces  have  an 
ordinary  contact,  the  curve  of  intersection  is  a  nodal  quadriquadric;  if  they  have  a 
stationary  contact,  the  curve  is  a  cuspidal  quadriquadric. 

The  unicursal  quartic  is  a  curve  such  that  the  coordinates  te,  y,  z>  w)  of  any  point 
thereof  are  proportional  to  rational  and  integral  quartic  functions  (*][0,  I)4  of  a 
variable  parameter  0;  and  the  general  unicursal  quartic  is  in  fact  the  excubo-quartic; 
but  included  as  particular  cases  of  the  unicursal  curve  (although  not  as  cases  of  the 
excubo-quartic  as  above  defined)  we  have  the  nodal  quadriquadric  and  the  cuspidal 
quadriquadric.  The  torse  having  for  its  edge  of  regression  a  unicursal  curve  is  a  sextic 
torse;  and  this  is  in  fact  the  order  of  the  torse  derived  from  the  excubo-quartic,  and 
from  the  nodal  quadriquadric;  but  for  the  cuspidal  quadriquadric,  there  is  a  depression 
of  one,  and  the  torse  becomes  a  quintic  torse.  The  equations  have  been  obtained  of 
(1)  the  sextic  torse  derived  from  the  nodal  quadriquadric,  (2)  the  quintic  torse  derived 
from  the  cuspidal  quadriquadric,  (3)  the  sextic  torse  derived  from  a  certain  special 
excubo-quartic ;  but  the  equation  of  the  torse  derived  from  the  general  unicursal  quartic 
has  not  yet  been  found.  To  show  at  the  outset  what  the  analytical  problem  is,  I 

13—2 
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anticipate  the   remark   that  the  coordinates  (tf,  y,  z>  w)  of  a  point  on  the  curve  may 
by  an  obvious  reduction  bo  rendered  proportional  to  the  fourth  poweivs  (6  +  a.)\ 
0  +  S)4  it*  the  parameter  #;  this  leads  to  an  equation 


w 


_  . 
~    ' 


for  the  osculating  plane  at  the  point  (;/;,  y,  s,  w)  ;  or  observing  thai  this  equation, 
when  iutegralised,  is  of  the  form  (,??,  y,  j,  wify#,  iy  =  0,  \vo  see  that  the  equation  is 
obtained  by  equating  to  zero  the  discriminant  of  a  certain  BOX  tie  function  in  0;  the 
discriminant  is  of  the  order  10  iu  the-  coordinates  (#?,  y,  st  w),  but  it  obviously  contains 
the  factor  ivysw,  or  throwing  this  out  we  have  an  equation  of  the  order  (i,  so  that; 
the  torse  is  (as  above  stated)  a  aoxtic  torae. 


Theorem  relating  to  Four  Binary  Qwwtics. 
1.    Consider  the  four 


(au>  i3>  Ca,  dj, 


then  if  Xt,  \9,  X^^  X4  an^  any  four  quantitien,  these  may  bo  determined,  aud  that  iu 
four  different  ways,  HO  that 


a  perfect  fourth  power;  in  fact,  equating  the  coefficients  of  the  different  powers 
of  (®,  yYt  wo  have  five  equations,  which  determine  the  ratios  of  the  unknown  quantities 
Xi,  Xa,  X,,  A*;  a,  #:  eliminating  XiT  X^,  X»,  X^,  we  find  the  equation 


frf, 


0, 


giving  four  different  values  of  the  ratio  a  :  $;  or,  assigning  at  pleasure  a  value  to 
a  or  ft  (say  #«1),  then  to  each  of  the  four  sets  of  values  of  (a,  £)  thero  correspond 
a  determinate  set  of  values  of  (X1?  X*,  X3,  X4);  that  is,  wo  have  as  stated  four  sets  of 
values  of  Xn  A*,  X*,  X4;  a,  fi. 
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Standard  Equation  of  the  Unicursal  Quartic. 

2.  The  coordinates  (x,  y,  z,  w)  being  originally  taken  to  be  proportional  to  any 
four  given  quartic  functions  (*$#,  I)4  of  the  parameter  6,  then  forming  a  linear 
function  of  the  coordinates,  we  have  four  sets  of  values  of  the  multipliers,  each  reducing 
the  function  of  0  to  a  perfect  fourth  power;  that  is,  writing  (X,  T,  Z,  W)  for  the 
linear  functions  of  the  original  coordinates,  and  taking  (X,  T,  Z,  W)  as  coordinates,  it 
appears  that  the  unicursal  quartic  may  be  represented  by  the  equations 

X  :  7  :  Z  :  F= 


Tangent  Line,  and  Osculating  Plane  of  the  Unicursal  Quartic. 

3.    The  equations  of  the  tangent  line  at  the  point  (6)  (that  is,  the  point  the 
coordinates  whereof  are  as  (0  +  a)4  :  (0  +  £)4  :  (0  +  y)4  :  (0  +  8)4)  are  at  once  seen  to  be 


X, 

of, 


7, 


and  that  of  the  osculating  plane  to  be 

X,  7, 


Writing  as  in  the  sequel 


Z, 


Z, 


W 


0, 


W 


=  0. 


the  equations  of  the  tangent  line  become 

h7          gZ  aZ 

+ 


JL*       fr 

(8  + a?     (0  +  PJ1 


aX 


b7 


cZ 


' 


=o, 


cZ 


=  0, 


(equivalent  of  course  to  two  equations),  and  the  equation  of  the  osculating  plane  becomes 

ahgX  ^W7        gfcZ       aboW__Q 
+  '    (6  +  W      ' 
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Modification  of  Hie  foregoing  notation,  and  final  form  for  the  Unioursal  Quartic. 

4.    If  instead  of  the  coordinates  (X,  Y3  Z,  W)  wo  introduce  the  coordinates  (0,  y,  z,  w) 
connected  therewith  by  the  relations 

ahgX  :  hbfY  :  gfcZ  :  abcW=      to  :       y  :       z  :       w, 
or,  what  is  the  same  thing, 

X  :        Y  :       Z  :       W  =  bcfa  :  cagy  :  abhs  :  fghv, 
then  the  curve  is  given  by  the  equations 

*  :  ?/  :  z  :  w  -  t%  (0  +  a)*  :  W/(^  +  j8)4  :  C/J/^-fy)1  :  a 
The  equations  of  the  tangent  line  are 

cy  be  Jw 

""  +  "u> 


and  the  equation  of  the  owculatiug  plane  IH 


Determination  of  the  8e%tw  Torse. 
f>.    Starting  fron\  the  equation  of  the  onculating  plane  written  under  the  form 


the  equation  of  the  torse  is  obtained  by  equating  to  zero  the  discriminant  of  the  aextic 
function.    Writing  as  before 
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equations  which  give 

h-g  +a  =0, 

-&    .      +/  +  &    =0, 

g   -/    .      +c   =  0, 

—  a  —  6—0    .      =0, 


-aa-&/3-C7    .    =0, 
and  also 


then  the  discriminant  is  a  function  of  (0,  y,  ,5,  w),  (a,  6,  c,  /,  #,  A)  of  the  degree  10 
in  (#,  y,  *,  w)  and  the  degree  30  in  (a,  b,  c,  /,  g,  K).  But  the  equation  in  0  has  two 
equal  roots,  or  the  discriminant  vanishes,  if  any  one  of  the  quantities  (x,  y,  at,  w)  is 
=  0;  and  again,  if  any  one  of  the  differences  a-&  &c.  (that  is  any  one  of  the 
quantities  a,  &,  c,  /,  g,  h)  is  —  0  :  the  discriminant  thus  contains  the  factors  xyzw  and 
,  and  throwing  these  out,  we  have  an  equation  of  the  form 


A  =  (a,  6,  c,/,  g, 
which  is  the  equation  of  the  sextic  torse. 


Principal  Sections  of  the  Torse. 

6.    Consider  for  instance  the  section  by  the  plane  w  =  0.    Writing  w  =  0,  the  equation 
of  the  osculating  plane  is 


The  discriminant  of  the  sextic  function  vanishes  identically  in  virtue  of  the  double 
factor  (04-S)2.    But  omitting  this  factor,  the  equation  becomes 


The  discriminant  of  this  quartic  function  of  0  is  a  function  of  #,  y,  z,  a,  6,  c  of 
the  degree  6  in  (#,  y,  z)  and  12  in  (a,  6,  c)  ;  it  contains  however  the  factors  xyz,  a*BV, 
and  the  remaining  factor  is  of  the  degree  3  in  (#,  y,  z)  and  6  in  (a,  6,  c);  this 
remaining  factor  is  as  will  presently  be  seen 

=  (a?x  +  %  +  <?*?  ~  27aW  aiy*. 

The  last  mentioned  sextic  equation  in  6  will  have  a  triple  root  0  =  —  8,  if  only 
the  value  6  =  —  B  makes  to  vanish  the  factor  in  [  ],  that  is  if  we  have 


104  ON   A    CERTAIN  StiXTIO  TOftSE.  [436 

The  foregoing  results  lead  to  the  conclusion  that  for  w  =  Q,  we  have 

but  this  will  appear  more  distinctly  as  follows, 

7.    First,  as  to  the  factor  (a/to  -i-  b*y  +  &sf  -  SfttiPlPtf  soys :  writing  in  the  equation  of 
the  osculating  plane  w  =  0,  the  equation  becomes 

=  0, 

which  equation  is  therefore  that  of  the  trace  of  the  osculating  plane  on  the  plane. 
w  =  0;  the  envelope  of  the  trace  in  question  is  a  part  of  the  section  of  the  torso  by 
the  plane  w  =  0.  To  find  the  equation  of  this  envelope  we  must  eliminate  6  from  the 
foregoing,  and  its  derived  equation 

(R  ?/  Z 

J-    ..-•'....   -L  ,  i\* 

the  two  equations  give 

and  thcuce 

(rtfte)*  +  (i9//)*  +  (<&)*  *  « (<?  +  «)  +  6  (^  +  )8) + c  (^  +  7)  =  0, 

that  is,  wo  have 


or,  what  IH  the  same  thing, 

(of  SB  +  %  +  c2^)8  -  27tta6ao3  ^  m  0 


for  a  part  of  the  noction  in  quoatiou, 

8.    I  have  naid  that  the  foregoing  cubic  is  a  part  of  the  section  ;  the  equations 
w  :  y  :  z  :  w 


which  for  ^/«0  give  ^«-^,  and  thence  %  :  y  ;  z~af*  :  b<f  :  ch\  show  that  the  hurt 
mentioned  point  is  a  four-pointic  interwoctiou  of  the  curve  with  the  piano  w  =  lX 
But  the  curve,  having  four  consecutive  points,  will  have  three  consecutive  tangents  in 
the  piano  w«0;  that  is,  the  tangent  at  the  point  in  question  will  present  itself  as 
a  threefold  factor  in  the  equation  of  the  torse.  Writing  in  the  equations  of  the  tangent 
w«o,  0«~8,  wo  find  for  the  equation  of  the  tangent  in  question 


or,  what  is  the  same  thing, 

Hence  the  section  by  the  plane  w  =  0  is  made  up  of  this  line  taken  three  times, 
and  of  the  last  mentioned  cubic  curve. 
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9.  By  symmetry,  we  conclude  that  the  sections  by  the  principal  planes  #  =  0, 
?y  =  0,  #  =  0,  w  =  0,  are  each  made  up  of  a  line  taken  three  times,  and  of  a  cubic 
curve :  viz.  these  are 

=  0, 


0,    afe  +  63%        .    +  tiftfw  =  0, 

.      =  0, 


=  0, 

where  for  shortness  I  have  written  the  equations  of  the  four  cubics  in  their  irrational 
forms  respectively. 

Partial  Determination  of  the  Equation. 

10.  As  the  value  of  A  is  known  when  any  one  of  the  coordinates  #,  y,  z>  w  is 
put  =0,  we  in  fact  know  all  the  terms  of  A,  except  those  which  contain  the  factor 
xyzw,  which  unknown  terms,  as  A  is  of  the  degree  6,  are  of  the  form  (#][#,  y,  z,  wf. 

I  remark  that  if  (ovyzw)  is  any  homogeneous  function  (#$#,  y,  z,  wf,  and  (ocyz),  (xy)t 
(#)  are  what  (scyzw)  become  on  putting  therein  (w  =  0),  (z  =  0,  w  =  0),  (y  =  0,  z  =  0,  w  =  0) 
respectively,  and  the  like  for  the  other  similar  symbols,  then  that 

(ssyzw)  =     (tf)  4-  (u)  4-  (z)  +  (w) 

—  ( $11  ]  — •  (ti'Z )  •-—  ( SOW )  ~~  (1/Zi  ~" 

\    &  /         \        /         \         /         \«7/ 

4-  (&y%)  4-  (%yw)  4-  (cczw)  4-  (y> 
4-  terms  multiplied  by 


in  fact,  omitting  the  last  line,  this  equation  on  writing  therein  #  =  0  or  y  =  0  or  0  =  0 
or  w  =  0,  becomes  an  identity,  that  is,  the  difference  of  the  two  sides  vanishes  when 
any  one  of  these  equations  is  satisfied,  and  such  difference  contains  therefore  the  factor 
xyzw  ;  which  proves  the  theorem.  It  hence  appears  that  the  equation  A  =  0  of  the 

torse  is 

A  = 


+ 

+  ( 

+  (6s/  3y  +  c2/2^  +  Z)2^8  [(%  +  ^  +  a2^)8  -  2la*g*h*yzw] 
+  (ay» 
+  (a«to 


where  the  ten  coefficients  of  (*$#,  2/,  ^,  w)2  remain  to  be  found. 
0.    VII. 
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Process  for  the  Determination  of  the  Unknown,  Coefficients. 
11.    At  a  point  of  the  cubic  curve  in  the  plane  w  =  0,  we  have 
x  :  y  :  3  =  11(6  +  *?  :  b(6  +  /3)»  : 


and  the  tangent  plane  at  this  point  is  the  osculating  piano  of  the  curve;  that  is,  it 
is  the  plane 

sS  if  J  w 

' 


if  for  a  moment  («/,  y*>  z*>  w')  are  the  current  coordinates  of  a  point  in  the  tangent 
plane.    But  the  equation  of  the  tangent  piano  as  deduced  from  the  equation  A  =  0  is 


where  in   tho  differential   coefficients  of   A,  the  coordinates  (,•/;,  //,  s9  w)  are  considered 
as  having  the  values 


x  :  y  :  z  :  w  =  rr,(0  +  a);J  :  b($  +  ^  :  c(0  +  ^  :  0. 
WH*,  with  th<?HC  values  of  (;/:,  y,  z,  w),  wo  havu 


oonditionH  which  detonnino  the!  valuow  of  certain  of  the  coefficient  of  (*$#,  y,  2,  w)'\ 
vise,  the  nix  coofticiontH  of  the  terms  independent  of  w;  and  when  thono  are  known 
the  values  of  the  remaining  four  coefficients  are  at  once  obtained  by  symmetry, 

12,    To  devolope  this  process,  disregarding  the  higher  powers  of  w,  we  may  write. 

A 


where  B  denotes  the  terms  independent  of  w,  #?o<l>  the  known  terms  which  contain 
tho  factor  w>  and  wyzw  (*J^i  y,  #)tt  thc^  unknown  tenns  which  contain  this  same 
factor  ;  tho  value  of  (#  $#,  ?/,  0)tt  being  chsarly  =  (*5^,  y,  ^>  0)a, 

Wo  have,  moreover, 

6  m 
and 

4>*    f 

(ate  +  cte  )B  [fry 


4 
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13.    The  equations,  putting  after  the  differentiations  w  =  0,  and  writing  for  shortness- 
(*)  in  place  of  (*$x,  y,  zj,  become 

d®     d®    <2® 

da>  ''  dy  ''  ~dz 


=  a"  (6  +  a)'  +  63  (0  +  /3)3  +  o3  (^  +  7)', 


Now,  observing  that  the  second  factor  of  ©  vanishes  for  the  values 

a(0  +  *y,    &(0  +  £)3,    c(0+y)3   of  (a,  y,  z\ 
we  have  simply 


But 

a2a; 

in  virtue  of  the  relation 
[ 

where 

Hence 
and  similarly 


=  Q  and  hence 
(0  +  7)"  .  [a3  (9  +  a)s  - 


Q, 


-  27a262c8  tftoe  +  h*f*y  +/  W  (0  +  a)2  (5  +  ^  Q  ; 

u2 

whence  the  above-mentioned  conditions  reduce  themselves  to  the  single  condition 
(0  +  Sy  {3*  +  isyz  (•)}  =  tftfbW  (flto  +  A2/2y  +/y^)8  (9  +  o)2  (0  +  £)2  (0  +  7)"  Q, 
14.    But  we  have 


*  a  (0  +  8  +/)»+  A5/26  (0  +  8  +  sO8  +/yc  (0  +  8  +  A)', 
+  8)2  [(^*a  +  A2/26  +/yc)  (0  +  8)  +  3  frfta  +  hfb  +fyo)fth], 
a6c  (0  +  S)2  [(jri  +  hf+fg)  (0  +  S)  +  Sfgh], 
dbo  (0  +  $f  \gh  (0+*)  +  hf(0  +  ft  +fg  (0  +  7)], 
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if  for  shortness 

P  =  gh  (0  +  a)  +  hf(0  +  0)+fg(6  +  7). 

Hence,  substituting, 

3<t>  +  afo  (0  4-  a)3  (6  +  0?  (6  +  7)»  («)  «  -  27  (afcc)'  (5  +  8)*  (5  +  a)*  (0  +  £)»  (0  +  7)'  P»Q  ; 


which  when    the   values  tt(0fa)s,  &(#  +  #)*,   fl(0  +  7)s  for  (#,  y,  5)  are   substituted  in 
the  functions  <I>  and  (*),  will  bo  an  identical  equation  in  0, 

15.  It  is  right  to  remark  that  what  we  require  is  the  expression  of  (*),  =  (*$*;,  y,  3)-; 
the  foregoing1  equation  leads  to  the  value  of  (*)  expressed  iu  terms  of  9-,  and  it  is 
necessary  to  show  that  this  loads  back  to  the  expression  for  (*)  a«  a  function  of 
(#,  y,  s);  in  fact,  that  the  function  of  9  is  transformable  in  a  definite  manner  into  a 
function  of  (#,  y,  z).  Suppose  that  the  function  of  S  could  be  cxpmssod  in  two 
different  manners  as  a  function  of  (#,  y,  xr);  then  we  should  have  two  different 
functions  (a;,  ?/,  sf  utich  cH|uivalent.  to  tlu\  same  function  of  $;  and  the  difference  of 
these  functions  would  be  identically  **0;  that  is,  we  should  havo  a  function  (.7;,  y,  r)'J 
vanishing  idt^ntically  by  tho  subst,itution 


but  theso  relations  arc  equivalent  to  the  single  relation 

which,  qwl  cubic  equation,  in  not  equivalent  to  any  equation  whatever  of  the  form 

(,</;,//,  *)••»  =  (); 
that  is,  the  function  of  B  is  equivalent  to  a  definite  function  (#,  //,  ^)'4. 

1C.    To  proceed  with  the  reduction,  I  remark  that  wo  have 


where 

-  tt 
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if  for  shortness 

A  =  a^U  (&y  +ca/i3), 

+  a3/3), 


,       #  =/y  (- 

0  =  tff*  (&ya2/3  -  7%3c3A3  +  3c3A3a3/2),       P  =  0*A3  (-  %sa 
Q  =  Ay  (c3A3&y  -  7c2AW  +  3a3/%3),       JS  =  A4/3  (-  fcJWft 
and  I  represent  the  foregoing  equation  by 

$  =  (oftc  +  l?y  +  c3*)2  U+  ooyzQ. 

Hence,  writing  for  x,  y,  a  the  foregoing  values,  we  have 

*  =  9a363c2  (9  +  a)3  (6  +  /S)8  (6  +  7)"  tf+  a&c  (6  +  a)8  (6  +  /3)3  («  +  7)"  O  ; 
and  thence 

27  0  +  ~c  (fl  +  «)  («  +  18)  (^  +  7)  (80  +  (*))  =  -  27  (a&c)s  (0  +  $)*  P3Q  ; 
that  is 

27  17  +  (a&c)3  (0  +  S)«  P3*?]  +       («  +  «)  («  +  £)  (fl  +  7)  (»O  +  (*))  =  0. 


In  order  that  this  may  be  the  case,  it  is  clear  that  we  must  have 
U  +  (crf>c)3  (6  +  8?  P*Q  -  (6  +  CL)  (0  +  /3)  (6  +  7)  M, 

viz.  the  left-hand  side  expressed  as  a  function  of  6  must  be  divisible  by  the  product 
(6  +  a)  (6  +  /3)  (5  +  7).  Assuming  for  a  moment  that  this  is  so,  the  quotient  M  will  be 
a  function  (&,  1)"  expressible  in  a  unique  manner  in  the  form  (a?,  y,  zf,  and  assuming 
it  to  be  so  expressed,  we  have 


which  equation,  without  any  further  substitution  of  the  lvalues  of  (*,  y,  z),  gives  (*) 
in  its  proper  form  as  a  function  of  (on,  y,  z). 

Reduction  of  tJie  Equation,  U+  (a&c)8  (6  +  8)<  P3  Q  -  (6  +  a)  (6  +P)(6  +  7)  X. 
17.    We  have  by  an  easy  transformation 

U=     (a3*  +  ty+  cfc)  (     a3/6  (Ay  -  IHfyg  +  ?#}  1 

•I  +  &y  (A2  -  f/w*»  +  ^) 

(+<?h>  ( 
+  7  (a*/*  +  &y  +  o*)/^*' 
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if  for  shortness 

U'  =     fz  .  c8/*4/4  (36V/-  -  c'-fr-  ) 

+  ys?  .  byf*  (So3//*  -  %!  ) 
+  aftr  .  «.»/y  (3ctf  »  -a2/2) 
+  ai?  .  c%4  (3a9/»  -  <rt»  ) 
(3«2/J  -  %••'  ) 


Substituting   the   0-valuos,  the  terms  of    Z7,  other  than   (T,  rarc  at  oucc   seen   to 
contain  the  factor  (0  +  a)  (0  4-  ft)  (8  +  7),  and  we  have 


+  7  (a4/4  +  &y  +  cVt1)  /"<f/<s  «.6c  (^  +  a)»  ((9  +  ^)a  (^  +  7)" 

+  jr, 

•where 


=  (6  +  a) 
S.    Write  for  uhortucw  j>,  q,  r  —  (af,  b(j,  cA);  after  a  complicated  reduction,  I  obtain 

f  =     ay/ta  (r  -  p)  (;>  -<;)(-  %)4  +  6ptyr  -  6gV)  ^2 
•I-  &•**/*  (p  -  (/  )  (q  -  r)  (-  Sa4  +  5j»rj)  -  (5f//)  y3 
-  r  )  (?•  -p)  (- 


-4  - 


Wo  then  havo 

9a6cjJsr=  terms  (x,  y,  «)3  +  9aZ»cJl!r',    ii  =  terms  (*,  y,  z) 
above;  and 


which  given  (*). 

10.    After  all  reductions  we  find: 


(283*  - 
c"/y  (28r«  - 
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or  observing  that  the  coefficients  of  ayAW,  62A2/y  and  C2/2#V  are  equal  to  each  other 
and  to 

the  equation  becomes 
(*)  =     -3 


+  3  (3r8  - 

and  we  thence  obtain  by  symmetry  the  complete  value  of  (*$#,  £/,  z,  wf,  viz.  we  have 
only  to  complete  the  literal  parts  of  the  foregoing  expression  into  the  forms 


+ 


respectively. 

20.    The  equation  of  the  torse  thus  is 

A  =  ay  AW  +  viffy  + 


-  ce 


+  6% 


I  recall  that 


Developing,  we  have  finally  the  equation  of  the  torse  in  the  form  following. 
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Equation  of  tiie  Se.rtic  Torse. 


21.    The  o<niation  is 

o= 


4-  9 


4-r8) 


fw,  yvf) 
*w,  so?  ) 


z,  y*wx,  stooy) 
s,  tu'zix,  ztwy,  atwz) 


-f  l) 


4-  » 


+  .')  {/  4-  «X  (2f/J  4-  ?a)  -I-  - 

x  (pit, 

4-  »  {</"   4-  V  (2ru  4-  /)  4-  %3  (»4  -  7?y  )  4-  ry  f 

x  (//•••/*,  /^c8,  kW,  <W'$tty>&,  sPwf,  oWy,  vfza?) 

4-  3  (j*   +  ,V  (2j>3 

x 
4-  8  {^8  4-  .V  (2>a  4- 

x 
4-  »  {«•  4-  S*/4  (2p*  4-  1*  )  4-  3g8  (p4  -  7r«pa)  4-  »*j)4| 

x  (/i4/",  /V,  /t'a8,  a» 

4-  3  {r«  4-  Sr«  (2^  4-  p>  )  4-  Sr8  (a* 

x 


4-  oysw  • 


4-  8 


4-  :J  (  .V 


(/»,  a'$?/^,  «w) 


,  c" 
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Comparison  with  the  Eqmtion  of  the  Centro-surface  of  <m  EllipsM. 
22.    In  the  Equation 


w 


for  x,  yy  z,  w  write  £2,  vf,  f  2,  o>2,  and  then  S  =  oo  ,  the  equation  is  converted  into 


or  writing  a2,  62,  c2  for  a,  /3,  7,  and  understanding  ft  9?2,  f2,  o>2  to  mean  aW,  6y,  c2^ 
-1,  this  is 


This  is  an  equation,  the  envelope  of  which  in  regard  to  the  variable  parameter  0,  gives 

«j  2  2 

the  surface  which  is  the  locus  of  the  centres  of  curvature  of  the  ellipsoid  —  +  *-  4  -=  =  1, 

a3     b~     c2 

or  say  the  Centro-surface  of  the  Ellipsoid.  (Salmon's  Solid  Geometry,  Ed.  2,  p.  400, 
[Ed.  4,  p.  465].) 

Making  the  same  substitution  in  the  foregoing  equation  (*$#,  y9  z,  w)6  =  0,  the 
quantities  /,  g,  h  become  equal  to  -S,  and  p,  q,  r  to  -aS,  —  &S,  -cS  respectively,  and 
the  whole  equation  divides  by  S12;  throwing  out  this  factor,  we  have  a  result  which  is 
obtained  more  simply  by  changing 

so,  y,*z  ,  w,    a,  b,  c,f,  g,  h,    p,  q,  r, 
into 

ft  ^  t2,  o>2,    a,  ft  7,  1,  1,  1,     a,  /3,  7, 

where  a,  /3,  7  now  signify  62  -  c2,  c2  -  a2,  a2  -  6s  respectively,  and  ft  i?2,  £3,  to3  are  retained 
as  standing  for  aW,  &y,  cs#2,  —  1  respectively  ;  viz.  the  equation  of  the  centro-surface 
is  found  to  be 


(^  7s, 

+  3  (7s  +  *  )  (TS  «2  , 

+  3  (a2  +^2)  (a%  ^2, 

+  3  03*  +  3/3y  +  T4)  (/32,  T2, 

+  3  (/  +  379a2  +  a*  )  (72,  a2  , 

+  3  (a*  +  3a*/3  +  /3*)  (a2,  j$\  <?,  rftfp  $gy  ,  £  V 
3  (2a4 


+  8(27*  +373a2  +372^-7a^2)(7a,  T2^^^,  a4, 
0.    VII.  15 
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(/3«  +  0/3Y  +  9£V  +  7")  (1, 
(rf  +  V«3  +  JVyV  +  of)  (1, 
(a"  +  9*ft  +  <)«'/?>  +  01)  (1,  7«^f  if, 


+  3  [a"  +  3*  (2#'  +  f  )  +  :te3(^-7j3y)  +  #Yi(l,  F,  7'. 
+  3  {£"  +  3j8*  (V  +  a-  )  +  3/3"  (y*  -  V«s  )  +  7'«8}  (  U  7*.  «l  . 
+  3  1-y'1  +  V  (2as  +  &)  +  :17S  (o»  -  7«a^)  +  «^l  (I,  oa,  ^, 
+  3  [a«  +  :!aj  (2f  +  ^J)  +  ;ia3  (y1  _7/8y)  +  /SVl  (I,  7s.  ^J, 
+  3  |j8l  +  3)84(2a8  +  y"  )  +  «#(««  -7ytf)  +  7VUl,  a3,  y, 
-(•  3 
f  !) 

(1, 


t;    *   j  +  3  (3)8"  - 


«?,  ft  f,  «Wil4.  *?4,  ^ 
3  (3d*  -  1  4a^T  -f  1  30a»j8V  +  1  3«rfj8V  -  *W)  (  I  ,  a3 


(1, 

ss  with  the  result  given  in  .Salmon's  tiolid  (}&nnetri/,  K<1.  2,  {>.  151,  [M.  4, 
|>.  178],  niul  Qiwterly  MathenMt'iml  Juitnmi,  vol.  II.  p.  220  (18.58);  in  tho  lattor  place, 
liowtsvor,  tlw  twin 

is  by  mistake  writluu 


vise,  a  factor  a*  is  omittw)  in  ouo  of  the  coiifticio 

Some  of  the  (joofficacsuts  aro  pre,s«nt(!(l  under  slightly  different  t'ornw;  vin.  iiiHteatl  of 


hafl 

and  iimtoad  of 
ho  ha» 

kit  thcHo  different  forum  arc  respectively  equivalent  in  virtue  of  the  relation 
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DEMONSTRATION  NOUVELLE  DU  THEOREME  DE  M.  CASEY 
PAR  RAPPORT  AUX  CERCLES  QUI  TOUCHENT  A  TROIS 
CERCLES  DONNES. 

[From  the  Annali  di  Matematica  pura  ed  applicata,  torn.  I.  (1867),  pp.  132 — 134.] 

THIS  is  in  fact  the  investigation  contained  in  the  paper  414,  "  On  Folyzomal  Carves  otherwise  the  carves 
s/!7+\/F+(Sto.=0,"  Annex  n.  pp.  568 — 578,  "On  Casey's  theorem  for  the  circle  which  touches  three  given 
circles,"  viz.  it  is  based  on  the  identity  of  the  two  problems  1°  to  find  a  circle  touching  three  given  circles, 
2°  to  find  a  cone-sphere  (sphere  of  radius  zero)  passing  through  three  given  points  in  space. 
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438, 

NOTE    SUIl    QUELQUKH    TORSES    SKXT1QUES. 

[From  tlui  Aiwali  di  AlntenuriiGtt  punt  vt!  a.pplicata,  torn.  n.  (1808),  pp,  !)!),  LOO.] 

JK   desire   d'appeler   attention   aux    surfaces   developpables,   ou   tomes,   donndes    par 
recjuation 

«,«  -  4>l>d  +  .V)8  -  27  ((tea  -  ad*  -  fr-0  +  Hbcd  -  tr»)a  «  0. 


Dans  (vtt(k  ruination  ((*,   /;,   r,  rf,   (0  Hout  des    touotiotiH    lin&iiroH   (juolcioiupicH   des 
(|iiatre.  e-oordounoe-H  (.r,  //>  £,  f);  ces  quantitA  Hont  done  liAts  par  un<^  equation  lin&imi 

^la  +  4/jft  +  6<?c  +  47Jrf  4-  A'a  «  0, 

efc  jc   riiUHU'tjiu1    «ju«  la   chiKHitication    de.K  torwss   «<nuprisoB   HOUS   Pc^iuatiou  inontionn^e 
<U1H^n<l  dew    rorkHi?H  iuvariantive-s  <le.  la  fone.tion  (^1,  H,  Ot  J),  ^Tr>  T-V- 


Kn  efTot  la  torau  a  une,  etnirbc*  «!u»pwlalts  ou  arete  do  rehrousHeinout,  donudo  par 

loft  <i<nittti«n» 

rt«  -  4>bd  4-  Sca  »  0,    itw  -  arf9  -  frje  +  %bod  -  c8  -  0, 


et  uno.  oourbo  nodale  donnde  par  lei 

a  26  Gc*         ~     2ci    ""'"a 

cos  deux  courboH  KC  rencontront  dans  IOH  points  donnds  par  los  Equations 

abed 

•  f  S3   -  OS  -=  SB  - 

6    c     a    6 

letiquelH  sont  den  points  stationnaires  de  la  courbe  cuBpidalo.    Pour  trouver  ces  points, 
on  tfcrivant  a  ;  6  :  c  :  d  :  e=*  r4 :  r3 :  T*  ;  T  :  1,  on  obtient  pour  le  param&tre  r  r&juation 

(A,  B,  0,  Df 
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et  Ton  voit  ainsi  qu'il  y  a  un  rapport  entre  la  theorie  de  la  surface  et  cette  Equation ; 
&  toute  particularity  invariantive  de  liquation,  il  y  corresponds  quelque  particularity 
de  la  torse. 

Les  cas  &  consid&er  sont: 

1°.  Racines  inegales,  sans  aucune  relation  invariantive.  C'est  le  cas  general;  je 
1'ai  consider^  dans  le  M^moire,  "  On  a  certain  Sextic  Developable,"  Quart.  Math.  Journ., 
t.  IX.  (1868),  pp.  129—142,  [398]. 

2°,  Deux  racines  egales.  Ce  cas  n'a  pas  &6  consid&e;  je  remarque  que  la 
courbe  cuspidale  est  du  cinquieme  ordre.  En  effet  on  pent  supposer  que  les  racines 
Egales  soient  =0,  ce  qui  revient  a  prendre  D  =  0,  ^=0.  On  a  done  J.a  +  4B6  +  6(7c  =  0; 
c'est-&-dire  les  Equations  a  =  0,  6  =  0  impliquent  liquation  c  =  0;  et  on  voit  de  la  que 
les  surfaces  ae - 46d  +  3c2  =  0,  ace- ad2-&2$  +  26dI-c3  =  0  Se  coupent  selon  la  droite 
^  =  0,  6  =  0;  il  reste  ainsi  une  courbe  du  cinquieme  ordre  pour  la  courbe  cuspidale. 

3°.  Trois  racines  (5gales.  On  peut  supposer  que  ces  racines  sont  =0,  ce  qui  donne 
#=0,  D  =  0,  J?=0;  et  Ton  a  ainsi  J.  a +456  =  0,  c'est-a-dire  les  plans  a  =  0,  6  =  0 
sont  ici  un  seul  pla,n.  Liquation  de  la  torse  contient  le  facteur  a,  et  en  r&artont 
elle  se  reduit  au  cinquieme  ordre ;  on  obtient  ainsi  la  torse  generale  du  cinquikme  ordre. 

4°.  Deux  paires  de  racines  Egales.  On  peut  supposer  que  ces  racines  sont  =00,  0; 
cela  donne  .4  =  0,  -8  =  0,  J9  =  0,  $  =  0,  et  Ton  a  ainsi  identiquement  c=0.  L'equation 
de  la  torse  est  (ae  -  46d)3  -  27  (-  ad2  -  62e)2  =  0.  J'ai  considdr^  ce  cas  dans  le  M&noire, 
"  On  a  Special  Sextic  Developable,"  Quart.  Math.  Journ.,  t.  vii.  (1866),  pp.  105—113, 
[3*73] ;  la  courbe  cuspidale  est  du  quatrifeme  ordre,  une  courbe  excubo-quartique  d'une 
forme  particuliere. 

5°.  Quatre  racines  egales;  en  prenant  ces  racines  =  0,  on  a  jB  =  C  =  D  =  j£  =  0,  done 
identiquement  a  =  0;  liquation  de  la  torse  contient  le  facteur  62,  et  en  1'dcartant  elle 
se  reduit  au  quatrfeme  ordre:  on  a  dans  ce  cas  la  torse  g^n&ale  du  quatrieme  ordre. 
II  y  a  encore  deux  cas  &  consid&er. 

6°.    I/invariant  /'  de  la  fonction  (A,  5,  (7,  1),  E\r,  I)4  est  =0; 
7°.    L'invariant  J  de  cette  fonction  est  =  0 ; 

Mais  je  n'ai  pas  encore  examin^  ce  que  cela  veut  direC).  II  n'y  a  pas  le  cas 
&,  considerer  oti  Ton  a  &  la  fois  7=0,  J  =  0;  car  cela  revient  au  cas  3°  de  trois  racines 
egales. 

Cambridge,  le  19  mai  1868. 


1  La  courbe  cuspidale  &ant  du  genre  0  (unicursale),  on  peut  considerer  la  s6rie  des  points  de  la  courbe 
•oomme  correspondant  annarmoniquement  aux  points  d'une  droite.  Si  le  systeme  des  quatre  points  stationnaires 
«st  harmonique  on  a  </=0;  si  ce  syst^me  est  6qm-anharmonique,  on  a  J=0. 
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ADDITION   A    LA    NOTE   SUK   QUELQUES    TORSES    8EXTIQUE8. 


[From  Mie  Annali  di  Matwuatica  jnmi  ed  u;}>j>iicat(t>  torn,  u.  (18(58),  pp.  219—221,] 

JK  viens  <le  Ironver  cu  que  signiiie  la  condition  </«0.  Oonsid<5rouH  deux  surfacos 
<juadri((u<*s  <{ui  H<%  touehent  (<Vun  contact  ordinaire).  Lcs  A|untions  tangonliclloH  pouv<knt 
H^rin1  HOUH  la  forme 


ot  Ton  Hiitiwlait  a  c'tss  dciuatioiiH  par  den  valours  de  f,  ?;,  f,  <w  <i\ii  coiitie-nncnt  ua  para- 
ui6tn»  ju'bitmin»  5,  en  dcrivant 


J)  :  0(*-  J)  :  .  : 
on  (sftet  cela  donue 


0,      2aa8-26  /8»  +  c  «*  4-  2**  S€  *  0, 
0,       2a'att  -  S&'/S8  4-  cV  +  2<»'8e  «  0, 


co  <iui  determine  les  valuurH  do  a  :  ft  :  7  :  8  :  6,    Liquation  du  plan  tangent  cominun 
Hera  done 


ou,  on  multipliant  par  120*,  cette  Equation  sora 

(a,  6,  id,  $9, 
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les  valeurs  des  coefficients 


a  =  12 
6=  8 
c=  2 
d=  3 

6  s=  12 


En  repr&entant  par  Aa  +  4£b  +  60o  +  4J)d  +  Ee=^Q  liquation  qui  lie  les  fonctions 
lin^aires  a,  6,  c,  <Z,  e,  cette  Equation  sera  a-  0  =  0;  on  a  done  A=-  E  =  I,  5=  C  =  J)  =  0; 
invariant  /  de  la  fonction  (1,  5,  0,  D,  #$>,  I)4  est  done  =0. 


Nous  arrivons  ainsi  &  la  conclusion  que  la  torse  sextique 

(ae  -  4bd  +  3c2)3  -  27  (ace  -  ad?  -  tfe  -  c3  +  26ccJ)2  =  0, 
oil  les  fonctions  lineaires  a,  6,  c,  d,  e  sont  li^es  par  une  Equation 

Aa  +  456  +  6Cc  +  4Dd!  +  Ee  =  0, 
telle  que  Tinvariant 


de  la  fonction  (J.,  B,  C,  D,  ^$T,  I)4  est  =0  (cas  7°  de  la  Note),  est  la  torse  enve- 
lopp<$e  par  le  plan  tangent  commun  de  deux  surfaces  quadriques  qui  se  touchent  d'un 
contact  ordinaire.  J'ai  trouvd  Tequation  de  cette  torse  dans  le  M&noire,  "On  the 
Developable  Surfaces  which  arise  from  two  Surfaces  of  the  Second  Order/'  Gamb.  and 
Dull  Math.  Jour.,  t.  v.  (1850),  pp.  46—57,  voir  p.  56,  [85]  :  a,  6,  c,  n,  a',  V,  c',  ri  y 
d&iotent  les  m£mes  coefficients  comme  &  present,  et  en  ^crivant 

Id  -  b'c  =/  ari  —  a'n  =p, 
oaf  -  c'a  =  g,  bn'  —  Vn  =  q, 
ab'  -  a'b  =  A,  en'  —  c'ft  =  r, 

(et  de  IJb  jg/H-  qg  +  rh  =  0),  liquation  trouv^e  est 

-  •  •  +  ^^r  (ga?  4-  py*)*  =  0. 


Je  vais  verifier  ces  termes,    Partant  de  liquation  (a,  b,  o,  d,  e$9,  1)4==1,  liquation 
de  la  torse,  en  y  introduisant  pour  commodity  le  facteur  —  -sfapqr,  sera    , 
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En  prouanl.  76  =  aV  -  a'b  =  A,  on  obtiont  pour  a,  £,  7,  8,  €  Ics  valours 


<^t  do   la 

A  V       s,         (  fp  -  //y^s  _  _  A''18  +  *fOPV  =  w  4.  "^      £»  -  w  =  '^ 

78  ""^w'  ->/'*   "       *wr  r  '  r 

LOK  t-ormos  on  w»n  oi  (^,  ?/2)n  sout 

-  «  l  ,r  ?>?'•         !  2f3"  -  2S:{  -  7       ^  ""  10B  (  **  " 


n<1  -  l  °8  (aV  "  ^y  »  ; 

ccs  tonnes  soul,  done? 


comino  <?ola  doit.  tUiv. 

ide,  1<>  22  Keptcmhrc  18C8. 
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NOTE    SUE   UNE   TRANSFORMATION    GEOMETRIQUE. 


[From  the  Journal  fur  die  reine  und  angewandte  Mathematik  (Crelle),  torn.  LXVIL  (1867),, 

pp.  95,  96.] 

LA  lecture  de  la  Note  de  M.  Hesse,  "Bin  Uebertragungsprincip  "  (t.  LXVL  p.  15 
de  ce  Journal)  m'a  sugger^  les  remarques  suivantes  : 

Solent  (&!,  &j,  c1?  $i),  (&j,  &2,  c2,  c?2),  (#3,  63,  cs,  4)  des  constantes  donn6es,  on  peut 
supposer  que  les  coordonn^es  (#,  y)  d'un  point  quelconque  dans  un  plan  soient  exprim^es 
en  fonctions  des  paramfetres  variables  (u,  v)  par  les  Equations 

_ 

' 

En  introduisant  une  nouvelle  ind^terminfe  s,  ces  Equations  peuyent  Stre  e'crites  dans  la 
forme 

SOD  —  Oj  +  M  +  CjV  +  d&V, 


sy  = 

g  =03+  JsW  +  CjV  +  da^y; 

pour  des  valeurs  donn^es  des  coordonn^es  (a?,  y)  la  quantity  5  est  en  g&i&al  d^ter- 
min^e  par  une  Equation  quadratique,  et  les  param&tres  it  et  i;  sont  des  fonctions  lin^aires 
donn^es  de  $;  il  y  a  cependant  deux  cas  particuliers  qu'il  convient  de  distinguer. 

1°.    Liquation  quadratique  en  s  peut  avoir  la  racine  5  =  0  et,  d$barrass6e  de  ce 
facteur,  se  r^duire  par  consequent  b  une  Equation  lin^aire  ;  ce  cas  particulier  a  lieu  si 

o.  vii.  16 
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la   condition   (<tbc}(bcd)  =  ((tbd)(acd)  est    romplio,  ou    la   notation    (abc)   desigiie    le    deter- 
minant 

<i,     bi,     c, 


"a.     <>*>     * 

Dans   oe  eas   -M   ot  ?>   sont    des  tbnctions    rationnolles    do  (a?,  ?/)  et  la  transformation   a  la 
signification  ge'ome'trique  suivanto : 

En  eonsideYant  deux  droites  queleonqxies  L,  M  dans  1'oHpaco  et  en  monant  par  le 
point  donne  (,r,  y)  la  droito  unique  G  qui  rencontre  cos  deux  droites,  on  pout  auppowcr 
<juo  n  et  ?>  Hoiont  dos  ])aramM,rtis  qui  determinent  les  positions  des  points  <lc  rencontre 
sur  les  deux  droites  i-espectivement ;  c.  a.  d.  quo  u  soit  la  distance  d'uu  point  fixe  sur 
la  droite  L  an  point  dt^  rencontre  avee  la  droite  (*,  et  do  memo  quo  v  soit  la  distances 
<l'un  point  fixe  sur  la  droito  -W  au  point  do  rencontre  avec  la  droito  G. 

2".  Supposons  ft,  :  r, « fta  :  f's^5^,  :  ra>  ou  ce  <jui  est  an  fond  la  m&mc  chose 
/;2  —  r,  as  0,  ft.j  —  ca  =  0,  ft.j  —  rit  =  0  ;  alors  ,v  t4Ht  de*termin<5<3  par  une  Equation  simple,  main 
/A  et  ^  n<^  sont  plus  dew  fonotions  rationnelles  do  #;  on  voit  (juo  dans  ce  cas  u+v 
et  uv  sont  dtfH  fonctions  rationnelles  do  (.'/?»  y/),  et  cjiie  par  consequent  ?6  (jt  y  sont  les 
raeines  d'inu)  otjitatiou  quadralique  ([tti  eontit.'nt  (,'/?,  ^/)  Hneaireinont.  On  pout  suppower 
<pu^  u  ot  ?;  soient  U»s  param?itn^H  do  deux  jxnnts  sur  uno  droite  donnde,  c.  a.  d,  quo 
//  et  v  soient  les  disbatuws  d<*  ces  deux  points  respoctivomeut  a  tin  point  fixe  situe 
s\ir  la  droito  dounde ;  on  a  ainsi  la  transformation  de  M.  HOSHO. 

Jo  n*jii  paw  chereh^  la  signification  gexmuitrique  <lcs  fonnules  gdndralcs. 
(J<tmbnd(jet  10  vctobre  1800, 
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NOTE    SUR   L'ALGOKITHME   DES    TANGENTES    DOUBLES  D'UNE 
COURBE   DU    QUATRIEME    ORDRE. 


[From  the  Journal  fur  die  reine  und  angewandte  Mathematik  (Crelle),  torn.  LXVIII.  (1868), 

pp.  176—179.] 

ON  n'a  pas,  je  crois,  assez  fait  attention  a  Talgorithrae  (tir^  de  la  consideration 
d'une  figure  dans  1'espace)  qu'a  trouv^  M.  Hesse  (dans  le  m^moire  "Ueber  die  Doppel- 
tangenten  der  Curven  vierter  Ordnung,"  t.  XLIX  de  ce  Journal,  1855)  pour  d^noter 
les  tangentes  doubles  (ou  bitangentes)  d'une  courbe  du  quatri&me  ordre.  Voici  en  quoi 
cet  algorithme  consiste.  En  employant  les  huit  symboles  1,  2,  3,  ...8,  les  28  bitangentes 
sont  represented  par  les  combinaisons  binaires  12,  13,  14,  ...78.  Cela  posd,  consid6rons 
une  expression  quelconque  12.13.14,  ou  12.34,...  ou  disons  un  "terme"  qui  reprd- 
sente  un  syst&me  d'une  seule  ou  de  plusieurs  des  bitangentes.  On  peut  op&er  sur  ce 
terme  avec  deux  espfeces  de  substitutions;  la  substitution  ordinaire  qui  consiste  a 
cbanger  Tarrangement  12345678  des  huit  symboles  en  un  autre  arrangement  quelconque; 
et  la  substitution  "bifide"  repr^sentde  par  un  symbole  tel  que  1234.5678,  lequel  denote 
qu'il  faut  entrechanger  les  combinaisons  12  et  34,  13  et  24,  14  et  23,  56  et  78, 
57  et  68,  58  et  67,  en  ne  changeant  pas  les  autres  combinaisons.  Par  exemple  en 
op&ant  avec  1234.5678  sur  34:45.56.17  on  obtient  12.45.78.17.  Le  nombre  de 
ces  substitutions  bifides  est  35,  ou  en  comptant  la  substitution,  unit£,  qui  ne  change 
aucune  des  combinaisons,  ce  nombre  est  36. 

Appelons  "  homotypiques "  deux  termes  qui  se  d6rivent  Tun  de  Tautre  par  une  sub- 
stitution ordinaire;  " syntypiques >J  qui  se  d&ivent  Tun  de  1'autre  par  une  substitution 
ordinaire  ou  bifide;  " sous-groupe "  le  systfeme  entier  des  termes  homotypiques  a  un 
terme  donn^:  "groupe"  le  systfeme  entier  des  termes  syntypiques  &  un  terme  donnd 
Un  groupe  peut  contenir  un  seul  sous-groupe,  ou  plusieurs  sous-groupes ;  mais  il  importe 
de  remarquer  que  la  notion  du  sous-groupe  ji'a  pas  de  signification  g6om^trique,  et  ne 
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sort  quo  cjommo  moyon  do  former  los  t.crmos  du  groupo.  Cola  Aant,  lo  th^orcme 
goomotrique  ost  colui-ci  ;  "  los  systcmos  do  bitangcntos  rcpnfeentees  par  dcs  tonnes 
synty  piques  (on  autromont  dit,  par  dcs  tenncs  qui  appartionnent  au  m&ne  groupo)  out 
los  mcmoH  proprietors  geomotriquos," 

Par  oxomplo,  on  eonsiddrant  los  bitoingontos  deux  a  deux,  on  a  deux  sous-groupcs, 
Tun  coinpond  do  tonnos  homotypiquos  t\  12.13;  Pautro,  do  tonnes  homotypiqucs  a 
12.34  —  on  disons,  lo  sous-groupo  12,  IS  do  1(>8  tonnes  et  lo  sous-groupc  12.  3-1  do  210 
tonnos;  mais  cos  doux  sous-groupcs  no  formcnt  qu'un  soul  groupo:  pour  niontror 
oola  il  Hiiftit  d'opcror  sur  12,13,  par  oxomplo  avoc  la  substitution  1245,3678,  co  qui 
donno  45.1)$,  tenno  hoinotypi(|uo  a  12.3-k  I3ola  vout,  dire  qu'il  n'y  a  pas  do  combi- 
do  doux  bitangontos  <jui  so  distiuguo  d'uno  inanioro  (juelconquo  do  touto  autro 
do  d(iu 


Mais  tni  oombinant  Uks  hitangi»nt,os  trois  a  trois,  on  a  los  doux  souH-groupos 
34.5(i  (420  tormow)  <»l,  12.  23.  M  (840  termos)  <jui  fonnont  un  groupo  de  12(50 
oH;  kss  trois  biiangontos  ri»pn'Kenfc('(»s  par  uu  quolconquo  don  1260  tcrmos  out  leurs 
.six  points  dc  c.ontaot  »sur  mm  inoino  <ioni<iue.  Ltw  trois  autron  sous-groupos  12.2f*}.31 
(5(J  Uinues),  12.23.45  (I  (ISO  tormos)  <^/  12.  13.  14  (280  tonnes)  formont  un  groupo  do 
2010  tonnos,  ot  pour  trois  bitango.ntos  roprdsontoos  par  un  tormo  (pielcoiuiuo  do  oo 
groupe,  KIK  six  points  do  contact  no  sont  pas  situos  sur  uno  lueine  ooni(iuo. 

Uomwo  un  a\itro  oxoinpki  j'oxplit|uo  la  constitution  deB  (53  "groupos"  do  fcJtoiuer 
(voir  \(*.  niouioirc  <U^  Stoiiuu*,  "  Ki#enschafti»ii  dor  (iurvon  viorton  Graclos  riickwichtlich 
ihrer  Doppidtangiaiton^  fc.  xux.  do  co  journal,  US55)  ou  (pour  iSvitor  Tomploi  do  co 
mot  (/roitjM  <lauH  uu<»  nouv<sllo  signification)  disons  k^s  (53  tormcs  G  do  Stcinor,  chaque 
krnufc  coinposo  rtc»  (i  paints  do  bitangontes.  On  a  ic^i  tin  sous-groupo  do  35  tennos  (?, 
do  la  fonno 

12.34;    13.42;    14.23;    5(i,78;    57.86;    58.07 

(pour  abtvgor  on  pout  doDioter  co  tormo  par    1234,5078),  ot   un  sous-groupo   de    28 
tonnos  (l±  <io  la  tbnno 

13.32;     14.42;     15,52;     1B.«2;    17.72;    18.82 

(pour  abrdgor  on  p<uit   do   ni?nio   douotor   co    t<»,rme   par   12.345678),   los   doux   sous- 
groupos  formont  lo  groupo  dos  63  tormos  G. 

Sterner  a  de  plus  considdrtS  los  u  syntiiinos  "  ou  disons  los  bormos  fifi,  $3,  compost 
chacun  do  trois  tormon  (r;  navoir  315  tonnos  /^  ot  336  tormea  6V  Lea  316  termen 
)Sfj  sont  ici  un  groupo  compost  d'un  sous-groupo  do  105  tormos  3^  de  la  formo 

1234.5678;    1256.3478;    1278.3456 
ot  un  sous-groupe  de  210  termon  Z&^  +  Qi  de  la  forme 

12,345678;    34.125678  et  1234.5678. 

Et  do  m6mo  los  336  termes  &  aont  un  groupe  compost  d'un  sous-groupe  de  280 
tennos  2<?i  +  {?,  de  la  forme 

1234.5678;    5234,1678  et  15.234678 
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et  un  sous-groupe  de  56  termes  36r2  de  la  forme 

12.345678;    13.245678;    31.245678. 

II  va  sans  dire  que  je  me  suis  servi  de  I'abrgviation  1234.5678  pour  d^noter  le  terme 
12.34;  13.42;  14.23;  56.78;  57.86;  58.67;  et  de  mdme  pour  les  autres  termes 
Ql  ou  ff,. 

M.  Aronhold  (dans  le  memoire  "Ueber  den  gegenseitigen  Zusammenhang  der 
28  Doppeltangenten  einer  allgemeinen  Curve  vierten  Grades/'  Serl  Monatsber.  Juli  1864), 
partant  de  7  bitangentes  donnees,  a  trouv^  une  construction  pour  les  autres  21  bitan- 
gentes.  Les  bitangentes  donnees  doivent  £tre  ind^pendantes  ;  savoir  pour  trois  quelconques 
de  ces  7  bitangentes,  les  six  points  de  contact  ne  sont  pas  situes  sur  une  m§me  conique. 
Les  bitangentes  repre'sentees  par  les  termes  12,  13,  14,  15,  16,  17,  18  sont  un  tel 
systfeme  de  bitangentes  ind^pendantes  ;  et  en  denotant  de  cette  maniere  les  7  bitan- 
gentes donnees,  la  bitangente  construite  par  le  moyen  de  la  conique  qui  touche  cinq 
de  ces  droites,  par  exemple  les  droites  38,  48,  58,  68,  78,  (ou  conique  34567)  peut  §tre 
d&iotee  par  12,  et  de  m£me  pour  les  autres  bitangentes  cherchees;  on  a  ainsi  le 
systeme  entier  des  bitangentes  d^notees  comine  auparavant  par  12,  13,  14,...  78. 

J'ajoute  que  le  groupe  qui  contient  18,  28,  38,  48,  58,  68,  78  est  compose  d'un  sous- 
groupe  18,  28,  38,  48,  58,  68,  78  de  8  termes,  et  d'un  sous-groupe  12,  23,  31,  48,  58,  68,  78 
de  280  termes;  le  groupe  contient  done  288  termes;  savoir  il  y  a  ce  nombre  288 
de  systknes  de  sept  bitangentes  ind^pendantes  qui  peuvent  chacun  servir  a  trouver 
par  la  construction  d'  Aronhold  les  autres  21  bitangentes. 

P.S.  J'ai  trouv<3  k  propos  de  la  methode  de  M.  Aronhold  une  forme  commode 
pour  liquation  de  la  conique  qui  touche  cinq  droites  donn6es;  en  supposant  que  Ton 
ait  identiquement  %  +  y  +  z  +  w  =  0,  et  que  les  droites  donnees  soient  #  =  0,  y  =  0,  z  =  0,  w  =  0, 
et  o#  +  by  +  cz  +  dw  =  0,  liquation  de  la  conique  est 


-rf 
J'ajoute  qu'en  dcrivant  pour  abr^ger 

a  :  ft  :  7«(a-d)(6-o)  :  (6-<Z)(c-a)  :  (c-<Z)(a-6) 

(d'oii  a  +  )8  +  y  =  0)  les  coordonnfes  (x,  y,  #,  w)  des  points  de  contact  avec  les  droites 
0  =  0,    y  =  0,    *  =  0,    w=Q  sont  (0,  %  ft,  a),  (7,  0,  a,  /3),    (£,  a,  0,  y),  (a,  ft  7,  0) 

respectivement  ;  et  que  les  coordonn^es  du  point  de  contact  avec  la  droite  a%+by+cz+dw 

sont 

a?  :  y  :  z  :  w  =  (bcd)  :-(cda)  :  (dab)  :-(abc) 


oil,  pour  abr^ger,  (led)  denote  (6  -  c)  (c  -  <Z)  (d  -  6),  et  de  mSme  pour  (cda),  (dab),  (abc). 
Cambridge,  le  23  septembre  1867. 
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NOTE  SUIi  LA  SURFACE    I.)U   QUATRIEME   OIlDIiE   DOUEE   DE 
fcSBIZK  POINTS  SINGULARS  ET  DE  SEIZK  PLANS  SINGULIEttS. 


[bYom  UK*  Journal  filr  die  raiiiv  iind  anifewaudte  JUatJwmatik  (Crollo),  torn,  r/xxiu.  (1H71), 

pp.'  202—  29:5.] 

lc  M  Ivuintiu^r  so  LnxiiKfonue  sans  difficult^  on  colle-ci 


Or  <!i'fct.o  <l(|uati<>u  roiMliu1  ratioinu'lh!  jm.rticl,  aprtsH  tout<*K  los  viSductionB  ndcoHHairoH,  la 


wlj  (^  +  y'J  -I-  &  -  "l<js  -  &w  -  2,/y 
2w  (cto'a"  (jfs  -  i/s*)  +  ^/9'/3"  (fat  -  zi>?)  +  777"  (afy  -  a; 


oh,  pimr  abnSgor,  Ton  a  6crit 


-  08"  -  7")  «  *  +  (7"  -  «") 

=  -iP-7)(^-70(^'' 

1'idontit^  do  cos  diffe'rentos  valeurs  do  6  &ant  facile  Jl  verifier. 
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En  repre*sentant  par  Aw*  +  2Bw  4-  G  =  0  la  forme  rationnelle  de  1'equation  de  la 
surface,  on  trouve  pour  le  discriminant  AC  —  B*  de  cette  Equation  du  second  degre*  en  w 
la  valeur 


Liquation  de  la  surface  rendue  rationnelle  est  syme'trique  par  rapport  aux  trois 
systemes  de  quantit^s  (a,  0,  7),  (a',  £',  «/),  (a'',  /3",  7");  la  forme  irrationnelle  de  la 
meme  e'quation  peut  done  etre  presentee  de  trois  manieres  diffe*rentes,  savoir: 


-         +        ^        «,  _  y^  -     ,     + 


yS"^  -  cf'ay  -  ^,  )  =  0, 


et  Ton  voit  de  plus  que  les  Equations  des  seize  plans  singuliers  sont 

x  =  0,     2/  =  0,     5r  =  0,     w  =  0, 


-       -  0.     «W  -  7'7"«  -        =  0,     PF*  -  afaf'y  -       -  0, 
w  -  /3"£*  -       =  0,     a."  as  -  7"7*  -       =  0,     ft"fta  -  «"«y  -      =  0, 


Pfff-y-O,     «*'z  -yy'a,   -jjr,  =  0,     ppo,  -  caxfy   -^>=0 

les  quantit&  a,  y8,  7,  etc.  e"tan.t  li^es  entre  elles  par  les  trois  Equations 

«  +  /S  +  7  =  0,     «'H-/3'+7'=0,     a"  +  /9"  +  7"=0. 
Voila  ce  me  semble  la  forme  la  plus  simple  pour  1'dquation  de  cette  surface. 

Cambridge,  le  23  fevrier  1871. 
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NOTE    ON    THE    SOLUTION    OF    THK    QUARTIC    EQUATION 

a  (7+  6/377  =  0. 

[From  the  MatheniatiwhC'  Annulm,  vol.  i.  (18(50),  pp.  54,  o5.] 
IP  Tr  denote  the  quartie  function  (<r,  6,  c»  (£,  <?$#;,  ?/)4,  //  its  Hessian 


a  and  yfcJ  ctunstoutH,  thtsu  wti  may  find  fcho  linear  factors  of  the  function  «J7+(Jj8// 
(or  what  is  the  Hawo  thing  solvo  tho  cupiation  a(/  +  (ijS//  =  0)  by  a  formula  almost 
identical  with  that  givon  by  im  (Fifth  Mcunoir  on  Qualities,  mi.  Trans,  vol.  CXLVIII. 
(I85H),  soc  p*  440,  [15(5])  in  n^gard  to  tluj  original  quartie  function  U. 

j» 
In  fiu't  (reproducing  th<^    invostigntion)  if   /,  /  are  the  two  invariants,  ^f^j/g, 

<l>  the  cubieovuriant 


then  the  identical  equation  /Z73-/Cra//+4//s=s=-<I^  maybe  written  (I,  0,  -M,  M*&IH,  JUf 
a-i/1^3,  whence  if  ^  <i>a,  ^  arc  the  roots  of  the  equation  (1,  0,  -if, 
or  what  in  the  same  thing  CD*-*  AT(»  —  1)«0;  then  thck,  functions 


>  IH-vJV 

are  each  of  them  a  s<iuare  :  writing 
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so  that  identically  Za  +  P  +  IT*  =  0,  the  expression  aX+ftY+yZ  will  be  a  square  if 
only  a2H-/33  +  y2=0.  (To  see  this  observe  that  in  virtue  of  the  equation  Z2-f  F2-t-^3  =  0, 
we  have  X  +  iY,  X  —  iY  each  of  them  a  square,  and  thence 


is  a  square  if  the  condition  in  question  be  satisfied.) 
Hence  in  particular  writing 

for  a,  #,  7,  we  have 

(G)S  -  o>3)  Va/  +  6/3w1J"V/£"-ho)1/Or  +  . . .  +  (<»!  -  o02)  Va/  +  6/3cdBJ*/IH  +  o)BJU 


a  perfect  square,  and  since  the  product  of  the  four  different  values  is  a  multiple  of 
(cLU+6/3Hy  (this  is  most  readily  seen  by  observing  that  for  a£7+6j8.ff=0,  the 
irrational  expression  omitting  a  factor  is  (o)3  —  oo,)  (oJ  +  Q^^J)  +  .  .  .  +  (c^  —  o>a)  (oJ  +  6/3&>3  J), 
which  vanishes  identically)  it  follows  that  the  expression  in  question  is  the  square  of 
a  linear  factor  of  a 


It  thus  appears  that  the  radicals  (other  than  those  arising  from   the  solution  of 
17—0)  contained  in  the  solution  of  the  equation  ct  U  +  6/35  =  0  are  the  three  roots 

Val+  6/3(0!  J",    Va/+6j8«aJ,    Vo/  4-  6£<»3  J. 
Cambridge,  September  2,  1868. 


vn. 
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444. 

ON   THE    CENTKO-SURFACE    OF    AN   ELLIPSOID. 


[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  in.  (1869  —  187  1), 

pp.  16—18.] 

THE  President  [Prof.  Cayley]  gave  an  account  of  his  investigations  on  the  centro- 
surface  of  an  ellipsoid  (locus  of  the  centres  of  curvature  of  the  ellipsoid).  The  surface 
has  been  studied  by  Dr  Salmon,  and  also  by  Prof.  Clebsch,  but  in  particular  the  theory 
of  the  nodal  curve  on  the  surface  admits  of  further  development.  The  position  of  a 
point  on  the  ellipsoid  is  determined  by  means  of  the  parameters,  or  elliptic  coordinates, 
h,  k;  viz.,  if  as  usual  a,  b,  c  are  the  semi-axes,  and  if  X,  T,  Z  are  the  coordinates  of 
the  point  in  question,  then 

X*         P         Z3 


Z>         P         ff 

' 


and  hence 

-  /3-y  Ja  =  aa  (a"  +  h)  (aa  +  ft), 


if  for  shortness 


This  being  so,  the  coordinates  of  the  point  of  intersection  of  the  normal  at  (X,  T,  Z) 
by  the  normal  at  the  consecutive  point  of  the  curve  of  curvature 
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axe  given  by  the  formulae  . 


viz.,  these  equations,  considering  therein  (h,  K)  as  arbitrary  parameters,  determine  the 
coordinates  (#,  y,  z)  of  a  point  on  the  centro-surface.  The  principal  sections  (as  is 
known)  consist  each  of  them  of  an  ellipse  counting  three  times,  and  of  an  evolute  of 
an  ellipse;  the  evolute  and  ellipse  have  four  contacts  (two-fold  intersections)  and  four 
simple  intersections,  but  the  contacts  and  intersections  respectively  are  in  the  different 
sections  real  and  imaginary  ;  and  if  (as  we  may  without  loss  of  generality  assume) 
a2  +  c2>262,  then  the  form  of  the  principal  sections  is  as  shown  in  the  figure  (which 


represents  only  an  octant  of  the  surface);  viz.,  there  is  a  real  contact  at  P  in  the 
plane  of  xz>  and  a  real  intersection  at  Q  in  the  plane  of  #y.  The  surface  has  thus 
an  exterior  and  an  interior  sheet,  but  (instead  of  meeting  in  a  conical  point,  as  in 
the  wave  surface)  these  intersect  in  a  nodal  curve  QP.  The  curve  has  a  cusp  at  Q, 
and  a  node  at  P;  viz.,  the  curve  extends  beyond  P,  but  from  that  point  is  acnodal, 
or  without  any  real  sheet  of  the  surface  passing  through  it.  For  the  nodal  curve 
there  must  be  two  values  (h,  &),  (hi,  &i),  giving  the  same  values  of  (#,  y,  z)\  viz., 
there  must  exist  the  relations 


(a*  +  Kf  (a?  +  fc)  =  (a2  +  h,)B  (a2  +  fc), 
(  j.  +  K?  (6-  +  i)  «  (62 


from  which  equations  eliminating  hi  and  J^,  we  should  have  between  h,  k  a  relation 
which,  combined  with  the  expressions  of  #,  y,  z  in  terms  of  (A,  k),  determines  the 
nodal  curve.  But  the  better  course  is  to  eliminate  k,  k^  thus  obtaining  a  relation 
between  h  and  hl}  in  virtue  whereof  ^  may  be  regarded  as  a  known  function  of  A; 
Tc  and  ki  can  then  be  readily  expressed  in  terms  of  h,  ^;  that  is,  we  have  k  as  a 
function  of  h,  ^,  or  in  effect  as  a  function  of  h.  The  relation  between  A,  hi  (after  a 

17—2 
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reduction   of   some    complexity)   assumes  ultimately  a    form   which  is    very  simple    and 
remarkable;  viz.,  writing 

P  = 
the  relation  is 


)  =  0; 

this  is  a  (2,  2)  correspondence   between   the   two  parameters  h,  Az;    the  united  values 
&!  =  &,  are  given  by  the  equation  6(R  +  Qh  +  Phz  +  &3)  =  0,  that  is 


viz,,  the  two  points  on  the  ellipsoid  which  have  their  common  centre  of  curvature  on 
the  nodal  curve  are  only  situate  on  the  same  curve  of  curvature  when  this  curve  is 
a  principal  section  of  the  ellipsoid. 

{Since  the  date  of  the  foregoing  communication,  Prof.  Cayley  has  found  that  the 
squared  coordinates  op,  y*,  2*  of  a  point  on  the  nodal  curve  can  be  expressed  as 
rational  functions  of  a  single  variable  parameter  cr.} 
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445. 

A   MEMOIR   ON   QUARTIC   SURFACES. 


[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  in.  (1869—1871), 
pp.  19—69.    Read  February  10,  1870.] 

THE  present  Memoir  is  intended  as  a  commencement  of  the  theory  of  the  quartic 
surfaces  which  have  nodes  (conical  points).  A  quartic  surface  may  be  without  nodes, 
or  it  may  have  any  number  of  nodes  up  to  16.  I  show  that  this  is  so,  and  I  con- 
sider how  many  of  the  nodes  may  be  given  points.  Although  it  would  at  first  sight 
appear  that  the  number  is  8,  it  is  in  fact  7;  viz.,  we  can,  with  7  given  points  as 
nodes  (but  not  in  a  proper  sense  with  8  or  more  given  points),  find  a  quartic  surface; 
such  surface  contains  in  its  equation  6  constants,  which  may  be  such  that  the  surface 
has  an  additional  node  or  nodes.  Suppose  that  the  surface  has  an  8th  node:— there 
are  two  distinct  cases;  viz.,  (1)  the  8  nodes  are  the  points  of  intersection  of  3  quadric 
surfaces,  or  say  they  are  an  octad,  and  the  surface  is  said  to  be  octadic;  (2)  the  8th 
node  is  any  point  whatever  on  a  certain  sextic  surface  determined  by  means  of  the 
7  given  nodes,  and  called  the  dianodal  surface  of  these  7  points;  the  quartic  surface 
is  said  to  be  a  dianome.  The  two  cases  are  in  general  exclusive  of  each  other;  viz., 
the  7  given  points  being  any  points  whatever,  the  dianodal  surface  does  not  pass 
through  the  8th  point  of  the  octad;  and  thus  the  quartic  surface  with  the  8  nodes  is 
either  octadic  or  else  a  dianome.  Assuming  it  to  be  a  dianome,  the  constants  may  be 
further  determined  so  that  there  shall  be  a  9th  node ;  it  is  necessary  to  examine 
whether  this  forms  with  7  of  the  8  nodes  an  octad.  Supposing  that  it  does  not  (viz., 
that  there  are  not  any  8  nodes  in  regard  to  which  the  surface  is  octadic),  the  9th 
node  is  then  any  point  whatever  on  a  certain  curve  of  the  order  18,  determined  by 
means  of  the  8  nodes,  and  called  the  dianodal  curve  of  these  8  points.  And,  finally, 
the  constants  may  be  further  determined  so  that  there  shall  be  a  10th  node ;  supposing, 
as  before,  that  this  does  not  form  an  octad  with  any  7  of  the  9  nodes  (viz.,  that 


134  A  MEMOIR  ON   QUARTIC   SURFACES.  [445 

there  are  not  any  8  nodes  in  regard  to  which  the  surface  is  octadic),  the   10th  node 
is  then  any  one.  of  a  system  of  22  [should  be  13]  points  determined  by  means  of  the 

9  nodes,  and  called  the  dianodal  system  of  these  9  points.    But  the   quartic  surface  is 
now   completely  determined;  viz.,  starting  with   any  7  given  points  as  nodes,  we  have  a 
dianome  with  8   nodes,   9   nodes,   or   10   nodes,   say,   an   octodianome,   enneadianome,  or 
decadianome,  but  not  with  any  greater  number  of  nodes ;  these  can  only  present  them- 
selves when  particular  conditions  are  satisfied  in  regard  to  the  7  given  nodes,  and  to 
the  8th  and  9th  node;   and  the  consideration  of  the  quartic  surfaces  with  more  than 

10  nodes  would  thus  form  a  separate  branch  of  the  subject. 

The  case  of  the  decadianome  (or  quartic  surface  with  10  nodes  formed  as  above 
with  7  given  points  as  nodes)  is  peculiarly  interesting.  I  identify  this  with  the  surface 
which  I  call  a  symmetroid ;  viz.,  the  surface  represented  by  an  equation  A  =  0,  where 
A  is  a  symmetrical  determinant  of  the  4th  order  the  several  terms  whereof  are  linear 
functions  of  the  coordinates  (#,  j/,  #,  w)\  this  surface  is  related  to  the  Jacobian  surface 
of  4  quadric  surfaces  (itself  a  very  remarkable  surface),  and  this  theory  of  the  symmetroid 
and  the  Jacobian,  and  of  questions  connected  therewith,  forms  a  large  portion  of  the 
present  Memoir. 

The  theory  of  the  Jacobian  is  connected  also  with  the  researches  in  regard  to 
nodal  quartic  surfaces  in  general;  and,  for  greater  clearness,  it  has  seemed  to  mo 
proper  to  commence  the  Memoir  with  certain  definitions,  &c,,  in  regard  to  this  theory. 
It  will  be  seen  in  what  manner  I  extend  the  notion  of  the  Jacobian, 

I  remark  that  the  present  researches  on  Quartic  Surfaces  were  suggested  to  me 
by  Professor  Rummer's  most  interesting  Memoir  "Ueber  die  algebraischen  Strahleu- 
systeme  u.s.w..,"  Berl.  Alh.  1866,  in  which,  without  entering  upon  the  general  theory,  ho 
is  led  to  consider  the  quartic  surfaces,  or  certain  quartic  surfaces,  with  1C,  15,  14,  13,  12, 
or  11  nodes;  the  last  of  these,  or  surface  with  11  nodes,  being  iu  fact  a  particular 
case  of  the  symmetroid. 


Considerations  in  regard  to  the  JacoUan  of  four,  or  more  or  less  than  four,  Surfaces. 

1.  In  the  case  of  any  four  surfaces,  P=0,  Q=0,  jR  =  0,  $  =  0,  the  differential 
coefficients  of  P,  Q,  R,  S  in  regard  to  the  coordinates  (a?,  y,  #,  w)  may  be  arranged 
as  a  square  matrix  in  either  of  the  ways 

P,  Q,  R,  8    ;    SB,  8^,  Sg9  8W 
4  I  P 

Sy  Q 

Sz  R 

^  a 
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and  with  either  arrangement  we  may  form  one  and  the  same  determinant,  the  Jacobian 
determinant  J(P,  Q,  R,  8),  or,  equating  it  to  zero,  the  Jacobian  surface  J(P,  Q,  R,  £)  =  0, 
of  the  four  surfaces. 

2.    In  the  case  of  more  than   four  surfaces,  adopting  the  arrangement 

P,  Q,  R,  8,  T, .  . 


8. 

and  considering  the  several  determinants  which  can  be  formed  with  any  four  •  columns 
of  the  matrix,  these  equated  to  zero  establish  a  more  than  one-fold  relation  between 
the  coordinates  ;  viz.,  in  the  case  of  five  surfaces,  we  have  J(P,  Q,  R,  S,'  T)  =  0,  a 
twofold  relation  representing  a  curve ;  and  in  the  case  of  six  surfaces,  J(P,  Q,  R,  S,  T,  U)=0, 
a  threefold  relation  representing  a  point-system;  and  (since  with  four  coordinates  a 
relation  is  at  most  threefold)  these  are  the  only  cases  to  be  considered. 

3.     In  the  case  of  fewer  than  four  surfaces,  adopting  the  arrangement 


and  considering  the  several  determinants  which  can  be  formed  with  any  3  or  2  columns 
of  the  matrix,  and  equating  these  to  zero,  we  have  in  like  manner  a  more  than  one- 
fold relation  between  the  coordinates;  viz.,  in  the  case  of  three  surfaces,  we  have 
J(P)  Q,  JJ)  =  0,  a  twofold  relation  representing  a  curve;  and  in  the  case  of  two 
surfaces  J(P,  Q)  =  0,  a  threefold  equation  representing  a  point-system,  (viz.,  this 
denotes  the  points  8  J°  :  SyP  :  SZP  :  SWP  =  S^Q  :  SyQ  :  SZQ  :  SWQ) ;  for  a  single  surface 
we  should '  have  a  fourfold  relation,  and  the  case  is  not  considered.  But  observe  that 
if  the  notation  were  used,  /(P)=0  'would  denote  8^  =  0.  SyP  =  0,  SZP=0,  SWP  =  0, 
equations  which  are  satisfied  simultaneously  by  the  coordinates  (a?,  yt  z,  w)  of  any 
node  of  the  surface  P=0<  Although  in  what  precedes  I  have  used  the  sign  =,  there 
is  no  objection  to  using,  and  I  shall  in  the  sequel  use,  the  ordinary  sign  =,  it  being 
understood  that  while  J(P,  Q,  R,  $)  =  0  denotes  a  single  equation  or  onefold  relation, 
J(P,  Q,  R,  S,  T)  =  Q  or  J(P,  Q,  J2)  =  0  will  each  denote  a  twofold  relation,  and 
J(P,  Q,  J?,  S,  T,  U)  =  0  or  /(P,  Q)  =  0  each  of  them  a  threefold  relation. 

4.  It  is  not  asserted  that  ...</(P,  Q,  jB)  =  0,  J(P,  Q,  R}  S)  =  0,  J(P,  Q,  R,  8,  T)  =  Q,... 
form  a  continuous  series  of  analogous  relations;  and  there  might  even  be  a  propriety 
in  using,  in  regard  to  four  or  more  surfaces,  J",  and  in  regard  to  four  or  fewer  surfaces 
an  inverted  J  (viz.,  in  regard  to  four  surfaces,  either  symbol  indifferently)  ;  but  there 
is  no  ambiguity  in,  and  I  have  preferred  to  adopt,  the  use  of  the  single  symbol  J". 
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5.  Suppose  that  the  orders  of  the  surfaces  P  =  0,  Q  =  0, ...  are  a  +  1,  6+1,...  (so 
that  the  orders  of  the  differential  coefficients  of  P,  Q...  are  a,  6,...),  then  we  have 
for  the  orders  of  the  several  loci, 

J(P,  Q)  =  0,  point-system,  order  as  +  a26  +  a62  +  6s; 
/(P,  Q,  R)  =  Q,  curve, 
J(P,  Q,  R,  $)  =  0,  surface,  „ 

J '(P,  Q,  -K,  S,  2)  =  0,  curve, 
J(P9  Q,  JB,  8,  T,  U)  =  Q,  point-system,     „ 

see,  as  to  this,  Salmon's  Solid  Geometry,  Ed.  2,  (1865),  Appendix  IV.,  "On  the  Order 
of  Systems  of  Equations"  [not  reproduced  in  the  later  editions].  In  particular,  if 
c&  =  J  =  c...  =  l,  then  the  orders  are  4,  6,  4,  10,  20. 


+  ac . . .  +  de ; 


-45  to  the  Surface  obtained  by  equating  to  zero  a  Symmetrical  Determinant 

6.  It  is  also  shown  (Salmon,  Ed.  2,  p.  495)  that  the  surface  obtained  by  equating 
to  zero  any  symmetrical  determinant  has  a  determinate  number  of  nodes ;  viz.,  if  the 
orders  of   the  terms   in   the  diagonal  be   a,   6,   c,   &c,,  then  the  number  of   nodes   is 
=  £  (2ja ,  Sa&  —  Sa&c),   or,   as  this  may  also  be  written,  £  (2a26  +  22a6c).    In  particular, 
the  formula  applies  to  the  case  of  the  surface 

A,  H,  Q,  I     =0, 

H,  5,  F9  M 

<?,  F,  C,  N 

I,  M,  N,  D 

(a,  &,  c,  d)  being  here  the  orders  of  A,  B,  C,  D  respectively,  and  the  orders  of  F,  G,  &c., 
being  i(6  +  c),  i(a+o),  &o.  If  the  terms  are  all  of  them  linear  functions  of  the 
coordinates,  or  a  =  6  =  c  =  d  =  l,  then  the  number  of  nodes  is  =  10. 

7.  That  the  surface  has  nodes  is,  in  fact,  clear  from  the  consideration  that  any 
point  for  •which  the  minors  of  the  determinant  all  vanish  will  be  a  node;   and  that 
(for   the    symmetrical    determinant),  by  making   the   minors   all    of  them    vanish,  we 
establish    only  a   threefold   relation  between   the    coordinates.    The   expression   for  the 
number  of  the  nodes  is,  I  think,  obtained  most  readily  as  follows : 

The  nodes  will  be  points  of  intersection  of  the  curve  and  surface 


H,    5,    F,    M 
ff,    F,    (7,    N 
these,  however,  contain  in  common  the  points 


A,    H,    G,    L 


=  0, 


ff  , 
G, 


Ft    M 
(7,    N 


B,    Ft  M 

F,    C,  N 

M,    N,  D 

=  0; 
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and  not  only  so,  but  they  touch  at  the  points  in  question;  so  that,  multiplying 
together  the  orders  of  the  curve  and  surface,  and  subtracting  twice  the  order  of  the 
point-system,  we  obtain  the  expression  for  the  number  of  nodes.  In  the  particular  case 
where  the  functions  are  all  linear,  we  have  a  sextic  curve  and  cubic  surface  inter- 
secting in  18  points;  but  the  curve  and  surface  touch  in  4  points,  and  the  number 
of  nodes  is  (18  -  2  . 4)  =  10.  And  in  the  same  way  the  formula  may  be  established  for 
the  general  case. 

8.  The  subsidiary  theorem  of  the  contact  of  the  curve  and  surface  requires,  how- 
ever, to  be  proved.  Seeking  for  the  equation  of  the  tangent  plane  of  the  surface  at 
any  one  of  the  points  in  question,  we  have  first 


=  0, 


BB,    BF,    BM 
F,      0,     N 
M,     N,      D 

+ 

5,     F,     M 

SF,    80,    BN 
If,     N,     D 

+ 

B,      F,     H 
F,       G,     2T 
BM,    BN,    8D 

where,  in  virtue  of  the  equations 


H,    B,    F,    M 
G,    F,    G,    N 


-0, 


the  last  term  vanishes.    Expanding  the  other  two  terms,  the  equation  becomes 
D  (GBB  +  BBC  -  2FSF)-(mB  -  2MNBF+mG)  +  SM(FN-  CM)  +  BN(BN-MF)  =  0: 


but,  in   virtue  of   the  same  equations,  the  coefficients  of  BM  and  8JT  each  of  them 
vanish,  and  we  have  also 

N1 
N*8B  +  M*BC  -  2MNBF  =  =L  (CBB  +  BBC  -  2FSF)  ; 


G 


so  that  the  equation  becomes   finally  CSB  +  B&C  -  2FSF  =  0.    Investigating   by  a  like 
process  the  equation  of  the  tangent  of  the  curve 


A,    H,    ff,    I 
H,    £,    F,    M 
G,    F,    C,    N 


=  0, 


we  find  between  the  differentials  SA,  SB,  &a,  a  twofold  linear  relation,  expressible  by 
means  of  the  foregoing  equation  OSB  +  B80 - 2FSF '=  0,  and  one  other  equation;  that 
is,  at  each  of  the  points  in  question  the  tangent  of  the  curve  lies  in  the  tangent 
plane  of  the  surface,  or,  what  is  the  same  thing,  the  curve  and  surface  touch  at  these 
points. 

C.  VII.  18 


138  A  MEMOIR  ON  QUAKTIC  SURFACES.  [445 


Surfaces  represented  by  an  equation  F(P>  Q)  =  0,  &c. 

9.  In  the  remarks  which  follow  as  to  the  surfaces  F(P,  Q)  =  0,  F(P,  Q,  R)  =  0,  &c., 
the  function  F  is  a  rational  and  integral  function  of  (P,  Q),  (P,  Q,  R),  &c.,  not  in 
general  homogeneous  in  regard  to  P,  Q,  R,  ....  but  of  such  degrees  in  regard  to  these 
functions  respectively  as  to  be  homogeneous  in  regard  to  the  coordinates  (#,  y,  z,  w). 

The  surface  F(P>  <2)  =  0  has  in  general  a  nodal  curve  8^=0,  &QF=Q;  and  if 
it  has  besides  any  nodes,  these  are  points  of  the  point-system  /(P,  Q)  =  0. 

The  surface  F(P,  Q,  J2)  =  0  has  in  general  nodes  VF=0,  $QF=Q,  8^  =  0;  and 
if  it  has  besides  any  nodes,  these  are  points  on  the  curve  /(P,  Q,  jR)  =  0. 

The  surface  F(P,  Q,  R,  S)  =  0  has  not  in  general,  but  it  may  have,  nodes 
Spjp  =  0,  8^  =  0,  SftJF=0,  8,S,P=0;  if  it  has  any  other  nodes,  these  are  points  on  the 
surface  /(P,  Q,  -R,  S)=0. 


Nodes  of  a  Quartic  Surface ;    Circumscribed  Cone  having  its  vertex  at  a  Node. 

10.  A  quartic  surface  may  be  without  nodes ;  or  it  may  have  any  number  of  nodes 
up  to  16.     Consider  a  quartic  surface  having  a  node  or  nodes ;    and  take  the  single 
node,  or  (if  more  nodes  than  one)  any  one  of  the  nodes,  as  the  vertex  of  a  circumscribed 
cone ;    then,  considering  any  plane  through  the   vortex,  the  section  will  be  a   quartic 
curve  having  a  node  at  the  vertex,  and  the  generating  lines  in  the  plane  will  be  the 
tangents  from  the  node  to  the  quartic  curve;  the  number  of  them  is  therefore  6,  and 
the  order  of  the  circumscribed  cone  is  thus  =  6.    Each  tangent  intersects  the  quartic 
curve  in  the  node  counting  as  two  intersections,  and  in  the  point  of  contact  counting 
as  two  intersections ;  there  are  consequently  no  singular  tangents ;  and  therefore  in  the 
•circumscribed  cone  no  singular  lines  arising  from  a  singular  tangency  of  the  generating 
line,    Hence,  in  the  case  of  a  single  node  on  the  surface,  the  circumscribed  cone  is 
a  cone  of  the  order  6  without  nodal  or  stationary  lines ;  and  the  class  is  —  30.    But 
in  the  case  of  more  than  one  node,  say  k  nodes,  the  circumscribed  cone  passes  through 
the  remaining  &-1  nodes,  and  the  generating  line  through  each  of  these  nodes  is  a 
nodal   line    of  the   cone ;   that   is,  the   cone   has  k  - 1    nodal   lines,   and   its    class  is 
=  30  — 2/c  +  2.    The  cone  is  not  of  necessity  a  proper  cone;  the  maximum  number  of 
nodal  lines  is  when  it  breaks  up  into  6  planes,  and  we  have  then  ft  - 1  =  15  ;  that  is, 
the  number  of  nodes  of  the  surface  is  at  most  =  16. 

11.  It  is  easy  to  form  a  table  of  the  different  primd  facie  possible  forms  of  the 
sextic  cone,  according  to  the  number  of  nodes   of  the  surface;   viz.,  writing  6  for  a 
proper  sextic   cone  without  nodal  lines,  61?  6a ...  610  for   the  proper  sextic   cone  with 
1,    2,  ...     or    10    nodal    lines;    and    so    5,    5:  ...  56    for    the    proper    quintic    cones, 
4,  4j,  43,  4S,  3,  3i,  2  for  the  quartic,  cubic,  and  quadric  cones,  and  1  for  the  plane,  the 
table  is 
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CIRCUMSCRIBED  SEXTIC  CONE, 


Nodes  of 
Surface. 

1 

6 

2 

61 

3 

62 

4 

63 

5 

6. 

6 

66  ;    5,1 

7 

66  ;    Si,  1 

8 

67  ;    52,  1 

9 

68  ;    5,,  1  ; 

4,  2 

10 

69  ;    54,  1-; 

Ai      9 

TC^,     ^J 

11 

610;    55,  1; 

42,  2 

12 

...      5,,1; 

43,  2 

13 

».. 

... 

14 

... 

15 

... 

... 

16 

5  2;  4,  1,  1;  3,  3 

a,  1,  1;  3a,  3 

,  2;  4,,  1,  1;  31?  3X 

,,  1,  1;  ... 


3  ,  2,  1 

Sx,  2,  1;    3,  1,  1,1;  2  f  2,  2 

3>,  1,  1,1;  2,  2,  1,  1 

...  2,,  1,  1,  1,  1 

...  1,1,1,1,1,1; 


and  moreover,  in  the  cases  where  there  are  two  or  more  forms  of  the  sextic  cone, 
then  the  Jc  sextic  cones  may  be  of  the  different  forms  in  various  combinations.  The 
total  number  of  cases  primd  fade  possible  is  thus  very  great ;  but  only  a  comparatively 
small  number  of  them  actually  exist. 

12.  In  the  case  where  there  is  a  plane  1,  the  sextic  cone  breaks  up  into  this 
plane,  and  into  a  (proper  or  improper)  quintic  cone  intersecting  the  plane  in  5  lines; 
that  is,  there  will  be  in  the  plane  6  nodes;  the  plane  is,  in  fact>  a  singular  tangent 
plane  meeting   the    surface   in  a    conic  twice   repeated;    and  the  6    nodes  lie  on  this 
conic.    Taking  any  one  of  these  nodes  as  vertex,  the  corresponding  sextic  cone  breaks 
up  into  the  plane,  and  into  a  (proper  or  improper)  quintic  cone. 

13.  In  the  cases  &  =  1,  2,  3,  4,  5,  and  k  =  15,  16,  there  is  only  one  form  of  sextic 
cone;  so  that  each  node  (at  least  so  far  as  appears)  stands  in  the  same  relation  to 
the  surface.    Considering  the  last  mentioned  two  cases;  &=16, — each  of  the  16  nodes 
gives  6  singular  tangent  planes,  but  each  of  these  passes  through  6  nodes;  therefore 
the  number  of  planes  is  =16:  similarly,  &=15,  the  number  of  singular  tangent  planes 
is  15x4-T-6,  =10. 

18—2 
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For  fc=14,  the  cones  are  31;  1, 1,  1,  or  2,  2, 1, 1 :  it  is  easy  to  see  that  we  have 
only  the  three  cases 

Cones  3j,  1,  1,  1  :  2,  2,  1,  1         Singular  tangent  planes 

No.  may  be    14    ,      0        gives  (14.3+   0.2) -=-6,  =7 

8,6  „     (  8.3+   6.2)  + 6,  =6 

2    ,    12  „     (  2.3  +  18.2)^-8,  =5 

and  we  may  in  the  like  manner  limit  the  number  of  possible  cases,  for  other  values 
of  k.    But  I  do  not  at  present  further  pursue  the  inquiry. 

As  to  the  Number  of  Constants  contained  in  a  Surface. 

14.  We  say  that  a  surface  P  =  0  contains  or  depends  upon  a  certain  number  of 
constants;  viz,,  this  is  the  number  of  constants  contained  in  the  equation  P  =  0  of  the 
surface,  taking  the  coefficient  of  any  one  term  to  be  equal  to  unity;  thus  the  general 
quadric  surface  contains  9  constants;    the  surface  can  in  fact  be  determined  so  as  to 
satisfy  9  conditions ;    or,  as  we  might  express  it,  the  Postulation  of  the  surface  is  =  9. 
[I    have    elsewhere    said    Postiilandwm   and    Capacity:    I   prefer    this   last    expression.] 
And  if,  in  the  general  equation  so  containing  9  constants,  k  of   these   are  given,  or, 
what  is  the  same  thing,  if  the  quadric  surface  be  made  to  satisfy  any  k  conditions, 
then  the  number  of  constants,  or  postulation  of  the  surface,  is  =  9  -  k. 

15.  But  a  different  form  of  expression  LS  sometimes  convenient;  the  conditions  to 
be  satisfied  are  frequently  such  that,  being  satisfied  by  the  surfaces  P  =  0,  Q  =  0, ..., 
they  will  be  satisfied  by  the  surface  aP  +  /3Q  +  ...  =  0,  where  a,  /3,  ...  are  any  constant 
multipliers  whatever.     When  this   is  so,  there  will  be   a  certain  number  of  solutions 
P  =  0,  Q  =  0, . . .   not  connected  by  any  such  relation,  or  say  of  asyzygctic  solutions,  such 
that  the  general  surface  satisfying  the  conditions  in  question  is  «P  +  /3Q  +  ...  =0;  and 
hence,  taking  one  of  these  coefficients  as  unity,  the  number  of  constants,  or  postulation 
of  the  surface,  is  equal  to  the  number  of  the  remaining  coefficients,  or,  what  is  the 
same  thing,  it  is  less  by  unity  than  the   number  of  the   asyzygetic  solutions  P  =  0, 
Q  =  0....   Instead  of  considering  the  number  of  constants,  or  postulation,  wo  may  consider 
the  number  of  solutions  (that  is,  asyzygetic  solutions)  or  surfaces  P=0,  (3  =  0,...  which 
satisfy  the  conditions  in  question. 

16.  Thus,  for  the  quadric  not  subjected  to  any  conditions,  there  are  10  surfaces 
{for  example,  these  may  be  taken  to  be  the  surfaces  #2  =  0,  y3  =  0,  £a  =  0,  w2  =  0,  z/#  =  0, 
w  =  0,  wy-Q,  #w  =  0,  yw~Q,  zw  =  0) ;  and  the  general  quadric  surface  is  by  means  of 
these  expressed  linearly  in  the  form  (a,  ...$0,  y,  $,  w)2  =  0.    So  for  the  quadric  surfaces 
through   k   given   points,  the   number   of   these    is    =10~&;    thus    for    the    surfaces 
through  4  given  points,  say  the  points  (1,  0,  0,  0),  (0,  1,  0,  0),  (0,  0,  1,  0),  (0,  0,  0,  1), 
the  6  given  surfaces  may  be  taken  to  be  3/2  =0,  #0  =  0,  #y  =  0,  &w  =  0,  yw~Q,  #w  =  0, 
and  every  other  quadric  surface  through  the  4  points  is  by  means  of  these  expressed 
linearly  in  the  form  (a,  ...$j/#,  ##,  xy,  aw,  yw,  #w)  =  0;  for  the  quadric  surfaces  through 
8  points  there  are  two  surfaces  P=0,  (2  =  0;  and  every  quadric  surface  through  the 
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8  points  is  by  means  of  these  expressed  linearly  in  the  form  aP  +  jfiQ  =  0;  and  (as 
the  extreme  case)  if  the  quadric  surface  passes  through  9  given  points,  then  there  is 
the  single  quadric  surface  P  —  0. 

17.  In  the  questions  in  which  such  quadric  surfaces  present  themselves,  it  is  in 
general  quite  immaterial  what  particular   surfaces   are  selected  as   the   surfaces  P  =  0, 
Q  as  0,  .  .  .  ;  the  selection  may  be  made  at  pleasure  and,  being  so  made,  the  surfaces  are 
to  be  regarded  as  completely  determinate;  viz.,  there  would  be  no  gain  of  generality 
if   these    were   replaced   by  any  other   surfaces   oP  +  £Q..,  =  0.     For  instance,  in   the 
theory  of  the  quartic  surfaces  with  6  given  points  as  nodes,  we  have  through  the  6 
given   points   the   4    quartic   surfaces   P  =  0,  Q  =  05  R  =  0,  S  =  0,  and  we    consider   the 
quartic  functions  (a,  ...$P,  Q,  R,  SJ>  and  /(P,  Q,  It,  S):   each  of  these  is  unaltered 
as  to  its  form  when  P,  Q,  R,  8  are  replaced  each  of  them  by  any  linear  function  of 
these  quantities;    viz.,  (a,  ...][P,   Q,  R,  S)*  is    changed   into   a   new    quadric    function 
(of,  .  .  .  $P,  Q,  R,  $)3,  and  J  (P,  Q,  R,  8)  into  a  mere  constant  multiple  of  its  original 
value.    We  have  herein  a  justification  of  the  expressions  in  question,  through  6  given 
points  there  are  4  quadric  surfaces,  &?c. 

General  theory  of  the  Quartio  Surface  with  a  given  Node  or  Nodes. 

18,  A  quartic  surface    contains    34   constants;    and   the  number  of   conditions  to 
be  satisfied  in  order  that  a  given  point  may  be  a  node  is  =  4.    Hence,  if  the  surface 
has  k  given  points  as  nodes,  the  number  of  constants  is  =  34-4&;  and  it  would  at 
first    sight   appear  that  k  might  be  =8,  and  that  with  the  8  given  points  as  nodes 
we  should   have    a    quartic   surface   containing   2    constants.    But  this  is  not    so  in  a 
proper  sense;  for  through  the  8  given  points  we  have  2  quadric  surfaces  P  =  0,  Q  =  0; 
and  we  can  by  means  of  these  form  a  quartic  surface  (a,  6,  c$P,  Q)2  =  0,  containing 
2   constants,   and   having   in   a  sense    the    8   points   as   nodes.    This,   however,  is  no 
proper  quartic  surface,  but  is  a  system  of  2  quadric  surfaces,  each  of   them  passing 
through  the  8  points,  and  the  two  quadric  surfaces  therefore  intersecting  in  a  quadri- 
quadric  curve  through  the  8  points;    which    curve  is  therefore  a  nodal  curve  on   the 
compound  surface;  and  it  is  only  as  points  on  this  nodal  curve,  and  not  in  a  proper 
sense,  that  the  8  given  points  are  nodes  of  the  quartic  surface.    The  greatest  value 
of  k  is  thus  k  =  7. 

19.  Of  course,  if  &  =  0,  we  have  the  general  quartic  surface  Z7=0,  containing  34 
constants.     The  cases  A  =  l,  &  =  2,  fc  =  3   (viz.,  a  single  given  node,  2  given  nodes,  3 
given  nodes),  may  be  at  once  disposed  of;  taking  for  instance  the  1st  node  to  be  the 
point  (1,  0,  0,  0),  the    2nd    node    the   point   (0,  1,  0,  0),  the   3rd   node    the    point 
(0,  0,  1,  0),  we  find  at  once  an  equation   17-0,  with  30,  26,  or  22  constants,  having 
the  given  node  or  nodes. 

Four  given  Nodes. 

20,  The  case  of  4  given  nodes  is  just  as  easy;  but  in  reference  to  what  follows, 
it  is  proper  to  consider  it  more  in  detail    The  equation  should  contain  18  constants; 
we  have  through  the  4  given  points  6  quadric  surfaces,  P-0,  Q  =  0,  E  =  0,  S=0,  ^=0, 
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Z7=  0,  and  we  can  by  means  of  them  form  a  quartic  equation  (a,  ...$P,  Q,  R,  S,  T,  /7)2  =  0, 
having  the  4  given  points  as  nodes;  this  contains,  however,  (21-1=)  20  constants; 
the  reduction  to  the  right  number  1  8  occurs  by  reason  that  the  functions  (P,  Q,  R,  S,  T,  17), 
although  linearly  independent,  are  connected  by  two  quadric  equations 

(»$P,  Q,  JB,  S,  T,  Z/y-0,    (*%P,  Q,  fi,  8,  T,  ffy-0; 

hence  writing  the  equation  of  the  quartic  surface  in  the  form 

(a,  ...^y-x^y-^^y-o, 

the  coefficients  X,  p  may  be  so  determined  as  to  reduce  to  zero  the  coefficients  of 
any  two  terms  of  the  equation,  and  the  number  of  constants  really  is  20  -  2  =  18,  as 
it  should  be. 

21.  In  proof,  observe  that,  taking  the  4  given  nodes  to  be  the  points  (1,  0,  0,  0), 
(0,  1,  0,  0),  (0,  0,  1,  0),  (1,  0,  0,  0),  the  quadric  surfaces  may  be  taken  to   be  yz  =  0, 
w  =  0,  xy-Q,  %w  —  Q,  yw  =  0,  ew  =  0  ;  the  equation  of  the  quartic  surface  will  thus  bo 

0,  ..,$>,  *a?,  ay,  w,  yw,  ^)a=0; 
but  we  have  between  the  functions  xy,  &c.,  the  two  identical  relations 

coy  .  zw  —  soz  ,  yw  =  0,    say  .  zw  —  ww  ,  yz  =  0  ; 
and  the  number  of  constants  is  thus  =18* 

Five  given  Nodes. 

22.  In  the  case  of  5  given  nodes,  the  number  of  constants  should  be  =  14.    Wo 
have  through  the  5  given  points,  5  quadric  surfaces  P  =  0,  Q  =  0,  jR  =  0,  $  =  0,  ^=0, 
and  we  form  herewith  the  quartic  equation  (a,  ..,$P,  Q,  R,  S,  27)2  =  0,  containing  the 
right  number  14  of  arbitrary  constants.    The  functions  P,  Q,  &c.  arc  in  this  case  not 
connected  by  any  quadric  relation,  and  the  equation  just  written  down  is  in  fact  the 
general  equation  of  the  quartic  surface  with  the  5  given  nodes. 

23.  In  verification,  take  the  first  4  nodes  to  bo  as  above,  and  the  5th  node  to 
be  the  point  (1,  1,  1,  1);  we  may  write 

(P,  Q,  R,  S,  T)  =  {0(y-*),  ff(y-w),  y(0-*),  y(0-w),  0y-;w}; 

and  if  from  the  5  equations  P  —  #(y-#),  &c.,  we  eliminate  (#,  y,  z,  w),  we  obtain 
one,  and  only  one,  relation  between  the  functions  P,  Q,  R,  S,  T]  this  is  found  to  be 


or,  what  is  the  same  thing, 


viz.,  it  is  a  cubic  relation,  and  there  is  consequently  no  quadric  relation  between  the 
5  functions. 
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Six  given  Nodes. 

24.  In  the  case  of  6  given  nodes,  the  quartic  surface  should  contain  10  constants. 
We  have  through  the   6    given   points  4  quadric  surfaces   P  =  0,   Q  =  0,  jR  =  0,  £=0; 
but  if  we  form  herewith  the  quartic  surface  (a,...$P,  Q,  R,  S)2  =  0,  this  contains  only 
9  constants.    It  is  to  be  shown  that  the  Jacobian  surface  J(P3  Q,  R,  S)-0  of  the 
4  quadric  surfaces  (or  say  of  the   6  points)  is  a  quartic  surface  having  the   6  given 
points  as  nodes,  and  not  included  in  the  foregoing  form  (a,  ...£P,  Q,  R,  £)3  =  0;  this 
being  so,  we  have  the  quartic  surface 

(a,...$P,  Q,  R3  By  +  6J(P,  Q,  R,  5)^0, 

having  the  6  given  points  as  nodes,  and  containing  the  complete  number  of  constants, 
viz.,  10. 

25.  The  6  given  nodes  being  any  points  whatever,  their  coordinates  may  be  taken 
to  be  (1,  0,  0,  0),  (0,  1,  0,  0),  (0,  0,  1,  0),  (0,  0,  0,  1),  (1,  1,  1,  1),  and  (a,  ft  7,  S).    I 
proceed  to  find  the  Jacobian  of  these  6  points.    For  this  purpose,  let  (a,  b,  c,  /,  g,  h) 
be  the  6  coordinates  of  the  line  through  the  points  (1,  1,  1,  1)  and  (a,  ft  y,  S),  viz., 


&=y-a,        g^/3-8, 
c  =  a  -  ft        h  =  7  -  S, 
whence  af+  bg  +  ch  ~  0,  and  also 

. 
-A 

3- 

-  a  -  6  -  c     .  =  0, 

we  have  through  the  6  points  the  plane  pairs 

x  (  .  —  h%  —  gz  +  aw)  =  0, 
y  (-&B  .  +/*  +6«0)  =  0, 
*(  ^"/y  •  +c^)  =  0, 
w(—ax  —  by  —  cz  .  )  =  0, 

where,  adding  the  four  equations,  we  have  identically  0  =  0.  For  this  reason,  we  cannot 
take  these  to  be  the  equations  of  the  4  quadric  surfaces,  but  we  may  take  the  first 
3  of  them  for  the  surfaces  P  =  0,  Q  =  0,  JX^O;  and  for  the  4th  surface  S=0,  I  take 
the  quadric  cone  having  its  vertex  at  the  point  (0,  0,  0,  1);  viz.,  the  equation  is 


aayz  +  l$zx  +  cy#y  =  0; 
that  is,  I  write 

(P,  Q,  JJ,  $)  =  {#(Ay 
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26.    The  Jacobian  is  then  easily  found  to  be 

(bftsat  +  oyacy)  (-  agh,  bhf,  cfg,  abc,  -  af\  -  gB,  hG,  aA,  frg,  -  <?li$x9  y,  z,  w)* 
4  (cy&y  +  cuxyz)  (agh,  -&///,  efg,  abc,  fA,  -fy/2,  -//C,  -a2/,  bB,  c*h  *$%,  y,  z,  w)2 
+  (aayz +  l/3zai)(agh,  Wif,  -cfg,  abc,  —fA,  gB,  -c/r,  a2/,  -  62^  cG  *$#,  y,  ^,  w)fl  =  0; 

where  for  the  moment  A,  B,  C  denote  bg-ch,  ch-af,  af-bg  respectively.  Collecting 
and  reducing,  the  whole  divides  by  2abc ;  and  if  finally  we  replace  a,  b,  c,  f,  g,  It  by 
their  values,  the  result  is 

f     (£ -7 ) y*  (a^a  "~ $&)  +  (a  -  8) aw (/3z* - 72/2 ) ^ 

/  =  J  +  (7  -  « )  £#  (/3w2  -  8  v2)  +  (j8  -  8)  yw;  (7^  -  as2 )  •  =  C. 

1 
I  +  («  -  ]9)  fl"y  (7^2  ~  &B8)  +  (7  -  8)  ^  (ay8  - , 


27.  It  may  be  shown  a  posteriori  that  /  is  not  a  quadric  function  of  P,  Q,  R,  >Sy.  For, 
attempting  to  express  it  in  this  form,  J  does  not  contain  the  terms  sfufl,  T/-W-,  AtP9  and  it 
thence  at  once  appears  that  the  coefficients  of  P2,  Q*,  -R2  each  of  them  vanish.  Hence, 
introducing  for  convenience  the  factor  2,  1  assume  (0,  0,  0,  D,  F,  G,  H,  L,  M,  JVJP,  Q,  JfZ,  flf)a=2«/. 
Comparing  the  terms  in  w*(y2,  sac,  ®y\  we  obtain 


=  eta,    caff  =  6)8,    a6JET  =  cy  ; 
and  comparing  the  coefficients  of  w  (ifz,  z*®,  $y,  yd2,  zti\  mf\  we  obtain 


substituting  for  P,  $,  If  their  values,  we  obtain  from   the  first  3  equations  i,  M,  N 

=  V  ,  —  ,  —r,  and  from  the  second   3   equations,  i,  Jf,  N=£-9   —  ,   4s   that  Ls, 
be      ca      ab  '  ^  '  '          be     ca     ab' 

the  equations  are  inconsistent,  and  the  function  /  is  not   expressible  in  the   form  in 
question. 

Jacobian  Surface  of  Six  given  Points. 

28.  The  equation  J=0  is  the  locus  of  the  vertices  of  the  quadric  cones  which 
pass  through  the  given  6  points  ;  calling  these  1,  2,  3,  4,  5,  6,  we  see  at  once  that 
the  surface  passes  through  the  15  lines  12,  13,  ...56,  and  also  through  the  ten  lines 
123.456  (viz.,  line  of  intersection  of  the  planes  through  1,  2,  3,  and  through  4,  5,  6), 
&?c.  In  fact,  taking  the  vertex  at  any  point  0  in  the  line  1,  2,  the  lines  drawn 
to  the  six  points  are  01  =  02,  03,  04,  05,  06  ;  viz.,  there  are  only  five  lines,  so  that 
these  lie  in  a  quadric  cone.  And  taking  the  vertex  at  any  point  in  the  line  123  .  456, 
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the  lines  to  the  6  points  lie  in  these  planes  123  and  456  respectively,  and  the  quadric 
cone  is  in  fact  this  plane-pair.  Moreover,  the  surface  containing  the  lines  12,  13, 14,  15,  16 
must  have  fche  point  1  for  a  node;  and  similarly,  the  points  2,  3,  4,  5,  6  are  each 
of  them  a  node  on  the  surface.  It  is  to  be  added  that  the  surface  contains  the  ske\v 
cubic  through  the  6  points,  or  say  the  skew  cubic  123456.  See,  as  to  tins,  post  No.  108, 

29.  The  surface  in  question  (the  Jacobian  of  the  6  points)   is  a  particular  case 
of  the  Jacobian  of  any  4  quadric  surfaces.    This  more  general  surface  will  be  considered 
in  the   sequel;    I  only  remark   here  that   it    contains    10    lines,  corresponding   to    the 
10  lines  123.456,  &c.,  but  it  has  not  any  other  lines,  or  any  nodes. 

JacoUan  Curve  of  Seven  given  Points,  or  of  an  Ootad  of  Points. 

30.  In  connexion  with  what  precedes,  we  may  here  consider  a  curve  which  presents 
itself  in  the  sequel;  viz.,  the  curve  which  is  the  locus  of  the  vertices  of  the  quadric 
cones  which  pass  through  seven  given  points.     The  general  case  is  when  no    one   of 
the  points    is  the  vertex  of    a  quadric  cone    through  the    other   6    points.     We   have 
through  the   7   points   the  three  quadric  surfaces  P  =  0,    Q=0,   jR=0;  hence,  forming 
the  equation  aP+ftQ  +  yR  =  Q  of  the  general  quadric    surface   through   the    7    points, 
and   making  this  a  cone,  we  find  as  the    locus  of   the  vertex  /(P,  Q,  E)=0;    the 
analytical  form  shows  that  this  is  a  sextic  curve.    It  appears,  moreover,  that  the  curve 
is  symmetrically  related  to  all  the  8  points  P  — 0,  Q=0,  JR  =  0;  and  instead  of  calling 
it  the  Jacobian  of  the  7  points,  we  may  call  it  the  Jacobian  of  the  octad.    But   in 
further  explanation,  take  the  points  to  be  1,  2,  3,  4,  5,  6,  7 ;    the  vertex  will   lie  on 
each  of  the  Jacobian  surfaces  123456  and  123457 ;   and  it  is  at  present  assumed  that 
7   is  not  a  point  on  the  first  surface,  nor   6  a  point  on  the  second  surface.    The  two 
surfaces  have  in  common  the  lines  12,  13,  ...45,  and  they  consequently  besides  intersect 
in  a  curve   of  the  6th  order,  or  sextic  curve,  which  is  the  locus  in  question.    At  the 
point  1  there  is  on  the  first  surface  a  tangent  cone  through  the  lines  12,  13,  14,  15,  16, 
and  on  the  second  surface  a  tangent  cone  through  the  lines  12,  13,  14,  15,  17 ;  these 
two  cones   have  for  their  complete  intersection  the  lines  12,  13,   14,    15,   which  lines 
belong  to  the  complete  intersection  of  the  two  surfaces,  but  not  to  the  sextic  curve. 
It  thus  appears,  &  posteriori,  that  the  sextic  curve  does  not  pass  through  the  point  1; 
and  similarly,  that  it  does  not  pass  through  any  of  the   points  2,  3,  4,  or  5.    As  to 
the  points   6  and  7,  each  of  these  is  on  only  one  of  the  quartic  surfaces,  and  there- 
fore the  curve  of  intersection  does  not  pass  through  either  of  these  points. 

31.  Suppose,  however,  that    one   of   the  seven  points   is    the    vertex    of  a   cone 
through  the  other  six;    it  is  of  course  the  same  thing  whether  we  take  this   to   be 
one  of  the  points  1,  2,  3,  4,  5,  or  one  of  the  points  6  and  7,  but  the  result  comes 
out  more  easily  in  the  latter  case;  viz.,  in  the  former  case,  taking  1  to  be  the  point 
in  question,  the  two  tangent  cones  at  1  are   one  and   the    same   cone,  and   all   that 
appears  is  that  there  is  nothing  to  hinder  a  branch  or  branches  of  the  sextic  curve 
from  passing  through  the  point  L    But  in  the  latter  case,  taking  7  for  the  point  in 
question,  then  7  lies  on  the  surface  123456,  being  a  simple  point  on  this  surface,  but 
a  node  on  the  surface  123457;    and  it  thus  appears   that   there  are   through  7   two 
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branches  of  the  sextic  curve  ;  so  that  any  one  of  the  seven  points,  being  the  vertex  of 
a  cone  through  the  other  six,  is  an  actual  double  point  on  the  sextic  curve. 

32.  In  the  case  where  two  of  the  points  are  each  of  them  the  vertex  of  a  cone 
through    the  other  six  points,  then  the   seven  points  lie  on   a    skew  cubic;    and   the 
sextic  curve  of  the  general  case  becomes  this  skew  cubic  twice  repeated. 

Seven  given  Nodes. 

33.  In  the  case  of  7  given  nodes,  the  number  of  constants  should  be  =6;  the 
7  given  points  determine  3  quadric  surfaces  P  =  0,  Q  =  0,  R  =  0  ;  and  we  have  hence 
the  quartic  surface   (a,  ...$P,  Q,  jR)2  =  0,  containing  5  constants  only.    That  this  is  not 
the  general  quartic  surface  with  the  7  given  nodes,  is  also  clear  from  the  consideration 
that  the  surface   in   question  has  8  nodes  ;    viz.,  the  8  points  of   intersection    of   the 
three  quadric  surfaces.    Suppose  that  a  particular  quartic  surface,  having  the   7   given 
nodes,  but  not  of  the  last  mentioned  form,  is  A  =  0  ;  then  a  quartic  surface  having  the 
7  given  nodes  is 


and  this,  as  containing  6  constants,  will  be  the  general  quartic  surface  with  the  7  given 
nodes. 

34.  It  follows  that,  if  A'  =  0  be  another  quartic  surface  having  the  7  given  nodes, 
we  must  have  identically  A'-;pA-(*]£P,  Q,  jR)a,  where  p  is  a  determinate  constant  and 
{*$P,  Q,  jR)2  a  determinate  quadric  function  of  (P,  Q,  JR).  The  formula  extends  to 
the  case  where  A'  =  0  has  the  8  nodes  (P  =  0,  Q  =  0,  R  =  0),  but  we  have  then  p  =  0, 
>and  the  meaning  is  simply  that  the  general  quavtic  surface  having  the  8  nodes  is 


35.  A  particular  quartic  surface  having  (in  an  improper  sense)  the  7  given  nodes, 
but  not  having  the  8th  node,  is  Ml  =  0,  where  Jf=0  in  the  plane  through  any  3  of 
the  7  points  and  fl  =  0  is  the  cubic  surface  through  these  same  3  points,  and  having 
the  remaining  4  points  as  nodes.  The  equation  of  the  cubic  surface,  if  the  4  points 
-are  taken  to  be  (1,  0,  0,  0),  (0,  1,  0,  0),  (0,  0,  1,  0),  (0,  0,  0,  1),  is  obviously  of  the  form 

-  +  -  +  -+-=0,  (that  is,  ayzw  +  b*ww  +  cxyw  +  days  =  0), 

and   by  making   the   surface   pass   through    the    3    points   we    determine    linearly  the 
coefficients  (a,  &,  c,  d),  that  is,  their  ratios.    The  equation  of  the  quartic  surface  thus  is 


the  7  given  points  being  here  proper  nodes;    and  the   formula  being  precisely   equi- 
valent to  the  preceding  one  containing  A. 


36.  We  can  with  the  7  given  points  form  35  such  combinations  Ml  =  0  of  a 
plane  and  a  cubic  surface,  and  so  present  the  equation  of  the  quartic  surface  under 
35  different  forms;  these  are  of  course  equivalent  in  virtue  of  the  before  mentioned 
formula  for  A'-^A;  viz,,  we  must  have  identically  M£l  -  pM'  Of  =  (*$P,  Q,  iJ)a:  a 
theorem  of  some  interest,  which  it  might  be  difficult  to  verify  A  posteriori. 
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Investigation  of  the  cases  of  8  Nodes. 

37.  It  has  already  been  shown  that  a  quartic  surface  cannot  in  a  proper  sense 
have  8  given  nodes.  In  regard  to  the  quartic  surfaces  with  8  nodes,  we  start  from 
the  surface  with  7  given  nodes;  viz., 


,  Q, 

or,  what  is  the  same  thing, 

,  Q, 


and  we  inquire  in  what  cases  this  surface  has  an  8th  node.  Obviously  if  0  =  0.  that 
is,  if  the  surface  is  (a,  ...$P,  Q,  £)2=0,  the  surface  will  have  an  8th  node,  the 
remaining  intersection  of  the  quadric  surfaces  P  =  0,  Q  =  0,  E==0  (observe  that  this  is 
a  point  in  no  wise  depending  on  the  particular  quadric  surfaces,  but  uniquely  deter- 
mined by  means  of  the  7  given  points);  and  we  have  thus  one  kind,  say  the 
"octadic"  surface,  of  the  quartic  surfaces  with  8  nodes;  viz.,  the  nodes  are  the 
8  points  of  intersection  of  any  3  quadric  surfaces,  or  they  are  an  octad  of  points. 
By  what  precedes,  7  of  the  nodes  may  be  given  points,  and  the  remaining  node  is 
then  a  uniquely  determinate  point,  the  8th  point  of  the  octad. 

38.  But  if  6  be  not  =  0,  there  may  still  be  an  8th  node  ;  viz.,  this  must  then 
be  a  point  on  the  Jacobian  surface  J(P,  Q,  R,  V)  =  0,  which  is  of  the  order  6.    It 
is  clear  d  priori  that  this  must  be  a   surface    depending    only  on   the  7    points,  but 
independent  of  the  particular  surfaces  P  =  0,  Q=0,  R  =  0,  V  =0;  to  verify  this,  observe 
that,  substituting  for   V    the  function    V,  =jpV+(#][P,  Q,  Rf,  we  in  fact  leave  the 
Jacobian  unaltered  ;  I  call  it  the  dianodal  surface  of  the  7  points. 

39.  I  say  that  the  8th  node  may  be  any  point  whatever  on  the  dianodal  surface  ; 
in  fact,  regarding  for  a  moment  the  coordinates  of  the  node  as  given,  and  expressing 
that  the  point  is  a  node  on  the  quartic  surface,  we  have  4  equations  containing 


(Po>  Qo>  jRo  the  values  of  P,  Q,  R  at  the  node,)  but  which,  if  only  the  point  be  on 
the  dianodal  surface,  reduce  themselves  to  three  equations;  viz.,  we  have  between  the 
coefficients  (a,  &,  <?,  /,  g,  h)  and  0  three  equations  which  being  satisfied,  the  point  in 
question  will  be  a  node.  And  it  thus  appears  that,  taking  the  8th  node  to  be  a 
given  point  on  the  dianodal  surface,  the  equation  (a,  ...$P,  Q,  .B)2  +  0V  =0  of  the 
quartic  surface  will  contain  3  constants.  Observe  that  we  may  through  the  8  nodes 
draw  2  quadric  surfaces  P  =  0,  Q  =  0  ;  and  this  being  so  if  A  =  0  be  a  particular  quartic 
surface  with  the  8  nodes,  then  the  general  quartic  surface  will  be 

(a,  6,  c$P,  Q)*+0A  =  0, 

containing  the  right  number  3  of  constants.  But  there  is  not  here  any  simple  form 
of  the  surface  A  =  0,  such  as  the  form  MSI  =  0  for  the  surface  through  7  given  points. 

19—2 
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40.  It  is  clear  d  priori  that  the  relation  between  the  8  nodes  is  a  symmetrical 
•one ;    so  that  the  8th  point   heing  situate  anywhere  on   the   dianodal   surface   of   the 
7  points,  each  of  the  points  will  be  situate  on   the  dianodal  surface  of  the  remaining 
7  points.    This  is  a  remarkable  property  of  the  dianodal  surface,  which   will  have  to 
be  again  considered. 

41.  In  what  precedes,  we  have  the  second  kind  of  quartic  surfaces  with  8  nodes, 
say  the  "  dianome " ;  viz.,  each  node  is  a  point  on  the  dianodal  surface  of  the  remaining 
7  nodes;    any  7  of  the  nodes  may  be  taken  to   be   given  points,  and  the  remaining 
node  to  be  any  point  whatever  on  the  dianodal  surface  of  the  7  points. 


The  Dianodal  Surface. 

42.  Consider  the  seven  points  1,  2,  3,  4,  5,  6,  7.  As  already  mentioned,  through 
three  of  these,  say  1,  2,  3,  we  may  draw  a  plane  if  =  0 ;  and  through  the  same  three 
points,  with  the  remaining  points  4,  5,  6,  7  as  nodes  (3  +  4.4  —  19  conditions),  a  cubic 
surface  £1  =  0;  this  surface  passing  through  the  six  lines,  45,  46,  ...67.  Hence  we  have 
A,  assJIfil,  =0,  a  quartic  surface  with  the  seven  points  as  nodes.  And  using  this  form 
of  A,  it  may  be  shown  that  the  dianodal  J(P,  Q,  R,  A)  =  0  passes  through  the  21 
lines  12,  13, ...67,  and  through  35  plane  cubics  such  as  Jf=0,  £1  =  0;  viz.,  this  is  a 
cubic  in  the  plane  123  passing  through  the  points  1,  2,  3,  and  through  the  inter- 
sections of  the  plane  with  each  of  the  six  lines  45,  46, ...67  (nine  points  determining 
the  cubic);  the  complete  intersection  by  the  plane  123  being  therefore  composed  of 
this  cubic  and  of  the  three  lines  12,  13,  23.  For  the  passage  through  the  cubic,  we 
have  only  to  observe  that 


J(P,  Q,  JR,  Jf£l)  =  /(P,  Q,  JB,  Q,)M+J(P,  Q, 

is  satisfied  by  -&T=0,  £1  =  0;  and  for  the  passage  through  the  lines,  taking  #  =  0,  y  =  0, 
5  =  0,  w  =  0  for  the  equations  of  the  planes  567,  674,  745,  and  456  respectively,  each 
of  the  functions  P}  Q,  jR  is  of  the  form  ayz  +  fax  +  Ctiy+fww  +  gy'W  +  hzw,  and  the 
function  £1  is  of  the  form  Ayzw-}-  Bzwx  +  Cwxy +  Dxyz.  Hence,  writing  in  the  derived 
functions  for  instance  z  =  0,  w  =  0,  the  first  and  second  lines  of  the  determinant 
J(P,  Q,  jR,  £1)  will  be  of  the  form 

%    c'y,    c"y,    0 

•or  the  determinant  vanishes  for  #  =  0,  w  =  0;  that  is,  for  any  point  of  the  line  45  we 
have  £1  =  0  and  also  J(P,  Q,  JS,  £1)=>0;  consequently  J(P,  Q,  R,  Ml)  =  0,  and  the 
like  for  the  other  lines.  The  theorem  is  thus  proved 

43.    I  say  that  the  dianodal  surface  passes  through   each  of  the  7  skew  cubics, 
such  as  123456.     To   prove  this,  it  is  only  necessary  to   show  that   the   skew  cubic 
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123456  lies  on  the  dianodal  surface.  For  this  purpose  it  will  be  enough  to  show  that 
the  skew  cubic  meets  the  plane  712  in  a  point  of  the  surface;  for  then  it  will,  in 
like  manner,  meet  each  of  the  15  planes  712,  713,  .,.756  in  a  point  of  the  surface; 
that  is,  we  shall  have  15  intersections  of  the  curve  and  surface,  and  there  are,  besides, 
the  intersections  1,  2,  3,  4,  5,  6,  in  all  21  intersections ;  that  is,  the  skew  cubic  must  lie 
on  the  surface. 

44.  The  plane  712  meets  the  surface  in  three  lines  and  in  a  plane  cubic  deter- 
mined  by  the  points   7,    1,   2  and  the    six  intersections  of   the  plane  with  the    lines 
34,  35,  ...56.    We  have  therefore  to  show  that  this  plane  cubic  meets  the  skew  cubic 
123456.     Consider  for  a  moment  the  points  1,  2,  3,  4,  5,  6  and  another  point  7'.    As 
seen    above,  we    have   in  general,  through   the   points    1,  2,   7'    and  with    the    points 
3,  4,  5,  6  as  nodes,  a  determinate  cubic  surface,  which  surface  passes  through  the  lines 
34,  35, ...  56.    But  the  cubic  surface  becomes  indeterminate  if  the  points  1,  2,  7',  3,  4,  5,  6 
are  on  the  same  skew  cubic;  that  is,  if  7'  is  any  point  whatever  on  the  skew  cubic 
123456   (the  proof  presently).    Taking,  then,  7'  as  the  intersection  of  the  skew  cubic 
by  the  plane  712,  we  have  in  this  plane  the  points  V,  1,  2,  and  the  intersections  of 
the  plane  by  the  lines  34,  35,  ...5 6,  nine  points  through  which  there  pass  an  infinity 
of  plane  cubics;    that  is,  the  plane  cubic  determined  by  the  points   7,  1,  2  and  the 
six  intersections  will  pass  through  the  point  7';  viz.,  it  meets  the  skew  cubic  123456. 

45.  For  the  subsidiary  theorem,  taking  X,  7,  Z,  W  as  current   coordinates,  viz., 
X  =  Q,  F=0,  £  =  0,  W  ~0  as  the  equations  of  the  planes  456,  563,  634,  345  respectively, 
(#i>  yi,  *i>  ^1)  and  (%*>  y*>  z*>  w2)  as  the  coordinates  of  the  points   1  and  2  respectively, 
and   (#,  y,  z,  w)  for  those  of  7';    the   equation  of  the  cubic  surface  passing  through 
7',  1,  2,  and  having  the  nodes  3,  4,  5,  6,  is 


I    1    1    1 

X'    7'    Z'    W 

1111 

x '     y'     z'     w 

ILL! 
1    1    I    I 

«      '  y..      J  /»     3  fl/l 

a?2      y%     z%       w% 


=  0; 


and  this  ceases  to  be  a  determinate  function  if  only 

1      1       1      I 

!o'     y '     z'    w 

1111 


I    L   I    1 

'      ' 


=  0; 
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viz.,  considering  fa,  ylt  $i,  w^),  (#3,  y2,  #3,  w2)  as  given,  this  is  a  twofold  relation 
between  the  coordinates  (a?,  y,  z,  w)  of  the  point  7'.  The  relation  may  be  represented 
by  the  four  equations  (y#iu)  =  0,  (zwx)  =  0,  (wxy)—Q,  (#y#)  =  0,  if  for  shortness 

(yzw)=    yz  ,    zw  ,    wy 


and  the  like  as  to  the  other  symbols.  The  four  equations  represent  quadric  surfaces, 
each  two  intersecting  in  a  line  [e.g.,  (yzw)  =  0,  (zwx)  =  0  in  the  lino  z  =  0,  w  =  0],  and 
the  four  surfaces  besides  intersecting  in  a  skew  cubic,  which  is  the  required  locus  of 
the  point  T,  and  which,  as  is  seen  at  once,  passes  through  the  points  1,  2,  3,  4,  5,  6. 

46.  By  what  precedes,  we  have  on  the  dianodal  surface  through  the  point  1  the 
lines  12,  13,  14,  15,  16,  17,  and  the  skew  cubics  123456,  &c.    The  six  lines  arc  not  on 
the  same  quadric  cone,  and  it  thus  appears  that  the  point  1  must  be  a    cubic-node 
(point  where3  instead  of  the  tangent  plane,  we  have  a  cubic  cone)  on  the  surface.    It 
is  to  be  remarked  that  the  lines  12,   13,    14,   15,    16,  and  the  tangent  at  1   to   the? 
skew  cubic  123456,  lie  in  a  quadric   cone;    viz.,  this  tangent   is   given   as   the    sixth 
intersection  of  the  cubic  cone  with  the  quadric  cone  through  the  lines  12,  13,  14,  15,  1(5. 

47.  I   revert    to    the    equation    of   the    dianodal   surface    as    given    in    the    form 
J=J(P,  Q,  R,  Ml)  =  0,  where  M-Q  is  the  plane  through  the  points  1,   2,  3,  ami 
fi=0  the  cubic  surface  through  these  points,  and  having  the  points  4,  5,  6,  7,  as  nodes. 
We  can  find  the  orders  of  the  several  functions  P,    Q,  R,   M,   fl  in  the  coordinates 
(#i>  J/i,  %>  MI)>  &c.,  of  the  several  points;  viz.,  writing  for  shortness  ccf  to  denote  the 
order  2  in  regard  to  fa,  ylt  zl9  w^),  and  so  in  other  cases,  we  have 


B,    fl?8)    SB,)* 

=  3C  fa,  0?6,  «vX 


{where,  of  course,  the  if,  #,  a?  show  in  like  manner  the  orders  in  regard  to  tho 
current  coordinates  fa  y,  *,  w)]  the  proof  in  regard  to  £1  is  easily  supplied,}  The' 
order  of  J  is  equal  that  of  PQRMQ,  less  4  as  regards  the  current  coordinates,  by 
reason  of  the  differentiations;  that  is,  we  have  J  ^  of  fafyfyy*  fafytyfyy*  }  and  we  thus 
see  that  the  equation  of  the  dianodal  surface  as  above  obtained  is  encumbered  with 
a  constant  factor  of  the  form  faa^a^fax^ci^f.  In  fact,  the  relation  between  the  7 
points  and  the  current  point  (a?,  y,  g,  w\  or  say  the  point  8,  as  expressing  that  the 
8  points  are  the  nodes  of  a  dianome,  should  be  a  symmetrical  one  in  regard  to  the 
coordinates  of  the  several  points;  and  being  of  the  order  6  in  regard  to  the  coordi- 
nates (a?,  y,  z>  w)9  it  should  be  of  the  same  order  in  regard  to  the  other  coordinates; 
that  is,  the  true  form  would  be  J^ 


48.  It  is  possible  that  taking  the  4  points,  say  1,  2,  3,  4,  to  be  (1,  0,  0,  0), 
(0,  1,  0,  0),  (0,  0,  1,  0),  (0,  0,  0,  1),  and  the  3  points,  say  5,  6,  7,  to  be  (1,  1,  1,  1), 
(«,  ft,  7,  8),  (a7,  £',  y,  8'),  the  extraneous  factor  might  exhibit  itself,  and  that  the 
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equation  divested  of  this  factor  might  be  of  a  tolerably  simple  form.  I  have  not, 
however,  worked  this  out,  but  I  have,  by  an  independent  process,  obtained  in  regard 
to  the  dianodal  surface  of  the  7  points  a  result  which  may  be  interesting. 

49.    The  dianodal  surface,  qua  surface  having  the  first-mentioned  4  points  for  cubic 
nodes,  has  its  equation  of  the  form 

where  in  the  cubic  functions  the  terms  #3,  y\  2?,  up  none  of  them  appear.  If  for 
instance  w  =  0,  the  equation  becomes  (#,  y,  zj  =  0,  which,  by  what  precedes,  is  a 
known  cubic  curve,  viz.,  the  curve  through  the  points  1,  2,  8  and  the  intersections  of 
the  plane  123  by  the  lines  45,  46,  47,  56,  57,  67 ;  and  we  can  by  this  consideration 
find  the  cubic  function  (#,  y,  zf,  and  thence  by  symmetry  the  other  cubic  functions. 
I  take 

(a,&,c,/,<7,A)>|  .  m,  1,1,  i),    (a,  ,8,7,8) 

(a',  V,  d,  /',  #',  A')  I  for  coordinates  of  line  through    \  (1,  1 ,  1,  1),    (a',  /y,  7',  8') 
(a,b,  c,f  ,g,h)J 

respectively;  viz.,  I  write 


c  =  a  —  /8,    /i  =  «y 
and  I  write  moreover 


X=  .  h-g-fa, 
p  =-h  .  +f  +b, 
,,=  g-f  .  +  c, 
•S7  =  —  a  —  b  —  c 

50.    This  being  so,  the  cubic  curve  through  the  last-mentioned  six  points  has  its 
equation  of  the  form 


A 


B 


} 


C 


D 


'~    ' 


and  to  make  this  pass  through  the  points  1,  2,  3,  we  write  therein  successively 
(y  =  0,  0=0),  (2  =  0,  #  =  0),  (#  =  0,  2/  =  0);  viz.,  we  have  for  the  ratios  A  :  B  :  C  :  D 
the  three  equations 


C          C         g         V 
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In  eliminating,  for  instance,  B  for  the  first  and  second  equations,  the  resulting  equation 

divides    by   ab'  -  a'b,  =a  +  b  +  c,    and    we   thus   obtain,  between   A,  C,   D,   the   three 
equations  (equivalent  to  two) 


ca      ca       z/X 


from  which  the  ratios  A  :  G  :  D  may  be  obtained  by  actual  calculation.  After  all 
reductions,  we  have 

A  =     a  b  c  {(efy  +  £'7')  af  +  (&V  +  yY)  bg  +  (7'$'  +  *'£')  ch}, 
JB«-a'6V{(a8+j87)af+08S  +  ya)bg  +  (78  +  a/3)ch}, 
G  =     a  b  c  {(aa'X  +  /3/3>  +  yyV  +  SS^}, 
D  =  -  X  ^  v  {(aa'a  +  #/3'b  +  770}  ; 

viz.,  A,  B,  C,  D  are  proportional  to  'these  values  respectively.  Multiplying  by  the  pro- 
duct of  the  denominators,  I  find  without  much  difficulty  that  the  resulting  cubic 
function  is  divisible  by  a  +  b  +  c  ;  hence,  introducing  the  factor  oyg,  and  an  indeterminate 
multiplier  19  I  write 


ABO 

V  « 


\0fl?  +  by  -j-  oar     a'a?  4-  b'y  +  c^     sue  +  by  +  c#     Xa?  +  py  + 
where  A,  B>  C,  D  have  the  values  above  written  down. 

51.  Considering  the  orders  in  regard  to  (a,  &  7,  8),  (a",  /3',  y',  $')>  an(i  observing 
that  a,  &,  c  and  a',  &x,  c'  are  linear  functions  of  the  two  sets  respectively,  but  that 
a,  b  ...  h,  X...  -cr,  are  linear  in  the  two  sets  conjointly,  or  say 

a,  ...  =a,  a',  ...  =a';  a,..,  -aa'; 
we  have 


so  that  after  the  division  by  a  +  b  +  c,  =aa',  the  order  will  be  a°a/fl.  Hence  Z  will  be 
a  mere  numerical  factor,  and  the  last-mentioned  equation  gives,  without  any  extraneous 
factor,  the  terms  xyz  (a?,  y,  zj  in  the  equation  of  the  dianodal  surface  of  the  seven  points. 

Octadio  Surfaces  with  9  or  10  Nodes. 

52.  In  regard  to  the  surfaces  with  9  and  10  nodes,  I  consider  first  the  octadic 
surfaces.  Starting  as  before  with  the  given  points  1,  2,  3,  4,  5,  6,  7,  we  have  a  deter- 
minate point  8  completing  the  octad,  and  the  surface  with  the  8  nodes  is 

,  Q,  fiy-o, 
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(5  constants).  Suppose  that  there  is  another  node  9;  this  must  be  a  point  on  the 
Jacobian  curve  J(P,  Q,  jR)  =  0,  which  (as  was  seen)  is  a  sextic  curve  not  passing 
through  any  of  the  8  points;  the  node  9  may  be  any  point  on  this  curve,  viz,  taking 
its  coordinates  as  given,  the  condition  of  its  being  a  node  gives  4  equations,  and  these 
for  the  very  reason  that  the  point  is  on  the  Jacobian  curve,  reduce  themselves  to 
2  equations,  which  can  be  satisfied  by  means  of  the  constants  (a,...);  the  resulting 
equation  should  therefore  contain  3  constants. 

53.  In  order  to  find  it,  taking  as  above  9  a  given  point  on  the  Jacobian  curve, 
this  will  be  the  vertex  of  a  quadric  cone,  say  P  =  0,  through  the  8  points;  we  may 
draw  through  the  9  points  another  quadric  surface  Q  =  0,  and  through  the  8  points  a  quadric 
surface  R  =  0  ;  this  being  so,  we  have  the  quartic  surface  (a,  b,  0,  0,  g,  A$P,  Q,  R)*  =  0, 
having  the  9  nodes,  and  containing,  as  it  should  do,  3  constants;  this  may  be  written 


viz.,  if  bJff  =  aP  +  %hQ  -f  2gR,  that  is,  if  Rf  =  0  be  the  general  quadric  surface  through  the 
8  points,  then  the  equation  is  Q2  -  PR'  =  0,  where  observe  that  Rf  is  considered  as 
containing  implicitly  3  constants. 

54.  If  there  is  a  10th  nodes  say  10,  this  is  also  a  point  on  the  Jacobian  curve 
/(P,  Q,  jR)=0,  and  it  may  be  any  point  whatever  on  the  curve;  taking  it  as  a  given 
point  on  the  curve,  the  resulting  equation  should  contain  1  constant.  We  may  take 
P  =  0  to  be  the  quadric  cone,  vertex  9,  through  the  8  points,  E  =  0  the  quadric  cone, 
vertex  10,  through  the  8  points,  Q  =  0  the  quadric  surface  through  the  8  points  and 
the  points  9  and  10  (viz.,  the  surface  through  9,  10  and  any  7  of  the  8  points  will 
pass  through  the  remaining  8th  point).  The  equation  of  the  quartic  surface  then  is 

(0,  6,  0,  0,#,  0$P,  Q,  ay-0: 


that  is,  6Q3  +  2#P.R  =  0,  containing  1  constant;  we  may  reduce  this  to  Qa-PJB  =  0,  the 
constant  being  considered  as  contained  implicitly  in  one  of  the  functions.  It  is  clear 
that  the  constant  cannot  be  so  determined  as  to  give  rise  to  an  llth  node,  nor 
indeed  to  any  other  singularity  in  the  surface. 

55.  In  the  case  of  the  surface  with  9  nodes,  it  is  clear  that  this  is  octadic  in 
one  way  only;  the  node  9  cannot  form  an  octad  with  any  7  of  the  remaining  nodes. 
But  in  the  case  of  the  surface  with  10  nodes,  the  question  arises  whether  the  nodes 
9  and  10  may  not  be  such  as  to  form  an  octad  with  some  six,  say  with  the  nodes 
1,  2,  3,  4,  5,  6  of  the  remaining  8  nodes  ;  that  is,  whether  we  can  have  1,  2,  3,  4,  5,  6,  7,  8 
forming  an  octad,  and  also  1,  2,  3,  4,  5,  6,  9,  10  forming  an  octad.  I  will  show  that 
this  is  impossible  if  only  the  points  1,  2,  3,  4,  5,  6  are  given  points,  that  is,  points 
assumed  at  pleasure  and  not  specially  related  to  each  other.  For  this  purpose,  assuming 
that  the  points  form  2  octads  as  above,  take  through  1,  2,  3,  4,  5,  6,  7,  9  the  quadric 
surfaces  P=0,  Q  =  0,  then  each  of  these  passes  through  8,  10;  take  R  =  Q  any  other 
quadric  surface  through  1,  2,  3,  4,  5,  6,  7,  8,  and  8=0  any  other  quadric  surface 
through  1,  2,  3,  4,  5,  6,  9,  10.  Then  P  =  0,  Q=0,  B  =  0  intersect  in  the  1st  octad, 

C.  VII.  20 


154  A  MEMOIR  ON  QUABTIC  SURFACES.  [445 

and  P  =  0,  Q  =  0,  8=0  intersect  in  the  2nd  octad  ;  the  quartic  surface  (if  it  exists) 
must  be  simultaneously  of  the  forms  (*$P,  Q,  -R)2-0,  (*$P,  Q,  $)a  =  0;  and  this  implies 
an  identical  equation  (#$P,  Q,  R,  $)2  =  0.  The  quadric  surfaces  are  surfaces  through 
the  points  1,  2,  3,  4,  5,  6,  and  taking  through  these  six  points  any  other  quadric 
surfaces  A  =  0,  (7  =  0,  JS=0,  jff  =  0,  we  have  P,  Q,  R,  S  each  of  them  a  linear  function  of 
A,  0,  #,  #;  and  the  relation  between  P,  Q,  R,  8  gives  a  like  relation  (*$-4,  0,  #,  #)2  =  0 
between  4,  0,  J£,  H.  I  assume  4  =  123  .  456,  E=  134  .  256,  H  =  145  .  236,  0  =  1  52  .  346  ; 
viz.,  A  =  0  is  the  plane-pair  formed  by  the  planes  through  1,  2,  3  and  4,  5,  6  respectively  ; 
and  so  for  the  others  :  we  have  to  show  that  there  is  not  any  such  identical  relation 

o. 


56.  We  may  through  3  draw  the  lines  LM,  QT  to  meet  14,  26  and  12,  46 
respectively;  and  through  5  the  lines  RS,  NP  to  meet  14,  26  and  12,  46  respectively. 
Observe  that  the  points  0  in  the  figure  are  apparent  intersections  only;  viz.,  NP  does 


2         M        N         6 

not  meet  QT,  nor  LM  meet  RS.  In  fact,  if  NP  met  QT  it  would  be  a  line  in  the 
series  of  lines  meeting  14,  QT,  26;  or  5  would  be  situate  in  a  hyperboloid,  determined 
by  means  of  the  points  1,  2,  4,  6,  3;  viz.,  5  would  not  be  an  arbitrary  point:  and 
so  LM  does  not  meet  RS.  Now  the  quadrics  E,  E  meet  in  the  lines  14,  26,  LM,  NP, 
and  the  quadrics  A,  0  in  the  lines  12,  46,  QT,  RS.  Suppose  that  we  had  identically 
(*P,  0,  E,  jff)P=:0;  putting  therein  #=0,  jff=0,  we  should  have  (#$4,  C)2  =  0,  viz., 
(A  -4-  \G)  (A  +  jjbG)  =  0  ;  or  there  would  exist  quadrics  of  the  forms  A  +  X(7  =  0  containing 
the  lines  14,  26,  LM,  NP.  Now  there  is  no  quadric  surface  A  +  \G=0  containing 
the  line  NP  ;  for  A  +  \0  =  0  is  a  quadric  containing  the  sides  of  the  quadrilateral 
QRST-,  the  generating  lines  of  the  one  kind  meet  each  of  the  lines  RS,  Q27;  thone 
of  the  other  kind  neither.  Hence  NP,  which  meets  RS  but  not  QT,  cannot  be  a 
generating  line  of  either  kind  ;  and  we  have  no  identical  relation  (A,  0,  E,  Hy*  =  0. 


5*7.  In  the  octadic  surface  with  9  nodes;  starting  with  any  7  nodes  of  the  octad, 
9  is  not  the  8th  point  of  the  octad,  and  hence  (by  the  theory  of  the  dianome)  it 
must  lie  in  the  dianodal  surface  of  the  7  points;  that  is,  the  dianodal  surface  of  the 
7  points  must  pass  through  9,  viz.,  through  any  point  whatever  of  the  Jacobian  curve 
of  the  7  points,  that  is,  of  the  octad;  or  (what  is  the  same  thing)  the  dianodal  surface 
of  the  7  points  passes  through  the  Jacobian  curve  of  the  octad.  This  is  an  obvious 
property  of  the  diauodal  surface,  the  surface  J(P,  Q,  2J,  V)  =  0  contains  the  Jacobian 
curve  /(P,  Q,  R)  =  0.  But  it  further  appears  that,  starting  with  any  6  points  of  the 
octad  and  with  the  point  9  (that  is,  any  point  whatever  of  the  Jacobian  curve),  the 
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dianodal  surface  of  these  7  points  must  contain  the  remaining  2  points  of  the  octad. 
And  in  the  octadic  surface  with  10  nodes,  starting  with  any  5  points  of  the  octad 
and  with  the  points  9  and  10  (that  is,  any  two  points  on  the  Jacobian  curve)  the 
dianodal  surface  of  these  7  points  must  contain  the  remaining  three  points  of  the 
octad.  I  have  not  attempted  to  verify  these  last  properties  of  the  dianodal  surface. 

Dianomes  with  9  or  10  Nodes. 

58.  I  now  consider  the  dianomes  with  9  and  10  nodes.    Starting  from  the  general 
form 

(a,  M£P,  Q)2+0A  =  0, 

where  A  — 0  is  a  particular  quartic  surface  having  the  8  nodes,  it  at  once  appears 
that  if  there  is  a  9th  node,  say  9,  this  must  be  a  point  on  the  Jacobian  curve 
J(P,  Q,  A)  =  0,  or  say  on  the  dianodal  curve  of  the  8  points,  viz.  (a -6=1,  c  =  3,  in 
the  formula  No.  5),  this  is  a  curve  of  the  order  18;  the  node  may  be  any  point 
whatever  on  this  curve,  and  taking  it  to  be  a  given  point  on  the  curve,  the  number 
of  constants  in  the  resulting  equation  should  be  1.  Hence  if  P  =  0  be  the  quadric 
surface  through  the  9  points,  and  A  =  0  a  particular  quartic  surface  having  the  9  points 
as  nodes,  the  general  equation  is  c&P2  4-  0A  =  0. 

59.  But  we  may   consider  the   question  somewhat  differently.     Starting  with  the 
7   given  points  1,  2,  3,  4,  5,  6,  7  and  with  8  a  given  point  on  the  dianodal  surface 
of  the    7   points;   it  is  clear  that  9  must  be  on   the    dianodal   surface    1234567,  and 
also  on  the  dianodal  surface  1234568 ;    the  complete  intersection  is    of  the  order  36, 
and  we  have  to  consider  how  this  breaks  up  so  as  to  contain  as  part  of   itself  the 
dianodal  curve  of  the  order  18. 

Dianodal  Curve  of  8  Points. 

60.  Consider  first  any  8  points  whatever  1,  2,  3,  4,  5,  6,  7,  8 ;  where  8  is  not  on 
the  dianodal  surface  1234567,  nor  7  on  the  dianodal  surface  1234568.    The  two  surfaces 
have  in  common  the  15  lines  12,  13,. ,.56  and  the  skew  cubic  123456,  they  therefore 
besides  intersect  in   a   curve   of   the   order   18.     At    the   point    1    the   tangent   cubic 
cones  of  the  two  surfaces  intersect  in  the  lines  12,   13,   14,   15,  16  and  the  tangent 
to  the  skew  cubic  123456,   6  lines  lying   in   a   quadric    cone;    they  therefore   besides 
intersect  in  3  lines  lying  in  a  plane ;    that   is,  the   point  1  is  on  the  curve  of  the 
order  18  an  actual  triple  point,  the  3  tangents  lying  in  piano;  and  the  like  of  course 
in  regard  to  each  of  the  points  2,  3,  4,  5,  6.    But  as  7,  8  lie  each  of  them  on  only 
one  of  the  two  surfaces,  the  curve  of  the  order  18  does  not  pass  through  7  or  8. 

61.  If,  however,  8  lies  on  the  dianodal  surface  1234567,  then  each  of  the  8  points 
will  lie  on  the  dianodal  surface  of  the  other  7;  and  in  particular  7  will  lie  on  the 
dianodal  surface  1234568.    The  surfaces  intersect  as  before  in  a  residual  curve  of  the 
order  18;  the  only  difference  is  that  7  and  8  are  now  points  on  each  surface;   viz., 
each  of  them  is  on  one  of  the  surfaces  an  ordinary  point,  and  on  the  other  a  cubic 
node ;  the  points  7  and  8  are  thus  each  of  them  an  actual  triple  point  on  the  curve ; 
and  at  each  of  them  the  3  tangents  are  in  piano.     We  thus  see  that  the  dianodal 
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curve  12345678  is  a  curve  of  the  order  18,  such  that  each  of  the  8  points  is  a  triple 
point  on  the  curve,  the  tangents  at  each  of  them  being  in  piano. 

Ten  Nodes. 

62.  Suppose  there  is  a  10th  node,  say  10;  starting  from  the  equation  uPa+0A  =  0 
(P  =  0  the  quadric  surface  through  the  9  points,  A  =  0  a  particular  quartic  surface  having 
the  9   points  as  nodes),  it  at  once  appears  that  the  node  must  be  one  of  the  points 
J  (P,  A)  =  0;  hence,  taking  it  to  be  one  of  these  points,  we  have  4  equations,  which, 
in   virtue  of   the  node  being  one  of  the  points  in  question,  reduce    themselves  to   a 
single  equation  determining  the  ratio  a  :  6 ;  we  have    thus   a  completely  determinate 
surface,   say   D=0  having  the  10  points  as  nodes.     The   number  of  points  J(P,  A), 
writing  in  the   formula  No.  5,  a=l,  6  =  3,  is  obtained  as  14-3  +  9  +  27  =  40,  but   it 
is  to  be  observed  that  the  surface  P  =  0  passes  through  each  of  the  13  nodes  of  the 
surface  A  =  0;  these  count  twice  among    the  points  J(P9  A)  =  0,  and  the  number  of 
residual  points  (or  say  the  dianodal  centres  of  the  9  points)  is  40-18  =  22;  viz.,  this 
is  the  number  of  positions  of  the  node  10.    [The  nine  points  count  each  three  times 
and  the  number  of  residual  points,  or  positions  of  the  node  10,  is  thus  not  40  — 18  =  22, 
but  40  -  27,  =  18.] 

Dianodal  Centres  of  9  Points. 

63.  In  further    explanation,  observe  that  9   is  any  point  on    the   dianodal   carve 
12345678;  the  node  10  must  lie  on  this  same  curve,  and  also  on  the  dianodal  surface 
1234569.    Take  P  =  0  the  quadric  through  all  the  9  points,  (3=0  a  quadric  through 
all  but  the  point  9,   JS  =  0  through  all  but  the  point  8,  S-Q  through   all   but    the 
point  7.    The  dianodal  curve  12345C78  is  /(P,  Q,    V)=0,  and  the  dianodal  surface 
12345C9  is  /(P,  R,  S,  V)  =  0;  the  total  number  of  intersections  is  G  x  18  =  108  ;  these 
include  the  4x18  =  72  points  of  intersection  of  the  dianodal  curve  J(P,  Q,  A)  =  0  with 
the  Jacobian  surface  J(P,  Q,  R,  $)=0,  except  the  four  points  /(P,  Q)  =  0,  which  are 
the  vertices  of  the  4  quadric  cones  through  1,  2,  3,  4,  5,  6,  7,  8  (which  4  points  are  not 
situate  on  the  curve  /(P,  jR,  S)  =  0),  and  there  are  besides  40  points  {108  =  (72 -4) +  40} 
which  are  the  before  mentioned  points  J(P,  A)  =  0;  viz.,  these  are  the  9  points  each 
twice  [three  times],  and  the  residual  22  [13]  points  which  are  the  dianodal  centres  of  the 
9  points. 

General  result  as  to  the  Dimovm. 

64.    We  have  thus  established  the  theory  of  the  dianome  quartic  surfaces;  viz,,  we 
have 

The  octodianome,  8  nodes,  7  of  them  arbitrary,  and  the  8th  an  arbitrary  point 

on  the  dianodal  surface  (order  6)  of  the  7  points. 

The  enneadianome,  9  nodes,  the  9th  an  arbitrary  point  on  the  dianodal  curve 
(order  18)  of  the  8  points, 

The  decadianome,  10  nodes,  the  10th  any  one  of  the  22  [13]  dianodal  centres  of 
the  9  points, 

And  as  already  mentioned,  so  long  as  the  first  7  nodes  are  arbitrary,  there  cannot 
be  more  than  10  nodes  in  all. 
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THE  SYMMETROID. 
The  Lineolinear  Correspondence  of  Quartic  Surfaces. 

65.  I  consider  four  equations  $  =  0,  T=0,  £7=0,  F=0,  lineolinear  in  regard  to 
the  two  sets  of  coordinates  (#,  y,  z>  w)  and  (a,  ft  7,  8);  viz.,  each  of  these  equations 
is  of  the  form 

(*$>,  y,  *,  w$a,  ft  %  8)=0, 


This  implies  that  the  point  (cc,  y,  z>  w)  lies  on  a  certain  quartic  surface  ®  =  0,  and 
the  point  (a,  $,  7,  8)  on  a  certain  quartic  surface  A  =  0,  and  that  the  two  surfaces 
correspond  point  to  point  to  each  other.  In  fact,  writing  the  four  equations  in  the  form 

La+    M$+    iVy-f  PS=0, 

Z/a  +  M'ft+   N'<y+  PS  =  Q, 

L"z  +  j¥"£  +  N"y  +  PX/S  =  0, 

l»'a  +  jf  "'jg  +  jf"  7  +  p'-S  =  0, 

where  L,  &c.,  are  linear  functions  of  (a?,  y,  z,  w\  then  eliminating  (a,  /3,  7^  8),  we  obtain 


the  equation 


© 


I  ,    Jf  ,    N  ,    P 
U  ,    Jf  ;  ,    ^  ,    P7 


w,    M'"9    N'",    P11 
and  similarly,  writing  the  four  equations  in  the  form 

By+    Cz+ 


0; 


where  A,  &a,  axe  linear  functions  of  (a,  /3,  7,  8),  then  eliminating  (a,  y,  s,   w),  we 

obtain-  the  equation 

A=    A  ,    £  ,  C  ,  D      =0. 

',    5',  0',  tf 


Moreover,  @  being  =  0,  the  four  linear  equations  in  (a,  ft  %  8)  are  equivalent  to  three 

equations,  and  give  for  instance  (a,  ft  7,  8)  proportional  to  the  determinants  formed 

with  the  matrix 

L' ,  M '  ,  N'  ,    P 

L",  M",  JT,    P" 

r///  Tf//^  T\TW        p/// 

JL/    ?  Jttt      ,  IV      ,        JT 
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and  similarly,  A  being  =0,  the  four  linear  equations  in  (a?,  y,  z,  w)  are  equivalent   to 
three  equations,  and  give   for  instance  (at,  y,   z,   w)  proportional   to    the    determinants 

formed  with  the  matrix 

A'  ,    ff  ,    0'  ,    U    ' 

A",    J3",    C",    D" 
A'",    B'",    C"f,    D'" 
which  establishes  the  point-to-point  correspondence  of  the  two  surfaces. 

66.  It  would  at  first  sight  appear  that  any  quartic  surface  (#$<*,  /?,  %  S)4  =  0  what- 
ever might  have  its  equation  expressed  in  the  foregoing  determinant  form  A  =  0.  This 
equation  seems,  in  fact,  to  contain  homogeneously  as  many  as  64  constants.  But  if 
we  multiply  the  determinant  line  into  line  by  a  constant  determinant 


b  ,  c 
b',  c' 
b", 
V", 


c' 
c'" 


d 
d' 
d" 
d'" 


and  then  column  into  column  by  another  constant  determinant,  the  coefficients,  all  but 
one  of  them,  of  these  constant  determinants  may  be  used  to  specialize  the  form  of  the 
resulting  equation,  [say  they  are  apoclastic  constants] ;  this  equation  will  really  contain 
64  — (2.16  — 1)  =  33  constants;  and  in  order  that  the  quartic  surface  (*$a,  /3,  7,  8)2  =  0 
may  have  its  equation  expressible  in  the  form  A  =  0,  a  single  relation  must  hold  good 
among  the  coefficients :  but  this  in  passing  (J). 


67.    Returning  to  the  quartic  surface 


A  = 


A  ,    B  , 
A',    ff, 


C 

C' 


A",    B",    C", 


D 
V 
D" 


=  0, 


A'",    B'",    C'",    D'" 

we  may  connect  this  not  only  with  the  foregoing  surface  6  =  0,  but  in  a  similar 
manner  with  another  quartic  surface  <3>  =  0  ;  viz.,  taking  the  current  coordinates  (f,  t\,  f,  <a), 
we  may  form  the  lineolinear  equations 


1  Applying  the  same  reasoning  to  a  cubic  determinant  A=0,  the  number  of  constants  is  S6-(2.9-l)=19; 
go  thai  a  cubic  surface  is  expressible  in  the  form  in  question.  And  so  for  the  quadrio  determinant  A=0, 
the  number  of  constants  is  16  -(2.  4-1)=  9;  so  that  a  qnadric  surface  is  expressible  in  the  form  in  question, 
as  is  otherwise  obvious. 
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which,  by  the  elimination  of  (£,  ,,  £  »),  give  A  =  0,  and  by  the  elimination  of  (a,  ft,  7,  8) 
a  determinant  quartic  equation  <S>  =  0  between  the  coordinates  (£,  ^  £  «);  and  of 
course  the  two  surfaces  A  =0,  fl>  =  0  have  a  point-to-point  correspondence  such  as  exists 
between  the  surfaces  ©  =  0,  A  =  0.  The  relation  of  the  point  (a,  ft,  y,  S)  on  the  surface 
A  =  0  to  the  point  (a,  y,  z,  w)  on  the  surface  6-0,  and  to  the  point  (£,  ^  £  »)  on 
the  surface  *  =  0,  may  be  conveniently  indicated  by  means  of  the  diagram 

6 


x 


w 


A  ,  B  ,  0  ,  D 

A',  B  ,  0' ,  D1 

A",  B",  C" ,  D" 

A",  £"',  C'",  V" 


68.  It  is  to  be  observed  that,  writing  for  A,  B9  ...  their  values  as  linear  functions 
of  («>  &  7,  8),  we  have  in  all  64  constant  coefficients,  which  we  may  conceive  arranged 
in  the  form  of  a  cube,  thus : 

a       b  

a!      V 


and  taking  these  in  fours  height-wise,  (a,  Oj,  <%,  a3),  &a,  we  compose  with  them  the 
linear  functions  aa  +  c^P  +  a2y  +  a$S,  &c.,  which  enter  into  the  equation  A  =  0;  taking 
them  in  fours  length-wise,  (a,  6,  c,  d\  &c.,  we  compose  the  linear  functions  av+by+cz+dw, 
&c.?  which  enter  into  the  equation  ®  =  0 ;  and  taking  them  in  fours  breadth-wise 
(a,  a!,  a!'9  a'"),  &c.,  we  compose  the  linear  functions  a%  +  a'i]  +  a"£  +  a7//®,  &c.,  which 
enter  into  the  equation  <E>  =  0. 

69.  The  process  may  be  indefinitely  repeated;  we  obtain  always  the  same  three 
surfaces  over  and  over  again,  but  on  them  an  indefinite  series  of  corresponding  points ; 
viz.,  we  may  write 

...©,  A,  *,    ®,  A,  *,    0,  A,  *... 

...Plf  Qz,  £,    P,  Q,  R,    F9  Q',R\.. 

viz.,  a  point  Q  on  A  corresponds  to  a  point  P  on  ®  and  to  a  point  -B  on  <i>;  R 
corresponds  to  Q  on  A  and  to  a  new  point  P'  on  ®;  P'  to  R  on  $  and  to  a  new 
point  Q'  on  A,  and  so  on.  And  in  the  opposite  direction  P  corresponds  to  Q  on  A, 
and  to  a  new  point  J^  on  4> ;  JRj  to  P  on  ®  and  to  a  new  point  Ql  on  A ;  and  so 
on.  And  of  course  the  correspondence  of  any  two  points  of  the  series,  whether  belonging 
to  the  same  surface  or  to  different  surfaces,  is  a  one-to-one  correspondence. 
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The  Symmetrical  Case ;  Symmetroid  and  Jacolian. 

70.  I  have  established  the  foregoing  general  theory;  but  it  is  only  a  particular 
case  of  it  which  connects  itself  with  the  theory  of  nodal  quartics;  viz.,  the  cube  of 
coefficients  is  a  symmetrically  arranged  cube 

a      h      g      I 
h      I     f     m 

<!     f      c      w 
I     m      n      d 


or  say  its  upper  face  is  the  symmetrical  square  matrix 

a,  h,  g,  I 
h,  b,  f,  m 
9>  f,  c,  n 


I, 


n,     d 


and  the  other  horizontal  planes,  the  like  squares  with  the  several  terms  affected  by 
suffixes. 

The  surface  V  =  0  is  here  a  surface  of  the  form 

V-    4,  tf,  G,  L 

H,  B,  F,  M 

0,  P,  C,  N 

1,  M,  N,  P 

{A,  £,  &c.  linear  functions  of  (a,  &  7,  8)}  viz.,  V  is  a  symmetrical  determinant ;  I  call 
this  a  symmetroid;  the  surfaces  V=0,  $  =  0  are  one  and  the  same  surface,  the  Jacobian 
of  4  quadric  surfaces ;  moreover  the  points  P  and  R  are  one  and  the  same  point,  and 
the  correspondence  R  to  P  is  a  reciprocal  one;  so  that,  instead  of  the  indefinite 
series  of  points,  we  have  only  2  points  Q,  Q'  on  the  surface  V,  and  2  points  P,  P' 
on  the  surface  ©(=<£>);  viz,,  the  diagram  is  • 

...A,  @,  e,  A,  ®,  ©,  A... 
...Q',  P',  P,  Q,  P,  P',  Q',, 

moreover  the  symmetroid  surface  V  =  0  is  a  surface  with  10  nodes,  which  is  clearly 
not  octadic,  and  which  is  therefore  the  decadianome. 
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71.    Consider  the  quadric  surfaces 

8  =  (a,  &,  c,  d,  /,  gr,  h,  I,  m,  n  $  0,  y,  z,  wj*  =  0, 
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and  a  point  (a,  y3,  7,  S)  in  the  same  or  in  a  different  space,  such   that   the    surface 
aS  +  /3T+  7?7+SF=0  is  a  cone,  or  say  for  shortness, 


(a,  /3,  7,  5)  is  said  to  be  the  determining  point,  or  determinator  of  the  cone.    And  if 
we  establish  the  equations 


which  express  that  the  surface  is  a  cone,  then  the  point  (#,  y,  z,  w)  is  the  vertex  of 
the  cone.  We  have  thus  4  equations  lineolinear  in  (at,  y,  z,  w)  and  also  in  (a,  /3,  7,  8), 
so  that  the  relation  between  the  2  points  is  of  the  nature  of  that  above  considered. 
The  relation  between  (a?,  y,  0,  w)  is  given  by  the  equation 

JOS,  r,  U,  F)  =  0; 

viz.,  the  locus  is  the  Jacobian  of  the  4  quadric  surfaces.  The  relation  between  (a,  /3,  7,  8) 
is  given  by  the  equation 


V= 


ha+...t 


la 


so  that  the  locus  is   (by  the   foregoing   definition)  the   symmetroid.     And   the   deter- 
minator point  on  the  symmetroid  thus  corresponds  to  the  cone-vertex  on  the  Jacobian. 

72.    But  the  Jacobian  may  be  obtained  in  a  different  manner;  viz.,  if  we  establish 
the  equations 


(  „  )F-0, 

then  the  elimination  of  (%,  ^  &  o>)  leads  to  the  equation   f(8,  T,  U,  F)=0  of  the 

Jacobian  surface.    And  since  each  of  the  equations  is  symmetrical  in  regard  to  (a?,  y,  z,  w) 

C.  VII.  21 
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and  (£,  y,  f,  o>),  it  appears  that  the  point  (f,  rj,  £  o>)  is  also  a  point  on  the  Jacobian 
surface.  We  have  on  the  symmetroid  a  point  related  to  (£,  v\,  £  co)  in  the  same  way 
that  (a,  ft,  y,  8)  on  the  symmetroid  is  related  to  the  point  (#,  y,  g,  w)  ;  and  this  completes 
the  system  of  the  4  points,  Q  on  the  symmetroid,  P  and  P  on  the  Jacobian,  Q'  on 
the  symmetroid;  but  in  what  follows  I  make  no  use  of  this  last  point  Q't 

73.  The  points  (#,  y,  s,  w),  (f,  y,  £  o>)  on  the  Jacobian  correspond  in  such  wise  that, 
taking  the  polar  planes  of  either  of  them  in  regard  to  the  quadrics  S  =  0,  T~  0,  U  =  0,  V  =  0, 
these  intersect  in  a  single  point,  viz.,  in  the  other  of  the  two  corresponding  points, 
Or,  what  is  the  same  thing,  the  line  joining  the  two  points  cuts  each  of  the  four 
quadrics  harmonically,  whence  also  it  cuts  harmonically  any  quadric  surface  whatever 
of  the  series  &S  4-  @T  +<yU+SV=Q,  (a,  ft  7,  S  being  here  arbitrary  multipliers);  viz., 
this  property  is  an  immediate  interpretation  of  the  equation 


or,  as  this  is  more  conveniently  written, 

(a,  ...$£  77,  £  o>$>,  y,  z>  w)«0, 
if  for  a  moment  (a,...)  denote  the  coefficients  of  the  quadric  function  aS  +  /S27  +  jU  '  +  SF. 

74.  Consider  any  6  pairs  of  points  (^,  yl9  2l}  w^,  (&,  %,  fa>  aO,  fee.,  related  as 
above;  the  quartic  surfaces  $  =  0,  T=Q}  ^7  =  0,  V  =  0  are  surfaces  cutting  harmonically 
the  lines  joining  the  two  pairs  of  points  respectively;  or  say  they  are  quadrics  cutting 
harmonically  6  given  segments;  and  the  general  quadric  surface  which  cuts  harmonically 
the  6  given  segments  is  aS-l-)827  +  7i7"H-SF«0.    We  thus  see  that  the  Jacobian  surface 
J(S,  f,  U,  F)  =  0  is  in  fact  the  locus  of  the  vertices  of  the  quadric  cones  which  cut 
harmonically  6  given  segments.    The  surface  so  defined  by  M.  Chasles  (Oomptes  Rendw, 
torn.   LIL,  1861,  pp.   1157  —  62),  and  shown  by  him   to  be  a  quartic  surface,  is  thus 
identified  with  the  Jacobian  of  any  4  quartic  surfaces  ;  and  included  herein  we  have 
the  particular  case,  also  considered  by  him,  of  the  locus  of  the  vertices  of  the  quadric 
cones  which  pass  through  6  given  points,  or  Jacobian  of  the  6  given  points, 

75.  It  is  to  be  shown  that  there  are  10  systems  of  values  (a,  /S,  7,  S),  or,  what 
is  the  same  thing,  10  points  on  the  symmetroid,  for  each  of  which  the  quartic  surface 
o$  +  /J27-f  7Z7-i-8F=0  is  a  plane-pair.    For  any  such  system  of  values  the  plane-pair 
may  be  regarded  as  a  cone,  having    its   vertex  at   any  point  whatever   on  the   line 
which  is  the  axis  of  the  plane-pair;  that  is,  each  point  of  this  line  is  the  vertex  of 
a  cone  of  the  system  of  surfaces  aS+  jS!F+  7  27+^=0;  or,  what  is  the  same  thing, 
the  axis  of  the  plane-pair  lies  on  the   Jacobian   surface  ;   m,  there  will  be   on  the 
Jacobian  surface  10  lines.    Moreover,  to  the  point  (a,  &  7,  8)  on  the  symmetroid  there 
corresponds  indifferently  any  point  whatever  on  the  axis  of  the  plane-pair.    The  analytical 
expressions  for  (#,  y,  z,  w)  in  terms  of  (a,  /3,  7,  8)  must  therefore,  for  the  values  in 
question  of  (a,  ft  7,  8),  become  indeterminate  ;    and  this  can  only  happen  if  for   the 
values  in  question  the  first  minors  of  the  determinant  V  all  of  them  vanish.    But  a 
point  (a,  ft  7,  S),  for  which  the  minors  of  V    all  of  them  vanish,  is  obviously  a  node 
on  the  symmetroid;  and  it  thus  appears  that  there  are  on  the  symmetroid  10  nodes, 
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each  corresponding  to  a  line  on  the  Jacobian,  and  that  the   condition   for  determining 
these  is 

aS+  /3T+yU+  8F=  plane-pair  ; 

viz.,  the    values  of  (a,  /3,  %  S),   which  satisfy  this  condition,  belong  to  a  node  of  the 
symmetroid,  and  the  line  on  the  Jacobian  is  the  axis  of  the  plane-pair. 

76.  Reverting  to  the  equation  V  =  0  of  the  symmetroid,  where  V  is  a  symmetrical 
determinant  the  terms  of  which  are  linear  functions  of  the  coordinates  (a,  &  %  S),  it 
has  already  been  shown,  write  No.  7,  that  this  is  a  surface  with  10  nodes;  but  this 
may  be  also  proved  as  follows.  Writing  as  before 


*B  +  0T  +  yU+&V=(A,  5,  0,  7),  F,  G,  H,  L>  M,  N^cc,  y,  z,  w)s=0, 

the  condition  that  this  shall  be  a  plane-pair  implies  a  threefold  relation  between  the 
coefficients  A,  J3,  &c.,  and  the  required  number  of  nodes  is  equal  to  the  order  of  this 
threefold  relation.  Establishing  between  the  coefficients  A,  B,  &c.,  any  6  linear  relations 
whatever,  we  should  have  a  ninefold  relation  to  determine  the  ratios  of  the  10  quantities  ; 
and  the  number  of  solutions  would  be  equal  to  the  order  of  the  threefold  relations. 
But  taking  the  6  linear  relations  to  be  of  the  form  (A9'...'$xl9  y1}  zlt  w1)2  =  0,  the 
question  is  in  fact  to  find  the  number  of  the  plane-pairs  which  pass  through  6  given 
points;  and  this  is  clearly  =10. 

77.  Applying  the  conclusion  to  the  system  of  quadric  surfaces  aS+{iT+  yU  +  &V—Q> 
we  see  that  there  are  in  the  system  10  plane-pairs;  and  that  the  lines  of  intersection, 
or  axes  of  the  plane-pairs,  are  lines  upon  the  Jacobian  surface. 

78.  The  equation   V  —  0  of  the  symmetroid  seems  to  contain  homogeneously  40 
constants.    But  starting  with  any  given  symmetrical  determinant,  we  may  multiply  it 
line  into  line  by  a  constant  determinant,  and  then  column  into  column  by  the  same 
constant  determinant,  in  such  wise  th^t  the  resulting   product   is  still    a   symmetrical 
determinant;  and   the  coefficients  of  the  constant  determinant  may  then   be   used  to 
specialise  the  form  of  the  equation.    The  equation  V  =0  of  the  symmetroid  thus  really 
contains  40  —  16=24  constants;  this  is  as  it  should  be,  for  the  symmetroid,  qu&  quartic 
surface  with  10  nodes,  contains  34  -  10  =  24  constants. 


Symmetroid  with  given  Nodes. 

79.  A  symmetroid  can  be  formed  with  7  given  points  as  nodes ;  but  there  is  no 
propfer  symmetroid  with  8  given  points  as  nodes.  If  we  endeavour  to  form  such  a 
symmetroid,  we  obtain  a  system  of  2  quadric  cones,  each  of  them  passing  through  the 
8  points;  viz.,  these  are  any  2  out  of  the  4  quadric  cones  which  pass  through  the 
8  points.  This  will  be  shown  in  a  moment ;  for  the  complete  A  posteriori  identification 
with  the  decadianome,  it  would  be  necessary  to  show  that  a  symmetroid  could  be  found 
having  for  nodes  7  given  points,  an  8th  point  anywhere  on  the  dianodal  surface,  and 
a  9th  point  anywhere  on  the  dianodal  curve;  but  this  I  Have  not  succeeded  in 
effecting. 

21—2 
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80.    We  have  for  any  node  (a,  /3,  7,  8)  of  the  symmetroid, 

/37  +  y  Z7+  SF=  plane-pair. 


If,  then,  4  of  the  given  nodes  are  (1,  0,  0,  0),  (0,  1,  0,  0),  (0,  0,  1,  0),  (0,  0,  0,  1),  we 
must  have  S,  T,  U,  V  each  of  them  a  plane-pair.  We  may  without  loss  of  generality 
assume  S—a?  +  y\  jP=£2  +  w2;  this,  however,  does  not  determine  the  signification  of 
the  coordinates  (#,  y,  z,  w)9  for  S  will  remain  unaltered  if  we  write  therein 

x  cos  6  4-  y  sin  6  ,  &  sin  0  —  y  cos  0  for  #,  y  ; 
and  similarly  T  will  remain  unaltered  if  we  write  therein 

.zcos^  +  wsin  0lt  zsintfj-wcosfli  for  z,  w. 
Hence,  if  we  go  on  to  assume 


Fss&^ff+w^y  +  fli*  4-  piw)  (as  +  w/y  +  n{z  +PIW), 
we  may  imagine  the  0,  0l  so  determined  that,  for  instance, 

m  +  m'  =  0,    pl  +pi  -  0  ; 
we  have  thus 


—k  (tfi  +  my+nz  +pw)(Q~my  +n'  s+p'w), 


formulae  which  contain  the  12  constants 

(*,  m,  n,  p,  <  jpx,  &!,  m1?  ^,  p,,  ^  <). 

This  is  right,  for  the  symmetroid  containing  24  constants,  the  symmetroid  with  4  given 
nodes  should  contain  (24-4.3=)  12  constants.  And  each  additional  given  node  will 
determine  3  constants:  hence  for  4  new  given  nodes  the  expressions  become  deter- 
minate (not  of  necessity  uniquely  so). 

81.    But  for  any  4  new  nodes,  the  equations  may  be  satisfied  by  writing  therein 
n  =  <  jp  =  -p',  m**~ml,  n^w/;  viz.,  they  then  assume  the  form 


containing  8  constants,  which  may  be  determined  so  that  the  nodes  shall  be  the  4  given 
points.  If  now  with  the  last  mentioned  values  we  form  the  value  of  otS+ftT  +yU+$V, 
this  will  consist  of  two  terms  (*$>;,  zf  and  (*$y,  w)3,  the  first  of  which  will  be  a 
square  if 

)2  =  0,  say  this  is  A  *0, 
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and  the  second  will  be  a  square  if 

(a  +  7&s  +  S6'2)  08  +  7*  +  $d'*)  -  (ybd  +  Sb'dJ  =  0,  say  this  is  A'  =  0  ; 

so  that  the  condition 

08  +  /SI7*  7*7+  87=  cone 

will  be  satisfied  if  A  =  0,  or  if  A'  =  0;  that  is,  the  equation  of  the  symmetroid  will 
be  AA'  =  0,  or  the  symmetroid  breaks  up  into  the  2  quadric  surfaces  A-0,  A'  =  0, 
each  of  which  is  a  cone. 

82.  It  is  to  be  further  observed  that,  considering  the  first  mentioned  4  points 
(1,  0,  0,  0),  &c.,  and  any  other  4  given  points  whatever,  the  equation  of  any  one  of 
the  4  quadric  cones  through  these  8  points  will  be  of  the  form 

(*&97,  7a,  a/3,  08,  £8,78)  =  0; 

viz.,  any  equation  of  this  form,  being  a  cone,  will  admit  of  being  expressed,  and  that 
in  one  way  only,  in  the  form  A  =  0.  Consider  then  any  one  of  the  4  cones  through 
the  8  points,  and  let  its  equation  be  thus  expressed;  we  have  the  values  of  the 
coefficients  a,  c,  a!,  c',  which  enter  into  the  expressions  of  flf,  T,  U,  7;  and  similarly, 
considering  any  other  of  the  4  cones,  and  expressing  its  equation  in  the  like  form,  we 
have  the  values  of  the  coefficients  b,  d,  &',  d'  which  enter  into  the  expressions  of 
fl,  T,  U,  V. 

S3.  If  instead  of  taking  2  different  cones  through  the  8  points,  we  take  in  each 
case  the  same  cone,  the  expressions  for  S9  T,  U,  V  would  be 

flf«     of         +     y\ 


7=  (a'#  +  <f*f  +  (a'y  +  c'w?  ; 
and  we  have  identically 

(acx  -  a'c)  (aafS  -  cc'T)  -  aV  U  +  acV  =  0. 
This  solution  may  be  disregarded. 


84.  Instead  of  the  assumption  S=a?+y\  T  =  z*  +  w*,  we  may  take  0=0,  y  =  0, 
3  =  0,  w=*0  to  be  planes  of  the  plane-pairs  flf,  T,  U,  V  respectively;  it  is  then  easy 
.  to  fix  the  remaining  constants  so  that  the  5th  and  6th  nodes  of  the  symmetroid  shall 
be  given  points.  Suppose  that  the  coordinates  of  the  5th  node  are  (1,  1,  1,  1);  to 
obtain  the  result  in  the  most  simple  manner,  I  take  for  the  moment  fit  an  arbitrary 
quadric  function  (#,  y,  z,  w)2,  and  I  write 
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where  the  coefficients  are  arbitrary.  We  have  identically  8+T  +  U+  F=2flt;  wherefore 
the  given  point  (1,  1,  1,  1)  will  be  a  node  of  the  symmetroid  if  only  fl  =  0  be  a 
plane-pair;  and  it  is  easy  to  see  that  we  may  without  loss  of  generality  take  one 
factor  to  be  x  +  y  +  2  +  w,  and  write 

Q  =  (to  +  y+s  +  w)(lx  +  my  +  nz+  pw)  ; 

viz.,  H  having  this  value,  the  symmetroid,  aS+pT+yU+SV^  cone,  will  have  the  5 
given  nodes;  the  equation  contains,  as  it  should  do,  9  constants, 

85.  In  order  that  the  symmetroid  may  have  a  6th  given  node  (a1?  &,  yl9  8a),  I 
observe  that  the  constants  may  be  determined  so  that  a1^  +  /912fT+71f7'H-S1F  shall  bo 
equal  to  an  arbitrary  quadric  function,  say 

OiS  +  &7  +  'yiOr+Si7=(a,  b,  c,  d,  f,  g,  h,  1,  m,  n$>,  y,  *,  w)a; 
this  in  fact  gives 


a     b      c     d 


and  then,  completing  the  comparison, 

-it! 


r   2g  7,     /a     o\~\       [    21  8j     /a  ,  d\~| 

—  &  ---  0_    _+_      0  +    -  -.  --  L_    -+T 

[aj-71     Oi-YiVai     WJ        Lai-si     ai-SiVaj     Oi/J 


+ 


r  •L-js- 

LA~7i     Pi-7i\/°i     7i 


2g          at,     /c      a>"l       f    2f          jS,     /c  ,  b\"| 
s  ---  L_  -+-    h»+  ,.  -    -i-V  —  +  3- 

-*!     7i~«iWi     «WJ        L%-A     7i-A\7!     A/J 

Tc  1        r    2n  &     /c     d 

+    - 

L7i  J 

.  4  *  _ri_(*+i 

lL8i  -  «!    8i  -  Qi  \si 


w 


r  2^       %   /a   c\i   ,  rd  i  ) 

u  --  r"11—  F+-  p+U"  wr 

L^x-7i     8i-7iV8i     7i/J        L8i  J     ) 


viz.,  these  values  give 

8+     T+    U+ 


=  (a,  b,  c,  d,  f,  g,  h,  1,  m,  n)fo  y,  * 

hence,  taking  the  fonction  (a,  ...][a?,  y,  ^,  w)2  to  be  a  plane-pair  equal  to 
(a+iiy+jiZ  +  kiw)  suppose,  or  considering  the  coefficients  (a,  .,.)  as  given  functions  of 
(i  j>  b  ii,  ji,  &0,  we  have  the  aymmetroid  having  the  6  given  nodes  and  containing  the 
last  mentioned  6  constants, 
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The  Jacobian  with  given  Lines. 

86.  The  Jacobian  contains  24  constants  ;  obviously  it  is  uniquely  determined  if 
4  of  the  plane-pairs  thereof  are  given;  and  it  is  also  determined,  but  not  uniquely, 
if  6  of  the  lines  thereof  are  given.  We  may  enquire  how  many  given  nodes  of  the 
symrnetroid  may  be  considered  as  corresponding  to  given  plane-pairs,  or  lines  of  the 
Jacobian.  Take  as  given  any  4  nodes  of  the  symmetroid;  the  corresponding  4  plane- 
pairs  may  be  taken  to  be  given  plane-pairs;  and  we  may  besides  take  as  given  a 
5th  node  of  the  symmetroid.  For  let  the  first  4  nodes  of  the  symmetroid  be  (1,  0,  0,  0), 
(0,  1,  0,  0),  (0,  0,  1,  0),  (0,  0,  0,  1);  the  given  plane-pairs  P1ft  =  0,  P2Q2  =  0,  P3QS  =  0, 
PtQ*  =  Q>  (k>  l*>  k>  W  any  system  of  values  such  that  we  have 


kPiQi  +  t-Pift  +  ZaPaQs  +  kP&*  =  plane-pair  ; 

and  (1,  1,  1,  1)  the  5th  node  of  the  symmetroid;  we  have  only  to  assume 
(8,  T,  U,  7) 


87.    Suppose,  however,  that  on  the  Jacobian  we  have  given,  not  the  4  plane-pairs, 
but  only  the  4  axes  of  the  plane-pairs;   the  plane-pairs  may  be  taken  to  be 

(1,  &i,  Ci£Pi,  Q02  =  0,  ......  (1,  64,  c4$P4,  &)2  =  0, 

where  the  8  constants  (bl9  &9>  &3,  &4,  ^,  c2,  c^,  c4)  are  in  the  first  instance  undetermined. 
If  we  attempt  to  find  h,  ?2,  4?  4>  so  that 

I>  &)9  ......  +  l*Q>>  &4,  c&Pt,  &)a  =  plane-pair  of  given  axis, 


we  have  between  the  coefficients  (&,  c)  4  equations;  and  similarly,  if  we  attempt  to 
find  ?%,  w3,  ^3,  w4  such  that 

^(1>  615  $$?!,  Qi)3  ......  H-m4(l,  J4,  c4$P4,  Q4)2  =  plane-pair  of  another  given  axis, 

we  have  4  more  equations  between  the  coefficients  (6,  c);  viz.,  these  will  be  deter- 
mined by  the  8  equations  (this  is  iu  fact  the  before  mentioned  property  that  6  lines 
of  the  Jacobian  may  be  taken  to  be  given  lines).  But  considering  only  the  first 
system  of  equations;  in  order  that  to  the  given  axis  may  correspond  a  given  node 
on  the  symmetroid,  say  the  node  (1,  1,  1,  1),  we  have  only  to  write 


that  is,  we  may  take  as  given  5  nodes  of  the  symmetroid,  and  the  corresponding 
5  lines  of  the  Jacobian;  the  formulae  will  contain  4  constants;  we  may  by  means 
of  them  make  the  Jacobian  have  a  6th  given  line,  thus  determining  the  constants; 
or  we  may  make  the  symmetroid  have  a  6th  given  node,  leaving  in  this  case  one 
.constant  arbitrary. 


168  A  MEMOIR  ON  QUARTIC   SURFACES.  [445 

Correspondence  on  the  Jacobian:  Lines  and  Skew  OMcs. 

88.  I  consider  the    correspondence   of    two    points  on  the  Jacobian;    it  is  to  be 
shown  that  when   one   of  the  points  is  on  a  line  of  the  Jacobian,  the  corresponding 
point  will  be   on   a  skew   cubic;   that    is,    that    corresponding    to    each    line    of  the 
Jacobian  we  have  (on  the  Jacobian)  a  skew  cubic.    Call  the  plane-pairs  of  the  system 
of  quadric  surfaces  1,  2,  3,  ...10;   selecting  any  4  of  these,  say  1,  2,  3,  4,  the  polar 
planes  of  any  point  of  the  Jacobian  in  regard  to  these  4  plane-pairs  will  meet  in  a 
point  which  will  be  the  required  corresponding   point.     And   observe   that,  in   regard 
to  any  one  of  the   plane-pairs,   say   1,   the   polar  plane   of  a   point  P  is  the  plane 
through  the  axis  harmonic  to  the  plane  through  the  axis  and  the  point  P.     Hence, 
for  a  point  ou  the  axis  of  1,  the  polar  plane  in  regard  to  1  is  indeterminate;  the 
poke  planes  in  regard  to  the  plane-pairs  2,  3,  4  respectively  meet  in  a  point  which 
is  the  required  corresponding  point,    We  may  for  any  point  whatever  take  the  polar 
planes   in   regard  to  the  plane-pairs  2,  3,  4  respectively,  and  call  the  intersection  of 
these   planes   the    corresponding  point;    this    being    so,  if   the   first    mentioned    point 
moves    along    a    line,   the   corresponding  point   moves  along  a  curve,  which  is  easily 
shown    to    be    a    skew   cubic   cutting  the  axis  of  each  plane-pair  twice;   that  is,  in 
regard  to  the  plane-pairs  2,  3,  4,  the  locus  corresponding  to  any  line  whatever  is  a 
skew  cubic  cutting  the  axis  of  each  plane-pair  twice.    In  particular,  the  corresponding 
curve  of  the  axis  of   1,  is  a  skew  cubic  cutting  the  axis  of  the  plane-pairs  2,  3,  4 
each  twice;   but  the  axis  of  1  does  not  stand  in  any  special  relation  to  the  piano- 
pairs  2,  3,  4,   as   distinguished   from   the   remaining  plane-pairs    5,    6...  10;   we  have 
therefore  the  more  complete  theorem,  that  the  skew  cubic  cuts  the  axes  of  the  plane- 
pairs  2,  3,...  10  each  twice;    or,  instead  of  the  plane-pairs,  speaking  of  the  lino  1,  2, 
3,...  10,  we  may  say  that  corresponding  to  any  one  of  the  lines  we  have  a  skew  cubic 
meeting  the  other  9  lines  each  of  them  twice. 

89.  I  stop  for  a  moment  to  prove  the  subsidiary  theorem  assumed  in  tho  fore- 
going demonstration.     Let  the  3  plane-pairs  be  P(3  =  0,  j&8  =  0,  TU^Q,  and  let  the 
line  be   that  joining   the  points  (#0,  y0,  *0,  w0)  and  (#15  yl9  z^  ^);   the  coordinates 
of  any  point  in  the  line  may  be  taken  to  be  X00  +  /^1}  Xy0  +  Wi,  X*O  +  WL»  X 

and  hence  for  the,  polar  plane  in  regard  to  the  plane-pair  PQ  «  0  we  have 


viz,,  this  equation  may  be  written 


forming    the    like    equations    in    regard  to   the   other   2    plane-pairs   respectively,  and 
eliminating  X,  ^,  we  obtain  for  the  required  locus 


=  0, 
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a  skew  cubic ;  and  on  writing  herein  P  =  0,  Q  =  0,  the  equations  become 

itf   =0; 


viz.,  the  line  (P  =  0,  Q  =  0)  meets  the  skew  cubic  in  the  points  where  the  line  meets 
the  quadric  surface  determined  by  this  last  equation,  that  is  in  2  points. 

90.  We  have  thus  on  the  Jacobian  the  10  lines   1,  2,  ...  9,  10,  and  corresponding 
thereto   respectively  the   10   skew  cubics  1',  2',...  9',  10',  where  each  line  meets  twice 
each  of  the  skew  cubics  except  that  denoted  by  the  same  number;  a  relation  similar 
to  that   which   exists  between  the  lines  1,  2,  3,  4,  5,  6  and  1',  2',  3',  4',  5',  6',  which 
compose  a  double-sixer  on  a  cubic  surface. 

Suppose  that  there  are  given  on  the  Jacobian  the  lines  1,  2,  3,  4,  5,  6;  meeting 
each  of  these  twice,  we  have  the  skew  cubics  7",  8',  9',  10'  ;  and  then 

7  8',    9',  10' 

8  9'   10'     7' 
the  lines         meet  twice  each  of  the  cubics        '       '    n/ 

<•>  10,     73    8 

10  7',    8',    9' 

so  that  the  determination   of   the  remaining  4  lines  depends  upon  that  of  the  skew 
cubics  T9  8',  9',  10',  which  meet  each  of  the  given  lines  twice. 

91.  To  determine  a  skew  cubic  cutting  twice    each   of  6   given  lines,  I  proceed 
as  follows.    Let  the  lines  be  1,  2,  3,  4,  5,  6;  take  17=0  the  general  quadric  surface 
through   the   lines    1    and   2,   7  =  0   the  general  quadric  surface  through  the  lines  1, 
3  (the  equations   contain   each    of  them   homogeneously  4  constants).     The  2  surfaces 
intersect  in  the  line  1,  and  in  a  skew  cubic  cutting  twice  each  of  the  lines  1,  2,  3; 
we  have  therefore  to  determine  the  constants  so  that  the    2  surfaces   may   meet   the 
line  4  in  the  same  2  points,  the   line    5   in   the   same    2   points,  the  line  6  in  the 
same   two    points*     Imagine  for  a  moment  the  equations  of  any  one  of  the  lines  4, 
5,  6   to  be  £-0,  w  =  0;    the  equations    of  the   2   surfaces,  substituting  therein  these 
values,  would  assume  the  forms 

(a,  6,  c$«,  yy=0,    (of,  V,  c'$>,  y)2  =  0; 


and  the  conditions  for  the  intersection  in  the  same  2  points  would  be  ~  =  ^  =  -,=:*> 

doc 

suppose.  This  is  in  fact  the  form  of  the  conditions,  understanding  a,  6,  o  to  be  linear 
functions  of  the  coefficients  of  U,  and  a',  V,  c'  to  be  linear  functions  of  the  coefficients 
of  V.  We  have  in  this  manner  3  sets  of  equations  involving  respectively  the  indeter- 
minate quantities  p,  q,  r\  viz.,  these  may  be  represented  by 

a  =  pa',  b=pV,  c=pcx;    d^qdf,  e  =  qe',  /=  qf'-,    g  =  rg\  k  =  rh',  i  =  n"; 

where  the  unaccented   letters  a,  6,  ...i  are   linear  functions  of  the   coefficients  of    Ur 

and  the  accented  letters  a',  ft7,...  V  linear  functions  of  the  coefficients  of  V.    Eliminating 
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the  coefficients  of  U,  V,  we  have  between  p,  q,  r  a  twofold  relation,  which  may  be 
represented  as  follows: 

111111111     =0, 

111111111 
111111111 
111111111 

p  p  p  q  q  q  r  T  r 
pppqqqrrr 

p  p  p  q  q  q  r  r  r 

it  being  understood  that  the  Ts  represent  constants,  and  the  p's,  q's,  and  r'a  linear 
functions  of  these  variables  respectively.  The  several  equations  of  the  system,  regarding 
therein  p,  q}  r  as  coordinates,  represent  each  of  them  a  quartic  curve;  any  2  of  these 
intersect  in  16  points;  but  the  number  of  points  common  to  all  the  curves  is  =  10. 
But  each  of  the  curves  passes  through  the  3  points  (1,  0,  0),  (0,  1,  0),  (0,  0,  1);  these 
are  consequently  included  among  the  10  points,  but  they  do  not  give  a  proper  solution 
of  the  question ;  and  the  number  of  solutions  is  thus  reduced  to  10  -  3  =  7.  There 
is  yet  another  solution  to  be  rejected;  viz.,  Z7  =  0  being  a  quadric  surface  through 
the  lines  1,  2,  and  7=0  the  quadric  surface  through  the  lines  1,  3,  it  is  possible 
to  determine  the  coefficients  of  U,  V  so  that  each  of  these  surfaces  shall  be  the 
quadric  surface  through  the  lines  1,  2,  3;  and  if  we  then  have  identically  J7=0F, 
it  is  clear  that  corresponding  values  of  p,  q,  r  are  p  =  q=:r(=d).  We  have  thus  the 
point  p  =  q  =  r  common  to  all  the  curves  of  the  system;  this  solution  counts,  I  bclievo, 
once  only,  and  the  number  of  relevant  solutions  is  7-1=6. 

92,  It  may  be  observed,  in  regard  to  the  foregoing  solution,  that  if  we  take 
123  =  0  as  the  equation  of  the  quadric  surface  through  the  lines  1,  2,  3,  and  so  in 
other  cases,  then  the  equation  of  the  surfaces  £T=0  and  F  =  0  may  be  taken  to  be 

X  .  123  +  /A  .  124  +  v  .  125  +  p  .  126  =  0, 
V.  132  +  /.  134  + 1/.  135  -Hp'.  136  =  0, 


respectively,  the  coefficients  of  the  two  surfaces  being  here  put  in  evidence.  And  it 
is  clear  that  for  /i  =  z/  =  p=:0,  /t'  =  i/  =  p'  =  0,  the  surfaces  become  each  of  them  the 
surface  through  the  lines  1,  2,  3. 

93.  The  conclusion  is,  that  touching  twice  each  of  the  six  lines  1,  2,  3,  4,  5,  6, 
we  have  six  skew  cubics;  it  would  appear  that  any  four  of  these  may  be  taken  for 
the  skew  cubics  7',  8',  9',  10'  (so  that  there  are  15  such  tetrads  of  cubics).  I  am 
not,  however,  able  to  verify  that  we  then  have  the  remaining  4  lines  each  cutting 
twice  3  of  the  4  skew  cubics ;  assuming  that  for  each  system  of  4  skew  cubics  there 
is  one  and  only  one,  such  system  of  lines,  then  of  course  to  the  given  system  of 
lines  1,  2,  3,  4,  5,  6,  there  will  belong  15  systems  of  lines  7,  8,  9,  10,  and  there- 
fore also  15  Jacobian  surfaces. 
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Further  Investigations  as  to  the  Jacobian,  &c. 
94.    Taking  (£,  ??,  £  <o)  as  plane-coordinates,  two  quadric  surfaces 

(a,   6,    c,   d,  f,   g,   h,    I,   m,  n££  y,  £  a>)2  =  0 
and 

(-4,  5,  (7,  D,  #  ff,  F,  Z,  JIT,  jy][0,  y,  5,  w>'  =  0 


are  said  to  be  interverts  (or  interverse)  one  of  the  other,  when  we  have  between  the 
coefficients  the  relation 


(a,  6,  c,  d,  f,  g,  h,  I,  w,  np,  B,  C,  D,  F,  G,  H,  I,  M,  N)  =  Q, 

that  is 


The  condition  that  the  two  surfaces  may  be  interverts  of  each  other  is  linear  in 
regard  to  the  coefficients  of  each  surface  separately;  hence,  using  a  before  explained 
locution,  we  may  say  —  interverse  to  a  given  quadric  surface  we  have  9  quadrics; 
interverse  to  two  given  quadrics  8  quadrics;  or  generally,  that  interverse  to  k  given 
quadrics  we  have  10  -i  quadrics.  And,  moreover,  if  the  quadrics  of  the  two  systems 
be  i  =  0,  Jf=0,  &c.,  and  flf  =  0,  27=0,  17=0,  &c.,  then  every  quadric  XL  +  /Jf+...  =  0 
is  interverse  to  each  of  the  quadrics  a.S+j3T  +  yU+  ...  =  0. 

If  the   quadric  (a,  ...$£>  17,  £  &>)2  =  0  be  an  intervert  of  the  plane-pair 

(te  +  my  +  nz  +pw$_l'%  +  w>'y  +  n'*  +  p'w)  =  0; 
the  condition  is 

(a,  ..  $Z,  m,  7i,  #$7,  m',  <  p7)  =  0; 

viz.,  this  expresses  that  the  two  planes  are  harmonics  in  regard  to  the  pair  of  planes 
drawn  through  the  axis  of  the  plane-pair  to  touch  the  quadric  surface;  or  say,  that 
the  plane-pair  is  harmonic  in  regard  to  the  quadric. 

95.    To   apply  this  to  the  Jacobian  surface,  I  recall  that,  starting  with  the  given 
quadric  surfaces  8  =  0,  T=0,  U  =  Q,  7=0,  and  taking  (a,  A  7,  8)  to  be  such  that 

V  =  plane-pair, 


there  are  10  such  plane-pairs,  and  that  the  axes  of  these  are  the  lines  of  the  Jacobian. 
If  instead  of  the  given  quadric  surfaces,  we  consider  the  six  interverse  surfaces 
(flu  •••$&  *1>  £  <»)2  =  0,  ...(ty,  ...$£  ??,  £  «))2=0,  then  the  condition  is  that  the  plane- 
pair  shall  be  harmonic  in  regard  to  each  of  these  surfaces.  Let  the  quadric  surfaces 
be  called  1,  2,  3,  4,  5,  6;  then,  attending  to  any-  three  of  these,  say  1,  2,  3,  the 
plane-pair  is  harmonic  in  regard  to  these  three  surfaces.  Through  the  axis  of  the 
plane-pair  draw  tangent  planes  to  1,  2,  and  3  respectively;  each  of  these  pairs  of 
planes  is  harmonic  in  regard  to  the  planes  of  the  plane-pair;  that  is,  the  three  pairs 
of  tangent  planes  are  in  involution  ;  or,  as  we  may  also  express  it,  the  axis  is  (qwxxd 
its  planes)  in  involution  in  regard  to  the  three  quadric  surfaces.  Conversely,  when 
the  axis  is  thus  in  involution  in  regard  to  the  surfaces  1,  2,  and  3,  we  may  by 

22—2 
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means  of  the  surfaces  1  and  2  determine  the  two  planes  of  the  plane-pair,  and  then 
these  will  be  harmonics  in  regard  to  the  surface  3.  It  thus  appears  that  the  axis 
is  given  as  a  line  which  is  (quoad  its  planes)  in  involution  in  regard  to  the  surfaces 
1,  2,  3,  to  the  surfaces  1,  2,  4,  the  surfaces  1,  2,  5.  and  the  surfaces  1,  2,  6, 
respectively;  or,  as  we  may  express  it,  as  a  line  which  is  (quoad  its  planes)  in 
involution  in  regard  to  the  surfaces  1,  2,  3,  4,  5,  6. 

96.  It   is    substantially   the   same   thing,  but  it  is  rather  easier,   to  consider   the 
whole  question  under  the  reciprocal  form;    viz.,  instead  of  a  plane-pair  and  a  quadric 
surface   represented    by  an   equation   in   plane-coordinates,  to   take  a  point-pair  and  a 
quadric  surface  represented  by  an  equation  in  point-coordinates ;    we  have  thus  a  line 
which  is  (quoad  its  points)  in  involution  in  regard    to    three   given    quadric    surfaces, 
or  as  we  may  more  simply  express  it,  which  cuts  in  involution  the  three  given  surfaces ; 
and  we  thus  arrive    at    the    problem    of    finding  a  line  which  cuts  iu  involution  six 
given  quadric  surfaces;    viz.,  this  is  equivalent  to  the  above  problem  where  the    line 
has  to  satisfy  (quoad  its  planes)  the  like  condition;   and  in  each  problem  the  number 
of  solutions  should  be  =  10. 

97.  Consider  a  line  which  cuts  in  involution  the  three  given  surfaces  (a^.-.J/e,  y,  z,  w)=0, 
(a2,  ..,$#,  y,  z,  w)2  =  0,  (03,  ...$#,  y,  z,  w)2  =  Q.    I  will  presently  show  that  this  implies 
a  cubic  relation  (*$a,  b,  c,  f,  g,  h)3  between    the   six   coordinates    of   the    line.     But 
assuming  it    for    the    moment,   suppose    that    the    line    cuts  in   involution  the   three 
surfaces  and  a  fourth  quadric  surface  (a4,  . .  .][#,  y,  z,  w)a  =  0.    Considering  the  line  as 
cutting    in    involution   the   surfaces   1,   2,  4,   we   have   between  the  six  coordinates  a 
second  cubic  relation;    there  is,  however,  a  reduction,  and  the  order    of   the  resulting 
twofold    relation    between    the   coordinates   is    3.3-4  =  5.     To    explain    this,    observe 
that  every  line  which  cuts  in  the  same  two  points  the  surfaces  1  and  2  respectively 
(that  is,  which  cuts  the  curve  of  intersection  twice)  will  in  an  improper  sense  cut  in 
involution  the  surfaces  1,  2,  3,  and  also  the  surfaces  1,  2,  4.    There  is  thus  a  reduction 
equal   to  the   order    in   the    six   coordinates    of   the   twofold   relation   which  expresses 
that  the   line   cuts   twice  the   curve    of   intersection   of    the   surfaces  1  and  2.     Join 
hereto  the  relations  that  the  line  meets  each  of  two  given  lines;    the  coordinates  of 
the    line  are   determined   by  the    twofold    relation   (say   its   order   is  =X)   two  linear 
equations,  and  the  universal  equation  af+bg  +  ch  =  0;  the  number  of  solutions  is  =  2\. 
But  the  number  of  solutions   is   equal  to  that  of  the  lines  which  meet  the  quadri- 
quadric  curve  of  intersection  twice,  and  meet  also  each  of  two  given  lines;    or  what 
is  the  same  thing,  it  is  equal  to  the  order  of  the  scroll  generated  by  the  lines  which 
meet  the  curve  twice,  and  also  a  given  line.    We  have  for  the  curve  of  intersection 
(m  the  order,  h  the  number  of  apparent  double  points)  m  =  4,  h  =  2;  whence  order  of 
the  scroll  is  2+^.4.3=8;  that  is,  2X=8,  or  X  =  4,  which  is  the  required  reduction. 

98.  If  the  line  cut  in  involution  5  given  quadric  surfaces  {say  the  5th  surface  is 
(a5, ...$#,  y,  z,  -M^-O};  then  we  have  between  the  6  coordinates  a  threefold  relation, 
the  order  of  which  is  3.5  -reduction.    This  should  be  =10,  and  consequently  the  reduction 
=  5;  for  admitting  the  value  to  be  10,  the  order  (in  the  ordinary  sense)  of  the  scroll 
generated  by  the  lines  which  cut  in  involution  the  5  given  quadrics  should  be  =20; 
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and  conversely.  But  the  value  20  may  be  verified  without  difficulty.  For  the  question 
may  be  transformed  as  follows: — If  a  point-pair  be  harmonic  in  regard  to  each  of 
5  given  quadrics,  how  many  of  the  axes  (or  lines  through  the  2  points  of  a  point- 
pair)  cut  a  given  line.  Take  (#,  y,  z,  w\  (#',  tf,  z'}  w'}  as  the  coordinates  of  the 
2  points  of  a  point-pair;  the  harmonic  condition  in  regard  to  a  quadric  surface  tT— 0 
is  &f$xU+y'ByU +  z'SzU+w'$wU  =  0  {where  U  is  regarded  as  a  function  of  the  ($,y,z,w) 
belonging  to  a  point  of  the  point-pair};  the  condition  for  the  intersection  with  a  given 
line  is  a  lineolinear  equation  in  the  coordinates  (#,  y,  *,  w)  and  (#',  y',  /,  w'),  or  say 
it  is  LSD'  -h  My'  4-  Nzf  +  Pw1  =  0,  where  L,  M}  N,  P  are  linear  functions  of  the  coordi- 
nates; we  have  thence  for  (#,  y,  z,  w)  the  threefold  relation 

Jf, 


P, 

which  denotes  a  system  of  £  .  6  .  5  .  4  =  20  points. 

It  would  seem  that  if  the  line  cuts  in  involution  6  given  quadrics,  there  should 
be  between  the  6  coordinates  a  fourfold  relation  of  the  order  J.10  =  5;  this  would  imply 
a  reduction  25,  viz.  we  should  have  5  =  3  .  10  -  25.  I  do  not  understand  this,  and  I  drop 
the  question, 

99.  I  return  to  the  question  to  find  the  relation  between  the  coordinates  (a,  b,  c,  f,  g,  h) 
of  a  line  which  cuts  in  involution  the  3  quadric  surfaces 


K  61,  d,  4,/i,  9i,  hi>  k  w*i,  <&4  y,  *,  w)2  =  03  (a,,  ../$>,  y,  z,  w)*  =  Q,  (03,  ...$«,&  *,  fo)P«0. 
Writing  down  any  two  of  the  equations  of  the  line,  for  instance 

aw;  =  0, 


if  we  substitute  the  values  of  (w,  y)  in  the  equation  of  the  first  surface,  it  becomes 


or  if  we  write  for  shortness 

n  =(f,  g,  h,  o),    IT  =  (b,-a,  o,  h), 
then  the  equation  is 

(^>...][ny.^+2(oll-..][n$no.w+((%,...][n7.t#«o^ 

and  forming  the  like  equations  for  the  other  two  surfaces,  the  condition  of  involution 
is  at  once  found  to  be 

:0. 
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100.  It  is  convenient,  in  working  this  out,  to  consider  II,  II'  as  standing,  in  the 
first  instance,  for  (#,  y,  z>  w),  (#',  y',  /,  w'\  these  symbols  being  ultimately  replaced  by 
the  above-mentioned  values.  Writing  also,  for  shortness,  (abc)  to  denote  the  deter- 
minant aI  (62c3  —  63c2)  +  &c.,  and  so  in  other  cases,  it  is  at  once  seen  that  the  function 
on  the  right-hand  side  is  a  sum  of  such  determinants  each  into  a  proper  factor,  con- 
taining the  coordinates  (a,  b,  c,  f,  g,  h),  originally  of  the  order  6,  but  where  each  term 
contains  the  factor  h3,  which  may  be  omitted;  or  finally  the  result  is  of  the  order  3 
in  the  coordinates.  Thus  we  have  a  term 

(abc)    02,    aw/,    a?'2 


where  the  second  factor  is 

tfy'z  (yzf  -  y'z)  +  jfg'sf  (zxf  -  z'x)  +  z*cc'y'  (xy*  -  sfy\    =  z*xyf,(%y'  -  a/y), 

=  h2  (-  ab)  (-  af  -  bg),    =  -  abch*, 

or,  omitting  the  factor  —  h3,  the  term  is  (abc)  abc, 

101.  There  are  in  all  120  terms,  but  16  of  these  are  found  to  vanish  (viz.,  these 
are  the  terms  in  agh,  bhf,  efg;  ahl,  bfm,  cgn\  agl,  bhm,cfn]  dmn,  dnl,  dim]  fgn,  ghl,  hfm). 
The  final  result  contains  therefore  104  terms;  viz.,  as  a  further  abbreviation  writing 
abc  Ac.,  instead  of  (abc)  &c.,  to  denote  the  above-mentioned  determinants,  the  equation  is 

abc  .  abc  -  bed .  agh  -  cad ,  bhf  -  abd .  cfg 
+  bcf  .a3    +ca#.b3    +abh.&    +adl  .f3  +  6cZw . g3  +  c<fe . h5 

-f  abn  .  c  (bg-  af )  +  adf.  f  (ch  -  bg) 
+  bcl  .a  (ch  —  bg)  +  bdg  .  g  (af  —  ch) 
+  cam .  b  (af  —  ch )  +  cdh  ,  h  (bg  —  af ) 

—  beg  .  a2b  —  beh .  a2c  -H  bem  .  a2g  —  6c%  .  a2h 

-  call  .  b2c  -  caf.  b2a  +  cm  .  b2h  -  cal  .  b2f 
- abf  .  csa  -  abg .  c2b  +  all  .  c2f  -a6m.  cag 

-  adg  .  bf2  -f  adh.  cf2  +adm.  f*g  +  adn.Ph 

-  bdh  .  eg2  -f  bdf.  ag2-^  bdn  .  g*h  +  bdl  .  gaf 

-  edf  .  ah2  +  cdg  . bh2+  cdl  .  h*f  +cdm.  h2g 

+  2j  +bgh.c*a,  -bgf  .ctf  +  bgm  .cag-6^  .a^  -bgl  .  c2h  [• 
1+  ehf .  aab  - chg  .  ab2  +  chn  . abh-  ohm .b2g-  chm.tff  J 
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agm  .  bcf-  agn  .  b*f  -  ahm  .  c^f  +  oAn  .  bcf  "| 
+  bhn  .ea-6J  .c*-6a  .aa6Zca     L 


rh  —  cgl   .  b2h  +  cgm ,  abh  j 
\ .  af2  -  ml  .  bf2-  aim  .  cf2  +  dfg  ,  ch2 
+  2 -|  -  Inl  .  bg2-  blm  .  eg2-  6mw.  ag2  +  d^A  .  af2 
V  -  dm  .  ch2  —  cmn .  ahs—  c?iZ  .  bh2  +  c?A/  .  bg2 
'  —  d/"Z  .  fgh—  dfm .  gah  —  dfn  .  gh2 
L3f-d^  .hf3 
,-  dim  .  fgh-cZAZ  .  Pg  -  dAm.  fg2 

^ 


+  4  -  +  ghm  .  caf  -  ghn  .  baf-  grwZ  .  bhf  -  glm  .  chf  -gmn.  ahf 
l+A/w,  .abg-A/Z  .ebg-Wwi.cfg  -  feww  .  a%  —  Anf  -b%J 
—  4/grA  ,  abc  =  0. 

And  observe,  by  what  precedes,  this  triple  system  of  lines  contains  each  of  the  following 
double  systems:  viz.,  the  lines  which  meet  the  quadriquadric  curve  (2,  3)  twice,  those 
which  meet  the  curve  (3;  1)  twice,  those  which  meet  the  curve  (1,  2)  twice. 


Persymmetrical  Case  :  the  Hessian  of  a  Cubic. 
102.    Reverting  to  the  general  equation 


which  connects  the  symmetroid  and  Jacobian,  it  is  evident  that  if  S,  T,  U,  V  are  the 
derivatives,  in  regard  to  the  coordinates,  of  a  single  cubic  function  U,  =(*$#,  y,  z,  wj*3 
then  the  symmetroid  and  the  Jacobian  become  one  and  the  same  surface;  viz.,  this  is 
the  Hessian  surface  jff=0  derived  from  the  given  cubic  surface.  The  two  corresponding 
points  on  the  symmetroid  and  the  Jacobian  respectively,  and  the  two  corresponding 
points  on  the  Jacobian,  become  one  and  the  same  pair  of  corresponding  points  on  the 
Hessian;  viz.,  either  of  these  points  is  such  that  its  first  polar  surface  in  regard  to 
the  cubic  is  a  quadric  cone  having  for  its  vertex  the  other  corresponding  point.  And 
the  Hessian  surface  unites  the  properties  of  the  Jacobian  and  the  symmetroid,  viz.,  it 
has  10  nodes  and  10  lines.  It  is,  in  fact,  known  that  there  are  five  planes  such  that 
the  intersection  of  every  two  of  them  is  a  line  on  the  Hessian  surface,  and  the  inter- 
section of  every  three  of  them  a  node  on  the  surface  ;  viz.,  if  the  equations  of  the  five 
planes  are  #  =  0,  y-Q,  £  =  0,  w  =  0,  w=0,  then  the  equation  of  the  Hessian  surface  is 


a  ,  6  ,  c  ,  d     e\ 
-H  —  —  ---  h-= 
$    y    z    w     ul 


a  form  which  puts  in  evidence  the  properties  just  referred  to. 


176 


A  MEMOIR  ON   QUARTIC  SURFACES. 


[445 


Quartics  with  11  or  more  Nodes. 

103.  I  mention  two  results  which,  although  they  relate  to  quadric  surfaces  with 
more  than  10  nodes,  present  themselves  in  such  immediate  connexion  with  the  present 
Memoir,  that  it  is  natural  to  speak  of  them.    If,  in  the  equation 

A,  H,  0,  L    =  0, 

H,  B,  F,  M 

0,  F,  (7,  N 

L,  M,  N,  D 

of  the  symmetroid  (A,  5,..,  linear  functions  of  the  coordinates),  we  have  identically 
A  =  0,  then  the  surface  has  evidently  a  node  #=0,  $  =  0,  Z  =  0  ;  viz.,  this  is  a 
node  in  addition  to  the  usual  10  nodes,  or  the  surface  has  in  all  11  nodes.  And  so 
also  if  (identically  in  every  case)  B  is  =0,  there  are  12  nodes;  if  C  is  =0,  there  are 
13  nodes;  and  if  D  is  =0,  there  are  14  nodes.  These  are,  in  fact,  quartic  surfaces 
with  11,  12,  13,  and  14  nodes  respectively,  mentioned  in  Rummer's  Memoir. 

104.  We  may  consider  the  symmetroid   derived   from  the   quadric  surfaces  which 
pass  through  6  given  points  ;  viz.,  taking  as  before  (see  No.  25)  the  coordinates  of  the 
6  points  to  be  (1,  0,  0,  0),  (0,  1,  0,  0),  (0,  0,  1,  0),  (0,  0,  0,  1),  (1,  1,  1,  1),  (a,  ft,  y,  8), 
and  (a,   6,  c,  f,  g,  K)  as  the  coordinates  of  the  line  joining  the    last-mentioned   two 
points;  and,  to  avoid  confusion,  taking  for  the  present  purpose  (X,  7,  Z3  W)  instead 
of  (a,  /3,  7,  S)  for  the  coordinates  of  a  point  on  the  symmetroid,  the  equation  is  obtained 
by  arranging  in  the  form  of  a  determinant  the  coefficients  of  the  quadric  form 


Xx( 

+  Yy(-h% 
+  Zz  (    gx  - 


hy-     gz  +  aw) 

+     fz+bw) 

fy  4-  cw) 


viz.,  the  equation  in  question  is 


aX 
17 
cZ 


aX 


or,  as  it  may  be  more  simply  written, 


67 


cZ 


atf}  +  *JbY{g(Z-X)+bftW} 

This  is,  in  feet,  a  surface  with  16  nodes.  It  would  appear  that  additional  nodes  correspond 
to  the  six  common  intersections  of  the  quadric  surfaces,  or  nodes  of  the  Jacobian; 
and  it  would  seem  that  for  four  quadric  surfaces  having  in  common  1,  2,  3,  4,  5,  or 
6  points,  the  corresponding  symmetroid  would  have  11,  12,  13,  14,  15,  or  16  nodes. 
But  I  reserve  this  for  future  consideration. 
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I  take  the  opportunity  of  mentioning  some  results  which  have  a  connexion,  although 
not  an  immediate  one,  with  the  subject  of  the  present  Memoir. 


Quadric  Surface  through  three  given  Lines. 

105.  To  find  the  equation  to  the  quadric  surface  through  the  three  lines 
(aly  blt  d,  /u  ffi,  ^),  (a2,  &2,  c2,  />,  #j,  h»),  (aS)  &3,  cs,  /3,  gs>  ^3)-  Take  on  one  of  the  lines 
the  points  (a,  /3,  7,  S)  and  (of,  £',  y,  8');  then  the  equation  of  a  quadric  surface  through 
this  line  will  be  of  the  form 

2/2        £2        w"      yz  Z30  xy  cow  yw  zw  !:=0« 

;;    2/3/3x    277     2S8;    P<y'  +  P<y    jcxf  +  ^a    a/3'-fa',3    aS'+a'S 


and  if  we  form  thus  a  determinant  with  three  of  its  lines  relating  to  the  line  1? 
three  of  them  to  the  line  2,  and  three  to  the  line  3,  we  have  the  equation  of  the 
quadric  surface  through  the  three  lines.  But  considering  in  the  determinant  the  three 
lines  which  refer  to  the  line  1,  it  is  clear  that  the  determinant  is  a  function  of  the 
order  3  of  the  coordinates  (alt  bly  c1)t/i,  gl9  7it)  of  the  line  in  question;  and  the  like 
as  regards  the  other  two  lines  respectively.  Now  observe  that  if  two  of  the  lines 
intersect,  the  problem  becomes  indeterminate  (in  fact,  the  plane  of  the  intersecting 
lines,  and  any  plane  whatever  through  the  third  line,  constitute  a  solution);  the  con- 
dition for  the  intersection  of  the  lines  1  and  2  is  a*/*  +  <hf*  +  %s  +  &,&  +  (feAi  +  fcAa  =  Or 
hence,  if  this  condition  be  satisfied,  the  determinant  must  vanish;  it  therefore  divides 
by  the  factor  Oaf2  +  &c.  ;  but,  similarly,  it  divides  by  the  factors  a,/8  +  &c.  and  a3/i-h&c.; 
and  throwing  out  the  three  factors,  the  result  should  be  of  the  order  1,  that  is 
linear,  in  regard  to  the  three  sets  of  coordinates  respectively.  I  have  obtained  this 
reduced  result  in  my  "Memoir  on  the  Six  Coordinates  of  a  Line"  (Cwrib.  Phil  Trams., 
t.  XL,  1869,  p.  311  [435]);  viz.,  writing  (dbc)  to  denote  the  determinant  ^  (&A  -  kfc)  +  &c-; 
and  so  for  the  other  like  determinants,  the  result  is 


[(bch)    -(dbf)]yw+[(cgh) 


Condition  that  five  given  lines  may  lie  in  a  Cubic  Surface. 

106.  Taking  the  lines  to  be  (oj,  bly  %,  fi,  ffi,  hj,  .,.(a5,  bs,  cs,  fs,  g5,  h*),  and 
(a,  &  7,  8),  (a',  #,  7',  S;)  the  coordinates  of  any  two  points  on  one  of  the  lines,  the 
equation  of  a  cubic  surface  through  this  line  would  be 

2S 


c.  vn. 
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Sate', 

3aa'2, 


2aa'/S 


+ 


=0; 


and   hence  it  at  once  appears  that,  forming  a  determinant   of   20  lines,  wherein   four 
lines  relate  to  the  line   15  four  to  the  line   2,  ......  ,  four  to   the  line   5,  and  equating 

this  to  zero,  we  have  the  required  condition.  But  the  condition  so  obtained  is  of  the 
order  (J4.3=)6  in  regard  to  the  coordinates  of  each  line;  and,  as  for  the  quadric,  it 
is  satisfied  identically  if  we  have  any  such  equation  as  c^/a  +  &c.  =  0  ;  it  consequently 
contains  the  several  factors  a^-f&c.,  which  can  be  formed  with  the  coordinates  of  any 
two  of  the  five  lines  ;  and  throwing  out  these  factors,  the  condition  should  be  of  the 
order  2  in  regard  to  the  coordinates  of  each  line.  We  in  fact  know  that  the  required 
relation  between  the  five  lines  is  that  they  shall  all  of  them  be  cut  by  a  sixth  line; 
and  moreover  that,  writing  a1/24-o2/1+  kg*  +  &2#i  +  Ci/ia  +  cA  —  12,  &c.,  then  that  the 
condition  for  this  is 

.,    12,    13,    14,    15    =0, 

21,  .  ,  23,  24,  25 

31,  32,  .,  34,  35 

41,  42,  43,  .,  45 

51,  52,  53,  54, 

being,  as  it  should  be,  of  the  order  2  in  regard  to  the  coordinates  of  each  line. 


Condition  that  7  given  lines  shall  lie  on  a  Quartio  Surface, 

107.  Taking  the  lines  to  be  (a1;  bl}  cl5  /,  gl9  h:\  ...  (a7,  b7,  <v,  /y  ,  g7,  A,),  then  in 
precisely  the  same  way  we  form  a  determinant  of  the  order  (£5  .  4  =)  10  in  regard 
to  the  coordinates  of  each  line;  this  determinant  however  divides  out  by  the  several 
factors  Oj/s  +  &c.,  which  can  be  formed  with  the  seven  lines  ;  or  throwing  these  out 
and  equating  the  quotient  to  zero,  we  have  an  equation  of  the  order  4  in  regard  to 
the  coordinates  of  each  line.  It  would  not  be  practicable  to  obtain  the  reduced 
equation  in  this  manner,  and  I  do  not  know  how  to  obtain  it  otherwise,  but  the 
material  conclusion  is  that  the  order  is  =4. 


The  Jacobian  of  6  points. 

108.    Any  6  points  whatever  may  be  regarded  as  points  on   a    skew  cubic  ;  and 
the  coordinates  (#,   y,   z,   w)  may  be  taken  so  that  the  equations  of  the  skew  cubic 

=0.    This  beiog  so,  the  coordinates  of  the  6  given  points  may  be 
...(!,  *e,  tf,  V);  and  the  equation  of  the  Jacobian  surface  of 


shall  be 

y,  *, 

taken  to  be  (1,  ^  if, 
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the  6  points  can  then   be  expressed  in  a  veiy  simple   form,  putting  in  evidence  the 
passage  of  the  surface  through  the  skew  cubic  ;  viz.  writing 


ft-  WWW: 
moreover, 

D  = 
and  therefore 

£,  D  =  - 
Sy  D  = 
Sz  D  = 


then  the  equation  of  the  Jacobian  surface  is 

3  (  xp*  + 

H-    ( 


+  3  (2^6»  jfl)5  -  W3  8W  D  =  0. 


There  is  not  much  difficulty  in  the  direct  investigation;  but  a  simple  verification  may 
be  obtained  by  showing  that  the  surface  contains  upon  it  the  15  lines  12,  13,...  56. 
Write  in  the  equation 

0,  y,  0,  w)  **(\  +  p,\8  +  i£t,\P  -h/*i3,  X53  +  /#), 

the  values  S^D  &c.  are  found  to  contain  the  factor  X^(s-2)3,  and  omitting  this  common 
factor  the  values  are  as 


the  equation  thus  becomes 


viz.,  collecting  the  terms,  the  coefficient  of  \/A  vanishes,  and  the  whole  is 

-  2X2  (1,  p1;  ft,  ps,  pt,  pt,  p<&$,  -  1)6 
2  (1,  pl9  pi,  p»  p4,  p,,  jpe$,  -  1)6=0  ; 


viz.,  this  equation  is  satisfied  if  5  denote  any  one  of  the  quantities  (^,  ^2,  ^,  tit  U,  t6\ 
and  t  any  one  of  the  same  6  quantities  ;  that  is,  the  equation  of  the  surface  is  satisfied 
when  (x,  y,  z,  w)  are  the  coordinates  of  a  point  on  the  line  joining  any  2  of  the  6 
points, 

23—2 
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Locus  of  the  vertex  of  a  Quadric  Cone  which  touches  each  of  Six  given  Lines. 

109.  Representing  as  before  each  line  by  means  of  its  six  coordinates,  let  (#,  y,  z,  w) 
be  the  coordinates  of  the  vertex,  and  (X,  Y,  Z,  W)  current  coordinates.  Suppose  that 
(a,  b,  cs  f}  g,  h)  are  the  coordinates  of  any  one  of  the  lines,  the  equation  of  the  plane 
through  this  line  and  the  vertex  is 


or,  what  is  the  same  thing,  writing  for  shortness 


S  =  —  ax  —  by  —  cz    . 
the  equation  is 


The  plane  in  question  is  a  tangent  plane  to  the  coue  touched  by  the  6  lines.  Now 
when  6  planes  touch  a  quadric  cone,  their  traces  on  any  plane  whatever  touch  a  conic 
the  intersection  of  the  cone  by  that  plane.  Hence  taking  the  plane  TT=0,  the  equation 
of  the  trace  is 


and  forming  in  like  manner  tne  equations  belonging  to  each  of  the  given  lines,  the 
condition  that  the  6  traces  may  touch  a  conic  is 

(P*,  Qi,  R\  QR,  RP}  PQ)  =  0, 

where  the  left-hand  side  represents  a  determinant  of  6  lines,  the  several  lines  being 
respectively  Px2,  Qf,  Rf,  QiRit  RiPi,  PiQi>  P<?>  &c  .....  Or  more  simply  we  may  denote 
the  equation  by 

[(P,  Q,  JRfl-0. 

To  ascertain  the  form  of  this,  write  for  a  moment  y  =  0,  z  =  0  ;  the  equation  is 

[(aw,  -ha  +  lw,  g%  +  cwy\  =  Q, 
or  attending  only  to  the  highest  and  lowest  powers  of  w,  this  is 

(a,  6,  cfl...+t0W[(a>  -A, 


and  it  is  thence  easy  to  infer  that  the  whole  equation  divides  by  w4;  so  that,  omitting 
this  factor,  the  form  of  the  equation  is 

((a,  6,  o,  /,  g,  Kffo,  y,  z,  wj  =  0  ; 

viz.,  the  equation'  is  of  the  order  8  in  the  coordinates  (x,  y,  z,  w),  and  of  the  degree 
2  in  the  coordinates  (a,  &,  c,  /,  g,  h)  of  each   of   the  lines.    It   would  not   be  very 
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difficult  to  actually  develops  the  equation ;  in  fact,  starting  from  the  term  iu8  [(a,  6,  c)3]  the 
other  terms  are  obtained  therefrom  by  changing  a,  6,  c  into  a-\ — (hy—gz),  b+  —  (—hx+fe), 

c"\ — (9x~~fy)  respectively;  the  equation  may  therefore  be  written  in  the  symbolic  form 
w* .  exp.  1  {(Ay  -  gz)  Sa  +  (-  has  +fe)  Sb  +  (gx  -fy)  Sc} .  [(a,  6,  c)2]  -  0, 

or,  what  is  the  same  thing, 

rt .  exp.  I  {x  (gSc -  AS&)  +  y  (hS*  -fSc)  +  z  (fSb  -^j .  [(a,  6,  c)2]  -  0, 

where  exp.  0  (read  exponential)  denotes  ee,  and  [(a,  6,  c)2]   represents  a  determinant  as 
above  explained.    The  equation  contains,  it  is  clear,  the  four  terms 

of  [(a,  -  h,  gY\  +  f  [(-  A,  6,  -/fl  +  *  [(-  ff,  f,  c)2]  + 1*  [(a,  b,  c)2]. 
I  am  not  sure  whether  this  surface  of  the  eighth  order  has  been  anywhere  considered. 
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ON  THE  MECHANICAL  DESCRIPTION  OF  A  NODAL  BICIRCULAR 

QUARTIC. 

[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  in.  (1869 — 1871), 

pp.  100—106.] 

THE  ingenious  method,  devised  by  Mr  S.  Roberts  (Proceedings,  vol.  n.  p,  133)  for 
the  description  of  a  nodal  bicircular  quartic  suggests  a  further  investigation.  We  have 
a  quadrilateral  QAA'O',  in  which  the  adjacent  sides  OA,  AA'  are  equal  to  each  other, 
and  the  other  two  adjacent  sides  00',  Q'A'  are  also  equal  to  each  other;  0,  0'  are 
fixed  points;  and  we  have  thus  a  link  AA',  the  extremities  of  which  are  connected 


0 


0  0' 

with  the  radii  OA,  Q'A!  respectively,  and  consequently  describe  circles  about  the  centres 
0,  0'  respectively,  the  radius  OA  of  the  one  circle  being  equal  to  the  length  AA'  of 
the  link,  and  the  radius  Q'A'  of  the  other  circle  being  equal  to  the  distance  00f  of 
the  centres.  The  theorem  is,  that  any  point  (7,  rigidly  connected  with  the  link  AA'9 
describes  a  nodal  bicircular  quartic,  that  is,  a  quartic  curve  with  three  nodes  (or 
unicursal  quartic),  two  of  the  nodes  being  the  circular  points  at  infinity.  Any  such 
curve  is  the  inverse  of  a  conic,  and  it  is  also  the  antipode  of  a  conic;  viz.,  if  at  each 
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point  of  the  curve  we  draw  a  line  at  right  angles  to  the  radius  vector  from  the  node, 
these  lines  envelope  a  conic  having  for  its  pedal  the  curve  in  question.  It  is  worth 
noticing  ^  at  the  outset  that  to  a  given  position  of  A'  there  correspond  two  positions 
of  A,  viz.,  the  broken  line  OAA'  may  occupy  two  positions  situate  symmetrically  on 
the  opposite  sides  of  the  line  QA'.  But  to  a  given  position  of  A,  there  corresponds 
only  one  position  of  A ';  viz.,  the  broken  line  AA'Q'  is  situate  symmetrically  with  AOQ' 
on  the  opposite  side  of  the  axis  of  symmetry  O'A ;  the  only  other  position  would  be 
A'  coinciding  with  0,  that  is,  A  A'  with  AO,  and  the  locus  of  C  would  then  be  a 
circle.  If  the  equalities  OA=AA',  O'A'  =  00'  did  not  subsist,  then  to  a  given  position 
of  A1  there  would  correspond  two  positions  of  A,  and  to  a  given  position  of  A  two 
positions  of  A',  and  the  locus  of  G  would  be  of  a  higher  order  than  in  the  actual 
problem. 

^  I  have  called  AA1  the  link ;  Off  may  be  called  the  bar.  OA  is  then  the  link- 
radius,  O'A'  the  bar-radius;  moreover  AA'C  may  be  called  the  constant  triangle;  and, 
producing  OA,  O'A'  to  meet  in  K9  then  AA'K  may  be  called  the  variable  triangle' 
Since  at  any  instant  the  motion  of  A  is  normal  to  RA,  and  the  motion  of  A'  normal 
to  KA'>  it  is  clear  that  the  motion  at  that  instant  of  the  constant  triangle  is  a  motion 
of  rotation  about  the  point  K. 

Imagine  any  two  positions  of  the  link;  say  these  are  A^',  and  A^A*.  Join 
At A*9  and  at  its  mid-point  draw  a  perpendicular  thereto;  join  in  like  manner  AfAf, 
and  at  its  mid-point  draw  a  perpendicular  thereto ;  and  let  these  two  perpendiculars  meet 
in  P;  we  have  the  two  equal  triangles  A^T,  A,A^fT  (viz.,  TA1  =  TA9t  TA^TAJ, 
A1A11/  =  AZAZ)  with  the  common  vertex  P,  and  which  may  be  brought  to  coincide  with 
each  other  by  a  finite  rotation  about  this  point  P.  Considering  any  particular  given 
position  of  P,  if  we  take  the  constant  triangle  AA'O  equal  to  A^'T  or  AZA^T 
(viz.,  AC=*AJ?,  A'C^Ai'T),  then  the  constant  triangle  AAfG  will,  in  the  course  of 
its  motion,  come  at  two  different  times  to  coincide  with  the  triangles  AiAiT  and 
AtA^T  respectively;  that  is,  P  will  be  a  node  on  the  locus  described  by  the  point 
G\  and  moreover,  if  K^  and  Kz  be  the  corresponding  positions  of  K,  then  by  what 
precedes,  the  directions  of  the  motion  (or  tangents  at  the  node)  will  be  normal  to  JEiF 
and  jET^r  respectively. 

It  is  to  be  observed  that  the  point  P  is  determined  by  means  of  two  arbitrary 
positions  AiAi,  AuA2f  of  the  link;  that  is,  the  position  of  P  depends  upon  two 
arbitrary  parameters,  and  therefore  P  may  be  any  point  whatever  in  the  plane ;  if,  for 
an  assumed  position  of  P,  the  two  positions  AiAJ,  A2A%  of  the  link  are  real,  then  P  is 
a  crunode  on  the  locus;  but  if  imaginary,  then  P  is  an  acnode  on  the  locus.  The 
transition  case  is  when  the  two  positions  A^Ai,  AZAZ',  coincide  with  each  other,  P  being 
in  this  case  a  cusp  on  the  locus.  But  from  the  foregoing  general  construction  for  P, 
it  appears  that  when  A^A-f  and  A^A*  coincide,  P  is  in  fact  the  point  K,  the  vertex 
of  the  variable  triangle.  I  find  that  the  locus  of  K  is  a  nodal  bicircular  quaxtic, 
symmetrical  in  regard  to  the  axis  0(7,  and  having  the  point  0  for  a  node ;  viz.,  when, 
as  in  the  figure,  AA'  is  <  00',  then  the  point  0  is  an  acnode,  but  when  AA'  is  >  OO7, 
then  the  point  0  is  a  crunode.  The  curve  in  question — say  the  "cuspidal  locus" — 
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is  a  curve  such  that  any  point  whatever  thereof  is  a  cusp  on  the  curve  described  by 
some  point  0;  it  separates  those  points  T,  such  that  each  of  them  is  a  crunode  on 
the  curve  described  by  some  point  0,  from  the  points  F  which  are  such  that  each  of 
them  is  an  acnode  of  the  curve,  described  by  some  point  G.  If  (as  in  the  figure) 
AA'  is  <  00',  then  the  cuspidal  curve  is  a  closed  curve  (the  inverse  of  an  ellipse), 
the  interior  region  being  crunodal,  and  the  exterior  region  acnodal  If  AA'  is  >  00', 
then  the  cuspidal  curve  is  a  figure  of  eight  (inverse  of  a  hyperbola),  the  two  interior 
regions  being  crunodal,  and  the  exterior  region  acnodal. 

Passing  now  to  the  analytical  investigation,  I  take  the  origin  at  0,  the  axis  of 
x  being  in  the  direction  from  0  to  0',  and  the  axis  of  y,  at  right  angles  thereto, 
upwards  from  0.  The  inclinations  of  0-4,  AA',  O'A'  to  the  axis  Ox,  are  taken  to  be 
0,  <£,  &  respectively.  I  write  also  OA  =  AA'  =  a,  and  00'  =  0' A'  =  a,' ;  and 


a  —  a 


a' 
or,  what  is  the  same  thing, 


m  :  1  :  I  +m  :  1  —  m  =  a'  —  a  :  a!  4-  a  :  2a'  :  2a  ; 
and  finally  AB  =  b,  BC=c. 

Observing  that  the  angle  A  A'O'  is  =  0,  we  have  ff  =  6  +  <f>  ;  and  then,  in  the 
quadrilateral  QAA'O',  the  angles  A,  0'  are  =  7r-0-i-<£,  TT  —  0  —  (f>  respectively;  whence, 
projecting  on  the  diagonal  QA',  we  have 


a  cos  J  (6  —  $)  =  a'  cos  £  (6  +  </>), 
which,  attending  to  the  value  of  m,  is 

tan  $0  tan  W>  =  m ; 


whence,  writing 

tan  ^6  =  u, 
we  have 

MI 

u 

and  the  sines  and  cosines  of  the  angles  0,  <£,  &  can  be  all  of  them  expressed  in  terms 
of  the  single  parameter  u. 

For  the  locus  of  G  we  have 

x  =  a  cos  9  -h  b  cos  <£  —  c  sin  <£, 
y  =  a  sin  0  +  6  sin  <j>  +  6  cos  </>, 
or,  instead  of  0,  £  introducing  u,  we  have 


#  =  -  a 
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which,  in  fact,  show  that  the  locus  is  a  bicircular  quartic.  To  put  in  evidence  the 
third  node,  I  assume  that  the  values  belonging  thereto  are  H  —  UH,  w  =  w2,  and  that 
the  coordinates  of  the  node  are  a,  ft ;  -we  have  thus 

„  V  -  1  ,  7  %2  -  ftf         ZmUi  uf  - 1     ,  uf  -  ra2 

• 


.       i-         _  3     ,  r      mw2         ^      m 

t7T^'~~a^ 

These  give  6,  c,  a,  /9  in  terms  of  a,  m,  ^,  w3;  and  we  may  then  express  the  values 
of  x  —  a,  y  —  j3  in  terms  of  a,  m,  i^,  2^,  z^    I  find 


and  then 


m-fl 


+  ** 


^=£  (^ 

and  then 


where,  of  course,  the  factors  (u—  u^)t  (u  —  w2)  indicate  the  node  (a,  #).    We  have  moreover 

{*    fly 

(a     a/ 
so  that,  -writing 

x  —  a  _  _  1          [(1  —  «!«.))  (it?  +  m)  +  (1  —  m)  («!  +  MS)  w] 

ftyt       2  (m+1)  a 


(«-  it,)  («-«») 
c.  vn.  24 
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we  have  the  locus  as  the  inverse  of  a  conic.  To  exhibit  it  as  the  antipode  of  a  conic, 
taking  Xt  Y  as  current  coordinates  measured  from  the  node  as  origin,  the  equation  of 
the  line  through  a  point  of  the  locus,  at  right  angles  to  the  radius  vector  from  the 
node,  is 


or,  substituting  for  («-«),  (y-0)  their  values,  this  is 

X  [(1  -  «!  M,)  (u*  +  m)  +  (1  -  ro)  fa  +  w2)  w] 
•f  7[(tti+Wa  )(u'  +  m)-(l-w)(l  -i^) 

and  the  antipodal  conic  is  thus  the  envelope  of  the  line  represented  by  this  equation. 
Putting  for  shortness 


the  equation  is 
w2{P  +  2( 
and  the  equation  of  the  conic  therefore  is 


so  that  the  conic  touches  each  of  the  lines  P  +  2  (wi+l)a  =  0,  mP  +  2  ( 

at  its  intersection  with  the  line  (1-m)  Q  -  2(m+l)at«1  =  0.    If  these  lines  were  con- 

structed, one  other  condition  would  suffice  for  the  construction  of  the  conic. 

The  before-mentioned  equations 


a 


give 

and  thence 


m       1  - 


13     _       m 


which  determine  ^1  +  ^2  and  i^^  rationally  in  terms  of  a,  j8.    For  the  cuspidal  curve, 
writing  ^  =  ^2  =  ^,  we  have 


1  - 


m 
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which  show  that  the  cuspidal  curve  is  the  inverse  of  a  conic  (viz.,  of  an  ellipse,  if, 
as  in  the  figure,  m  is  positive).  The  result  in  the  very  same  form  would  be  obtained 
by  considering  the  curve  as  the  locus  of  the  vertex  K  of  the  variable  triangle. 

If  we  imagine  a  plane  rigidly  connected  with  the  link  AA',  and  carried  along 
with  it,  then  (6,  c)  are  the  coordinates  of  the  point  0  in  this  moveable  plane;  and 
if,  as  above,  (a,  ft)  are  the  coordinates  of  the  node,  then  (6,  c)  and  also  (a,  ft),  are 
given  functions  of  (^,  ^).  We  have  thus  (6,  c)  functions  of  (a,  ft),  and  reciprocally 
(a,  ft)  functions  of  (6,  c)  ;  that  is,  we  have  a  correspondence  between  the  points  of  the 
fixed  plane  and  those  of  the  variable  plane.  It  is  worth  while  to  investigate  the  nature 
of  this  correspondence,  although  the  result  does  not  appear  to  be  one  of  any  elegance. 

Writing 

*  _  (m  +  1)  a      a 


m 

ft 

a2 


„ 

we  may,  in  place   of  (a,  /3),  consider  the  point  in  the  fixed  plane  as  given  by  means 
of  the  inverse  coordinates  (A,  B).    And  then,  if  P  =  UL  +  U*>  q^l-^u^  we  have 


whence 


+  A    '  ~     l+A     ' 


Hence 


m  fi  a\  m  +  lr.  ,  ,x  - 
-  6  +  -  =  -r  -  ,  [p2  -  (m  -  1)  01 
a  \  mj  p*  +  q*lt^  ^  '  ^ 


m       m  +  1 

c=- 

a 


which  determine  (6,  c)  in  terms  of  (p,  q) ;   that  is,  of  (A,  B)  or  of  (a,  ft). 

In  reference  to  some  other  constructions  given  in  Mr  Roberts'  paper,  it  may  be 
remarked  that  if  we  have  a  moveable  plane  I^  always  coincident  with  a  fixed  plane 
FT,  and  if  a  condition  of  the  motion  is  that  a  circle  Olt  fixed  in  the  plane  I^  and 
carried  along  with  it,  always  touches  a  fixed  circle  0  in  the  plane  II,  then  this  same 
condition  may  be  expressed  indifferently  in  either  of  the  forms — (1)  a  circle  Gl  in  the 
plane  E!  always  passes  through  a  fixed  point  of  II;  (2)  a  point  in  the  plane  IIj  is 
always  situate  on  a  fixed  circle  C  in  the  plane  II.  But  if  either  of  the  circles  C,  GI 
reduce  itself  to  a  line,  then  we  have  two  distinct  forms  of  condition;  viz.,  first,  if  a 
fixed  line  L±  in  the  plane  I^  always  touches  a  fixed  circle  G  in  the  plane  II,  this 
is  equivalent  to  the  condition  that  a  fixed  line  Lt  in  the  plane  H  always  passes 

24—2 
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through  a  fixed  point  of  the  plane  II.  And  secondly,  if  a  fixed  circle  GI  in  the  plane  I^ 
always  touches  a  fixed  line  L  in  the  plane  II,  this  is  equivalent  to  the  condition  that 
a  fixed  point  in  the  plane  II,.  is  always  situate  in  a  fixed  line  LI  in  the  plane  IIj. 
The  different  forms  of  condition  therefore  are  : 

(a)  A  fixed  circle  C^  in  the  plane  E^  always  touches  a  fixed  circle  G  in  the 
plane  II  (where,  as  above,  either  circle  indifferently  may  be  reduced  to  a  point). 

(/3)  A  fixed  line  L±  in  the  plane  E^  always  passes  through  a  fixed  point  G  in 
the  plane  II. 

(7)  A  fixed  point  d  in  the  plane  H  is  always  situate  in  a  fixed  line  L  of  the 
plane  II.  • 

Hence,  if  the  motion  of  the  plane  IIj  satisfy  any  two  such  conditions  (of  the 
same  form  or  of  different  forms,  viz.,  the  conditions  may  be  each  a,  or  they  may  be 
a  and  ft,  &c.),  then  the  motion  of  the  plane  H  will  depend  on  a  single  variable 
parameter,  and  the  question  arises  as  to  the  locus  described  by  a  given  point,  or 
enveloped  by  a  given  line,  of  the  plane  II;  and  again  of  the  locus  traced  out,  or 
enveloped,  on  the  moving  plane  Hi  by  a  given  point  of  the  plane  II.  The  case  con- 
sidered in  the  present  paper  is  of  course  a  particular  case  of  the  two  conditions  being 
each  of  them  of  the  form  a. 

It  may  be  remarked,  that  if  the  two  conditions  be  each  of  them  j3,  then  there 
will  be  in  the  plane  IIj.  a  fixed  point  Gl  which  describes  a  circle ;  and  similarly,  if 
the  two  conditions  be  each  of  them  7,  then  there  will  be  in  the  plane  nx  a  fixed 
point  Oi  which  describes  a  circle  (x);  that  is,  the  combination  /3/3  is  a  particular  case 
of  aft,  and  the  combination  77  a  particular  case  of  a<y. 

1  The  theorem  is,  that  if  an  isosceles  triangle,  on  the  base  A  A'  and  with  angle  =2w  at  the  vertex  C, 
slide  between  two  lines  OA,  OA'  inclined  to  each  other  at  an  angle  w,  in  such  manner  that  C  is  the  centre 
of  the  circle  circumscribed  about  QAA',  then  the  locus  of  C  is  a  circle  having  0  for  its  centre. 
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ON  THE  RATIONAL  TRANSFORMATION  BETWEEN  TWO  SPACES. 


[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  m.  (1869—1871), 
pp.  12*7—180.    Account  of  the  Paper  given  at  the  Meeting  11  March  1869.] 

Two  figures  are  rationally  transformable  each  into  the  other  (or,  say,  there  is  a 
rational  transformation  between  the  two  figures)  when  to  a  variable  point  of  each  of 
them  there  corresponds  a  single  variable  point  of  the  other.  The  figures  may  be 
either  loci  in  a  space,  or  locus  in  quo  of  any  number  of  dimensions;  or  they  may 
be  such  spaces  themselves.  Thus  the  figures  may  be  each  a  line  (or  space  of  one 
dimension),  each  a  plane  (or  space  of  two  dimensions),  or  each  a  space  of  three 
dimensions;  these  last  are  the  cases  intended  to  be  considered  in  the  present  Memoir, 
which  is  accordingly  entitled,  "On  the  Rational  Transformation  between  Two  Spaces." 
I  observe  in  explanation  (to  fix  the  ideas,  attending  to  the  case  of  two  planes),  that 
any  rational  transformation  between  two  planes  gives  rise  to  a  rational  transformation 
between  curves  in  these  planes  respectively  (one  of  these  curves  being  any  curve  what- 
ever): but  non  constat,  and  it  is  not  in  fact  the  case,  that  every  rational  transformation 
between  two  plane  curves  thus  arises  out  of  a  rational  transformation  between  two 
planes.  The  problem  of  the  rational  transformation  between  two  planes  (or  generally 
between  two  spaces)  is  thus  a  distinct  problem  from  that  of  the  rational  transformation 
between  two  plane  curves  (or  loci  in  the  two  spaces  respectively). 

I  consider  in  the  Memoir,  (1)  the  rational  transformation  between  two  lines; 
this  is  simply  the  homographic  transformation:  (2)  the  rational  transformation  between 
two  planes;  and  here  there  is  little  added  to  what  has  been  done  by  Prof.  Cremona 
in  his  memoirs,  "Sulle  Trasformazioni  Geometriche  delle  Figure  Piane,"  (Mem.  di 
Bologna,  t.  II.,  1863,  and  t.  v.,  1865;  see  also  "On  the  Geometrical  Transformation 
of  Plane  Curves,"  BrMsh  Assoc.  Report,  1864) :  (3)  the  rational  transformation  between 
two  spaces;  in  regard  hereto  I  examine  the  general  theory,  but  attend  mainly  to 
what  I  call  the  lineo-linear  transformation;  viz.,  it  is  assumed  that  the  coordinates 
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of  a  point  in  the  one  space,  and  the  coordinates  of  the  corresponding  point  in  the 
other  space  are  connected  by  three  lineo-linear  equations  (that  is,  each  equation  is 
linear  in  the  two  sets  of  coordinates  respectively).  The  lineo-linear  transformation 
presents  itself  in  the  preceding  two  cases;  viz.,  between  two  lines,  the  homographic 
transformation  (which,  as  already  mentioned,  is  the  only  rational  transformation)  is 
lineo-linear;  and  between  two  planes,  the  lineo-linear  transformation  is  in  fact  the 

well-known  inverse  transformation  \sf  :  y'  :/  =  -:-:  -J .    As  regards  two  spaces,  the 

\  y      * 

lineo-linear  transformation  has  not,  I  think,  been  discussed  in  a  general  manner,  and 
it  gives  rise  to  a  theory  of  some  complexity,  and  of  great  interest. 


The  General  Prindpk  of  the  Rational  Transformation  between  Two  Spaces. 

1.  In  all  that  follows,  the  two  spaces  (lines,  planes,  or  three  dimensional  spaces, 
as  the  case  may  be),  or  any  corresponding    loci    in   the    two    spaces   respectively,  are 
referred  to  as  the  first  and  second  figures  respectively.    The  two  figures  are  in  general 
considered,  not  as  superimposed  or  situate  in  a  common   space,  but  as  existing,  each 
independently  of  the  other,  as  a  separate  locus  in  quo  or  figure  in  such  locus.     The 
unaccented    coordinates    (#,  y\   (#,  y,  z\   or   (#,  y,  z>  w),   as   the  case  may  be,  refer 
throughout    to    a    point    of   the    first    figure ;    the    accented    coordinates    refer    in    like 
manner    to   the    corresponding   point   of   the  second  figure  (x).     Moreover  X,  F, ...   are 
used  to  denote  functions  of  the  same  order,  say  n.  of  the  coordinates  (x9  y, ...);   viz., 
(X,   Y)   are    each    of   them    of   the    form   (*$#,  y)n\   (X,    7,  Z)   each    of  the  form 
(*$#>  y>  %T*  (%9  Y>  %>  W)   each    of    the   form   (*$#,  y,  z,  w)n,  as   the   case   may   be; 
and  in  like  manner  X',  Y', ...  are  used  to  denote  functions    of    the  same  order,  say 
ri,  of  the  coordinates  (#',  /, ...).    This  being  so:' 

The  condition  of  a  rational  transformation  is  that  we  have  simultaneously 

«f  -.T/,...=X:  Y,...;        a,:  y,. ..=!':  7',... 
viz.,  these  equations  must  be  such  that  either  set  shall  imply  the  other  set. 

2.  If,  to  fix  the  ideas,  we  attend   to  the  case  of  two  planes,   or  take  the  sets 

of  :  y'  :  /-Z  :  7  :  Z;        a  :  y  :  z  =  X'  :  7'  :  Z', 

1  The  coordinates  (#,  y)  of  a  point  in  a  line  may  be  conceived  as  proportional  to  given  multiples 
(a  times,  j8  times)  of  the  distances  of  the  point  from  two  fixed  points  on  the  line ;  similarly  the  coordinates 
(05,  y,  z)  of  a  point  in  a  plane  as  proportional  to  given  multiples  (a  times,  £  times,  y  times)  of  the  perpen- 
dicular distances  of  the  point  from  three  fixed  lines  in  the  plane;  and  the  coordinates  (a,  y,  *,  w)  of  a 
point  in  a  space  as  proportional  to  given  multiples  (a  times,  j8  times,  7  times,  $  times)  of  the  perpendicular 
distances  of  the  point  from  four  fixed  planes  in  the  space.  Observe  that  even  if  the  coordinates  (a;,  y)  and 
(x't  y')  refer  to  the  same  line,  and  to  the  same  two  fixed  points  in  this  line,  they  are  not  of  necessity  the 
same  coordinates ;  viz.,  the  factors  for  »,  y  may  be  a,  ft  and  those  for  a/,  y'  may  be  a',  0'.  If  these  are 
proportional  (viz.,  if  a  :  j9=a'  :  0*),  then  (a/,  y')  will  be  the  same  coordinates  of  P  that  (a,  y)  are  of  P; 
and  in  this  case,  but  not  otherwise,  the  equation  xy'-x'y^Q  will  imply  the  coincidence  of  the  points  P,  P. 
The  like  remarks  apply  to  the  coordinates  (a,  y,  z)  and  (x,  y,  z,  w). 
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then  starting  with  the  set  a!  :  y'  :  /  =  Z  :  F  :  Z,  for  any  given  point  (x,  y,  z)  what- 
ever in  the  first  figure,  we  have  a  single  corresponding  point  (si,  y',  z')  in  the  second 
figure  ;  but  for  any  given  point  (#',  y\  z'}  in  the  second  figure,  we  have  primd  fade 
a  system  of  na  points  in  the  second  figure,  viz.,  these  are  the  common  points  of 
intersection  of  the  curves  a/  :  y'  :  /=X  :  Y  :  Z  (in  which  equations  of,  y',  z'  are 
regarded  as  given  parameters,  cc,  y,  z  as  current  coordinates,  and  the  equations  there- 
fore represent  curves  of  the  order  n  in  the  first  figure).  The  curves  may  however 
have  only  a  single  variable  point  of  intersection;  viz.,  this  will  be  the  case  if  each 
of  the  curves  passes  through  the  same  n*  -  1  fixed  points  (points,  that  is,  the  positions 
of  which  are  independent  of  x',  y",  /);  and  in  order  that  the  curves  in  question  may 
each  pass  through  the  tf  -  1  points,  it  is  necessary  and  sufficient  that  these  shall  be 
common  points  of  intersection  of  the  curves  X  =  0,  7=0,  Z=Q.  {Observe  that  the 
condition  thus  imposed  upon  the  curves  X  =  0,  7=0,  Z=Q  will  in  certain  cases 
imply  that  the  curves  have  n2  common  intersections;  or,  what  is  the  same  thing,  that 
the  functions  X,  7,  Z  are  connected  by  an  identical  equation,  or  syzygy,  aX  +  j3Y+yZ=Q. 
This  must  not  happen;  for  if  it  did,  not  only  there  will  be  no  variable  point  of 
intersection,  and  the  transformation  will  on  this  account  fail;  but  there  would  also 
arise  a  relation  a#'  +  $z//  +  7/=0  between  (#',  yf,  /),  contrary  to  the  hypothesis  that 
(#',  /,  /)  are  the  coordinates  of  any  point  whatever  of  the  second  figure.  It  thus 
becomes  necessary  to  show  that  there  exist  curves  Jf  =  0,  7=0,  Z=Q}  satisfying  the 
required  condition  of  the  ?i2  —  1  common  intersections,  but  without  a  remaining  common 
intersection,  or,  what  is  the  same  thing,  without  any  syzygy 


3.  The    curves    $  :  yf  :  z'  =  X  :  7  :  Z   having   then    a   single    variable   point   of 
intersection,  if  we  take  (#,  y,  z)  to  be  the  coordinates  of  this  point,  the  ratios  x  :  y  :  z 
will  be  determined  rationally;    that  is,  as  a  consequence  of  the  first  set  of  equations, 
we   obtain   a    second    set   x  :  y  :  z  =  X'  :  F  :  Z',  where  X',    7',  Z'  will   be   rational 
and  integral  functions  of  the  same  order,   say  ri,  of  the  coordinates  (xf,  yf)  /);   that 
is,  we  have  a  second  set  of  equations,  and  consequently  a  rational  transformation,  as 
mentioned  above. 

4.  It    is    easy   to    see  that  we  have  ri  =  n,   in  fact,  consider  in  the  first  figure 
a    curve    &X  +  /3Y+yZ=Q,   and   an    arbitrary  line    o®  +  by  +  C2  =  Q  ;    to    these    respec- 
tively  correspond,   in   the    second   figure,   the    line    oaf  +  Ptf  +  yz'^Q,    and    the    curve 
aX'  +  bY'  +  cZ'  =  0  ;    the  curves  are  of  the  orders  n,  ri  respectively,  or  the  curve  and 
line  of  the  first  figure  intersect  in  n  points,  and  the  line  and  curve   of   the   second 
figure  intersect  in  n'  points;    which  two  systems   of  points  must  correspond  point  to 
point  to  each  other;   that   is,  we  must   have   ri  =  n.     It   will   presently   appear  how- 
different  the  analogous  relation  is  in  the  transformation  between  two  spaces. 

5.  Ascending  to  the  case  of  two  spaces,  we  have  here  the  two  sets 

of  :  y'  :  /  :  w'  =  X  :  7  :  Z  :  W  ;        sc  :  y  :  z  :  w  =  X'  :  Y'  :  Z'  :  TP, 

the  theory  is  analogous;  the  surfaces  x'  :  /  :/:«/  =  X  :  Y  :  Z  :  W  (surfaces  of  the 
order  n  •  in  the  first  figure)  must  have  a  single  variable  point  of  intersection,  and  they 
must  therefore  have  a  common  fixed  intersection  equivalent  to  ra8—  1  points  of  inter- 
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section:  I  say  equivalent  to  n3  —  1  points,  for  this  fixed  intersection  need  not  be 
n*  - 1  points,  but  it  may  be  or  include  a  curve  of  intersection^).  The  surfaces 
Jf  =  0,  F=0,  Z=*Q,  W=Q  must  consequently  have  a  common  intersection  equivalent 
to  w3  —  1  points ;  there  is  (as  in  the  preceding  case)  a  cause  of  failure  to  be  guarded 
against,  viz.,  the  condition  as  to  the  intersection  must  not  be  such  as  to  imply 
one  more  point  of  intersection,  that  is,  to  imply  an  identical  equation  or  syzygy 
aZ  +  /?F+7-£+SF=0  between  the  functions  X,  7,  Z,  Tf;  but  it  is  assumed  that 
they  are  not  thus  connected.  There  is,  then,  a  single  variable  point  of  intersection  of 
the  surfaces  of  :  yf  :  /  :  w'  =  X  :  7  :  Z  :  W\  or  taking  the  coordinates  of  this  point 
to  be  (#,  y,  z,  w\  we  have  the  ratios  x  :  y  :  z  :  w  rationally  determined;  that  is,  we 
have  a  second  set  of  equations  x  :  y  :  z  :  w  « X'  :  T  :  Z'  :  F',  where  X',  F',  Z1,  W 
are  rational  and  integral  functions  of  the  same  order,  say  n',  in  the  coordinates 
(#',  y7,  2',  w')  ]  viz.,  we  have  the  rational  transformation,  as  above,  between  the  two 


6.    Suppose  that  the  common  intersection  of  the  surfaces  JT  =  0,  F=0,  Z  =  Q,  TF  = 
is  or  includes  a  curve  of  the  order  v  \  and  consider  in  the  first  figure  the  two  surfaces 


and  the  arbitrary  plane  a%  +  by  +  oz  +  <fe;  =  0.  The  two  surfaces  intersect  in  the  fixed 
curve  v,  and  in  a  residual  curve  of  the  order  nz  —  v  ;  hence  the  two  surfaces  and  the 
plane  meet  in  v  points  on  the  fixed  curve,  and  in  n2  -  v  other  points.  Corresponding 
to  the  surfaces  and  plane  in  the  first  figure,  we  have  in  the  second  figure  the  two 

=  0, 

and  the  surface  a3?  +  b7r  +  cZ'  +  dWr*=Q  of  the  order  n':  these  intersect  in  n'  points, 
being  a  system  corresponding  point  to  point  with  the  n*  —  v  points  of  the  first  figure; 
that  is,  we  must  have  n'  =  n*  —  v.  And  conversely,  it  follows  that  in  the  second  figure 
the  common  intersection  of  the  surfaces  X'  =  Q,  F'  =  0,  £'  =  0,  F'  =  0  will  be  or  include 
a  curve  of  the  order  v  ;  and  that  we  shall  have  n  =  n'2  -  v.  Hence  also 

v-  v'  =  (n  -  n!)  (n  +  ri  +  1). 

7.  The  principle  of  the  rational  transformation  comes  out  more  clearly  in  the 
foregoing  two  cases  than  in  the  case  of  two  lines,  which  from  its  very  simplicity  fails 
to  exhibit  the  principle  so  well;  and  I  have  accordingly  postponed  the  consideration  of 
it  :  but  the  theory  is  similar  to  that  of  the  foregoing  cases.  We  must  have  the 
two  sets  (each  a  single  equation)  at  :  y'  =  X  :  F,  and  $  :  y  =  X'  :  Y.  The  equation 
a!  :  yf  =  X  :  T  must  give  for  the  ratio  %  :  y  a  single  variable  value  ;  viz.,  there  must 
be  7i  —  1  constant  values  (values,  that  is,  independent  of  so1,  y^i  this  can  only  be  the 
case  by  reason  of  the  functions  having  a  common  factor  M  of  the  order  n  —  1  ;  but 
this  being  so,  the  common  factor  divides  out,  and  the  equation  assumes  the  form 
af  :  tf  =  X  :  F,  where  X,  F  are  linear  functions  of  (a,  y)  :  and  we  have  then  reciprocally 

1  The  curve  of  intersection  may  consist  of  distinct  curves,  each   or  any  of  which  may  be  'a  singular 
curve  of  any  kind  in  regard  to  the  several  surfaces. 
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sc  :  y  =X'  :  7',  where  X',  Y'  are  linear  functions  of  (#',  y').  Thus  in  the  present  case, 
instead  of  an  infinity  of  transformations  for  different  values  of  n}  ri,  we  have  only  the 
well-known  hornographic  transformation  wherein  ?i=7i'=l. 

8.  In  the  discussion  of   the    foregoing   cases    of   the   transformation    between    two 
planes   and  two  spaces,  it  was  tacitly  assumed    that   n  was   greater   than   1,  and   the 
transformations    considered    were    thus    different    from   the    hornographic    transformation; 
but  it  is  hardly  necessary  to  remark   that    the  homographic  transformation   applies   to 
these    cases    also;    viz.,    for    two    planes    we    may    have    of  :  y'  :  z'  =  X  :  Y  :  Z,    and 
as  :  y  :  z  =  X'  :  T  :  Z',   where  (X,  7,  Z),  (X',  7',  Zf)  are  linear  functions  of  the  two 
sets  of  coordinates  respectively  ;  and  similarly  for  two  spaces  of  :  /  :  z'  :  w'  =  X  :  Y  :  Z  :  W 
and  at  :  y  :  z  :  w  =  X'  :  Y'  :  Z'  :  W,  where   (Z,  7,  Z,  W),  (X',  7',  Z',  W)  are  linear 
functions  of  the  two  sets  of  coordinates  respectively.    We  may,  if  we  please,  separate 
off  the  homographic  transformation  (as  between  two  lines,  planes,  and  spaces  respectively), 
and  restrict  the  notion  of  the  rational  transformation  to  the  higher  or  non-linear  trans- 
formations;   in  this  point  of  view,   the  case  of  two   lines  would  not  be  considered  at 
all,  but  the  theory  of   the  rational  transformation  would   begin  with  the  case  of   the 
two   planes.     Such  severance  of  the   theory  is,  however,  somewhat  arbitrary;  and  more- 
over the   homographic  transformation  between  two  lines  (being,  as  mentioned,  the   only 
rational  transformation)  is  analogous  not  only  to  the  homographic  transformation  between 
two  planes,  and  to  the  homographic  transformation  between  two  spaces,  but  it  is  also 
analogous  to  the  lineo-linear  (or  quadric)  transformation  between  two  planes,  and  to  the 
lineo-linear  (which  is  a  cubic)  transformation  between  two  spaces. 

9.  For  the  sake  of  bringing  out  this  analogy,  I  shall  consider  in  some  detail  the 
homographic  transformation  between  two  lines;  but  as  regards  the  homographic  trans- 
formations between  two  planes  and  between  two  spaces  respectively  (although  there  is 
room  for  a  like  discussion)  the  theories  may  be  considered  as  substantially  known,  and 
I  do  not  propose  to  go  into  them. 

The  Homographic  Transformation  between  Two  Lines. 

10.  By  what  precedes,  it  appears  that  we  have  of  :  y'  =  X  :  7,  where  (Z,  7)  are 
linear   functions    of   (a,  y);    and   conversely,  sc  :  y  =  X'  :  7',   where   X',    Y'  are   linear 
functions  of  (a/,  y')  ;   or  what  is  the   same  thing,  the  relation  is  expressed  by  a  single 

equation 

(ax  +  by)  of  +  (ex  +  dy)  y'  =  0  ; 

or,  as  this  may  conveniently  be  written, 


or,  when  the  expression  of  the  actual  values  of  the  coefficients  is  unnecessary, 


We  thus  see  that  the  rational  transformation  between  two  lines  is  in  fact  the  homo- 
graphic  transformation;  and  also  that  it  is  the  lineo-linear  transformation. 

a  vii.  25 
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11,    A  special  case  is  when 

ad-6c  =  0. 
Writing  here 

c     d  V 

a  =  b=m>  =a" 
the  equation  is 


that  is 

(ass  +  by)  (a'  of  +  by)  =  0  ; 

viz.,  either  a%  +  by  =  0,  without  any  relation  between  #',  yf  ;  or  else  aV  +  Vyf  =  0, 
without  any  relation  between  as,  y\  that  is,  to  the  single  point  a%  +  by  =  Q  of  the  first 
figure  there  corresponds  any  point  whatever  of  the  second  figure  ;  and  to  the  single 
point  aV  +  6'y7  —  0  of  the  second  figure  there  corresponds  any  point  whatever  of  the 
first  figure. 

12.  In  the  general  case  where  ad  —  6c^0,  we  may  either  by  a  linear  transformation 
(ax  +  by,  c%  +  dy  into  y,  —  %  or  into  as,  —y)  of  the  coordinates  of  a  point  of  the  first 
figure,  or  by  a  linear  transformation  (ax'  +  cy',  bx'  +  dy'  into  yf>  -of  or  into  #',  -y')  of 
the  coordinates  of  a  point  in  the  second  figure  (or  in  a  variety  of  ways  by  simultaneous 
linear  transformations  of  the  two  sets  of  coordinates)  transform  the  relation  indifferently 
into  either  of  the  forms  %y'  —  #'i/  =  0,  ##'  —  yyf  =  0;  the  former  of  these,  or  of  :  yf—x  :  y,  is 

the  most  simple  expression  of  the  homographic  transformation  ;  the  latter,  or  x'  :  y'  =  -  :  -  , 

®    y 
is  its  expression  as  an  inverse  transformation. 

13.  If,  to  fix   the   precise  signification  of  the  coordinates  (0,  y),  we  employ  the 
distances  from  a  fixed  point  0   in  the  line  ;   taking   the   distances   of   the   two    fixed 
points  (say  A,  B)  to  be  a,  ft,  and  that  of   the   variable  point  P   to  be  p,  then  we 
have  x,  y  proportional  to  given  multiples  p(p-z),  q(p—@)  of  the  distances  from  the 

two  fixed  points;    or  writing  -  =  n,   we  may  say  that  the  coordinate  -   of  the  point 

•/  y 

P  is   =ft£  —  |;    or   in   particular,   if    n=  1,  then  the   coordinate    is   =  £-"^.     If   for 
p—p  p—  p 

n-  —  ^  we  write   -  --  —  -5,  and  then   take  /3  =  oo;  we  see  that  in  a  particular  system 
p-p  /?~p 

of  coordinates,  A  at  0,  B  at  oo,  the  coordinate  -   is  s=p.     Proceeding   in   the   same 

y 
manner   in   regard   to   the   coordinates   (#',  y'\   for  a  particular  system  of   coordinates, 

#' 
A1  at    0',  B'  at   oo,    the    coordinate   —  ,  of  P  will   be    -p.    And  the    correspondence 

y 

of  the  points  P,  P  will  be  given  by  an  equation 


app 

14.  The  equation  just  mentioned  is  often  convenient  for  obtaining  a  precise  statement 
of  theorems.  Thus  taking  A,  B  at  pleasure  on  the  first  line,  A',  B1  the  corresponding 
points  on  the  second  line,  we  have 

/        cp  +  d 
p  "     ap  +  b' 
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and  thence 

,        ecu  -\-d 

OL   — 7   , 

aa+b' 


a/3  +  b* 

p-a) 


Q          _ 
P 


6)' 
and  consequently 

p  —  of  _a@+b  /?-« 
p'-P~aa  +  b  J^ft9 
which  is  of  the  form 

P'—GL_     p—  a. 

- 


where  (the  correspondence  app'  +  bp'  +  cp  +  d  =  Q  being  given,  and  also  the  fixed  points 
A,  E)  m  has  a  determinate  value  not  assumable  at  pleasure.  If,  however,  the  fixed 
points  A,  S  be  not  given,  then  we  may  determine  a  relation  between  them,  such  that 
m  shall  have  any  given  value  not  being  =  1  ;  we  have  in  fact  only  to  write 

a/3  +  b  =  m  ( 
that  is 


=  l  would  give  a  =  /3  and  the  transformation  would  fail).    In  particular  we  may  write 
=  —  1,  we  have  then 


or  the  sum  of  the  two  distances   OA,  OS  has  a  given  value  =  --  dependent  on  the 

transformation;    one  of   these  points    being  assumed  at  pleasure,  the    other   is   known; 
the  points  A';  B'  are  also  known,  and  the  equation  of  correspondence  is 


it  is  moreover  easy  to  show  that  we  have 


15.  In  what  precedes,  the  two  lines  are  considered  as  distinct  lines,  not  of 
necessity  existing  in  a  common  space.  But  they  may  be  considered,  not  only  as 
existing  in  the  common  space,  but  as  superimposed  the  one  on  the  other.  Suppose 
this  is  so,  and  moreover  that  the  fixed  points  A',  Bf  coincide  with  A,  B  respectively, 
and  that  the  coordinates  (#,  y)  and  (#',  y')  are  the  same  coordinates;  so  that  the 
equation  xy1  —  %'y  =  Q  will  imply  the  coincidence  of  the  points  P,  P'. 

25—2 
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16.    If  ad—  6c=0,  the  equation  of  correspondence  becomes 


and  as  before,  to  a  single  given  point  aM  +  by  =  0,  considered  as  belonging  to  the  first 
figure,  there  corresponds  every  point  whatever  of  the  line,  or  second  figure:  to  a 
single  given  point  aV  +  6y  =  0  (the  same  as,  or  different  from,  the  first  point), 
considered  as  belonging  to  the  second  figure,  there  corresponds  every  point  whatever 
of  the  line,  or  first  figure, 

17.  Excluding  the  foregoing  case,  or  assuming  ad  —  bc^Q,  there  are  in  general  on 
the   line    two   points    such    that    to    each    of   them   considered  as    belonging   to   either 
figure  there  corresponds  the    same  point  considered  as   belonging  to   the   other  figure, 
or    say    there    are    two    united    points:     in    fact,     writing    xf  :  y'  =  x  :  y,    we    find 
ax?  +  (b-}-c)xy  -fcfo/2  =  0,   a    quadric    equation    for   the    determination    of   the    points    in 
question.     Unless    4<ad  —  (6  -f  c)2  =  0,  this    equation    will    have    two    unequal    roots;    and 
taking  the  two  points  so  determined  for  the  fixed  points  A—  A1,  J3  =  5',  the  equation 
of  correspondence  will  assume  the  form  an/  —  kdy  =  0.    In  this  equation  k  cannot  be  =  1  ; 
for  if  it   were  so,  the  equation  would  be  ati/  —  a/y  =  Q'9  that  is,  the  points  P,  F  would 
be  always  one  and  the  same  point.    The  equation  may,  however,  be  xif  +  x'y  =  Q\  the 
points  P,  F  are  then    harmonics  in  regard    to    the   fixed   points  A,  B.    It  is    to  be 
observed,  that  if  the  equation  scy'  -  ksc'y  =  0  be  unaltered  by  the  interchange  of  (#,  y) 
and  (#',  jf)  we  must  have  ^2  —  1  —  0,  or  since  =1  is  excluded,  we  must  have  &  =  —  1. 

18.  The  original  equation  (ax  +  by)  #'  +  (ex  +  dy)  y'  =  0  is  unaltered  by  the  inter- 
change, only  if  b  —  c  =  0  ;  the  equation  4*ad  -  (b  +  c)2  =  0  becomes  in  this  case  ad  -  be  =  0, 
which  by  hypothesis  is  not  satisfied  ;  the  two  distinct  points  A  =  A',  B  —  B  consequently 
exist.    That   is,  if   the    correspondence   between    the    two    points   P,   P1    is    such    that 
whether  P  be   considered    as   belonging  to   the  first   figure    or   to    the    second   figure, 
there    corresponds    to    it    in    the    other    figure    the    same    point    P'  —  or    say    if    the 
correspondence    between    the    points   P,  P'   is   a   symmetrical   correspondence  —  then    as 
united    points    in    the   superimposed   figures    we    have    the    two    distinct   points  -4,  B: 
and  the  correspondence   of  the  points  P,  P'  is  given  by  the  condition  that  these  are 
harmonics  in  regard  to  the  points  A,  B. 


19.  There  is  still  the  case  to  be  considered  where  4ad  —  (&  +  c)fi  =  0;  the  equation 
aeP  +  (b  +  o)aty  +  cfo/a  =  Q    has    here    equal    roots,    or    the    two    united    points    coincide 
together,  or  form  a  single  point.    Taking  this  point  to  be  the  point  A,  the  coordinate 
whereof  is  %  :  y  =  0  :  1,  we  must,  it  is  clear,  have  d  =  0,  and  therefore  also  b  +  c  =  0  : 
the  relation  between  the  coordinates  (#,  y)  and  (#',  yf)  is  then  axed  -f  b  (scyf  —  x'y)  =  0  ; 
viz.,  this  is  the  form  assumed  by  the  equation  of  correspondence  when  instead  of  two 
united   points    there   is    a  double    united    point,  and   this   is   taken   to    be    the   fixed 
point  A. 

20.  It  is  to  be  observed,  that  we  cannot    have  either  6  =  0,  for  this  would  give 
##'  =  0,  which  belongs  to  the  excluded  case  od~&c  =  0;  nor  a  =  0,  for  this  would  give 
^-a/y  =  0:  excluding  these  cases,  the  equation  is  of  necessity  altered  by  the  inter- 
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change    of  (0,  y)   and  (a/,  y') ;    that   is,  in    the    case    of   a    double   united   point,  the 
transformation  is  essentially  unsymmetrical. 

By  what  precedes,  if  the  other  fixed  point  be  taken  to  be  at  infinity,  the  coordi- 
nates x  :  y  and  a/  :  y'  may  be  taken  to  be  p,  p  respectively ;  viz.,  p,  p'  will  denote 
the  distances  of  the  points  P,  P'  from  the  double  united  point  A  ;  and  the  equation 
of  correspondence  then  becomes  pp'  +  b  (p  -  p')  =  0  ;  that  is,  (p  -  6)  (p'  +  6)  +  62  =  0. 

21.  The    original    equation    axx'  +  byaf  +  c$yr  +  dyy'  =  0    can    be   reduced    to    the 
inverse  form  xx'-yy'  =  §  only  (it  is  clear)  in  the  symmetrical  case  6=c;  here,  trans- 
forming to  the  united  points,  the  equation  is,  by  what  precedes  (ante,  No.  17)  xy'+x'y=Q. 
This  equation  can   be  written  (Ix  -f  my)  (lxf  +  my'}  -  (Ix  -  my)  (Id  -  my')  =  0,  where  I  :  m 
is  arbitrary  ;   viz.,  we  have  thus  an  equation  of  the  required  form. 

22.  In  further  explanation,  start  from   the   equation   app' +  b(p  +  pf)  +  d=0;    that 
is,  (ap  +  V)  (ap  +  6)  4-  ad  -  62  =  0,  or  say  (p  -  a)  (//  -  a)  -  Jf  =  0 ;   this  may  be  reduced  to 
pp  —  1  =  0  ;  viz.,  the  point   0  from  which  are  measured  the  distances  p,  p   is  here  the 
mid-point  between  the  two  united   points  -4,   5;    and  the  unit    of   distance  is  \AB\ 
the  equation  expresses  that  the  points  P,  P',   harmonics  in  regard  to  the  two  points 
A,  -B,   are  the   images  one  of   the  other   in  regard  to  the  circle  described  upon  AB 
as  diameter.    Take  any  two   corresponding  points  L,  U\  if  the  distances  of  these  be 
\  V,  we  have  XV  =  1 ;   and  hence 


and  consequently 

p  —  X    p  —  X      X 

which,  writing 

x  _  k  (p  —  X)        of  _  &  (p'  —  X) 
y=    p-V   '      y'  =    p7'-^' 

X  1 

A2  = ;-?  (so  that  &a  ^  1) ;  or,  &  =  X  =  r-> , 

X  A* 

becomes  anxf  -  yy*  =  0 ;  that  is,  the  correspondence  of  the  points  P,  P7  being  symmetrical, 
if  the  coordinate   -  of   P  be  taken  to  be  a  multiple  of   the   ratio   of   the    distances 

y 

PL,  PL'  of  P  from  any  two  corresponding  points  L}  U  (and  of  course  the  coordinate 
-,  of  P  to  be  the  same  multiple  of  the  ratio  of  the  distances  PL,  PL\  the  equation 

y 

of  correspondence  is  obtained  in  the  inverse  form  ##'  — y2/'=0. 

The  Rational  Transformation  between  Two  Planes. 

23.  Starting  from  the  equations  x'  :  ^  :/  =  -!:  F  :  Z,  where  X  =  0,  F=0,  Z  =  Q 
are  curves  in  the  first  plane,  of  the  same  order  n,  it  has  been  seen  that  in  order 
that  we  may  thence  have  a  rational  transformation  between  the  two  planes,  the  curves 
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-3r  =  0,  7=0,  Z=Q  must  have  a  common  intersection  of  >i'2  —  1  points,  and  no  more; 
that  is,  they  must  not  have  a  complete  common  intersection  of  n*  points.  In  the  case 
n  =  2,  taking  the  n2  —  1  points  in  the  first  plane  to  be  any  three  points  whatever,  the 
condition  that  the  curves  shall  be  conies  passing  through  the  three  points  does  not  in 
anywise  imply  that  the  conies  shall  have  a  common  fourth  point  of  intersection  ;  and 
we  have  thus  a  rational  transformation  as  required;  viz.,  the  first  set  of  equations  is- 
#'  :  y'  :  z'  =  X  :  Y  :  Z,  where  X  =  0,  7=0,  Z  =  Q  are  conies  passing  through  the  same 
three  points  of  the  first  plane  ;  and  as  it  is  easy  to  see  (but  which  will  be  subsequently 
shown  more  in  detail),  the  second  set  is  the  similar  one  oc  :  y  :  z  =  X'  :  Y'  :  Z',  where 
X'  =  0,  7'=0,  Z'  =  Q  are  conies  passing  through  the  same  three  points  in  the  second 
plane;  this  may  be  called  the  quadric  transformation  between  the  two  planes. 

24  But  the  like  theory  would  not  apply  to  the  case  ?z  =  3;  if  the  rc2-l  points 
in  the  first  plane  were  any  eight  points  whatever,  the  cubics  X  =  0,  7  =  0,  Z  =  Q, 
intersecting  in  these  eight  points,  would  have  a  common  ninth  point  of  intersection, 
and  the  transformation  would  fail  ;  and  so  for  any  higher  value  of  n,  taking  at  pleasure 
any  $n(n  +  $)-l  of  the  n*-I  points  of  the  first  plane,  the  curves  X-0,  7  =  0,  Z  =  0 
of  the  order  n  passing  through  these  ^n(n  +  3)  —  1  points,  would  have  in  common  all 
their  remaining  points  of  intersection,  and  the  transformation  would  fail.  A  trans- 
formation can  only  be  obtained  by  taking  the  n*  —  1  points  in  such  wise  that  these 
can  be  made  to  be  the  common  intersection  of  the  curves,  and  at  the  same  time  that 
the  number  of  conditions  imposed  upon  each  of  the  curves  JT=0,  7=0,  Z  =  Q  shall  be 
at  most  —  \n  (n  +  3)  -  1. 

25.  And  this  requirement  may  be  satisfied;  viz.,  the  number  of  conditions  may 
be  made  to  be  =  Jft(ft  +  3)  —  1,  by  assuming  that  certain  of  the  n2  —  1  points  of  inter- 
sections are  multiple  intersections  of  the  curves.  For  if  we  have  a  given  point  which 
is  an  a-tuple  point  on  each  of  the  curves  X  =  0,  7  =  0,  Z—Q,  then  this  counts  for 
a2  points  of  intersection  of  any  two  of  the  curves,  and  thus  for  a2  points  of  the  n2  —  1 
points:  but  the  condition  that  the  given  point  shall  be  on  any  one  of  the  curves, 
say  the  curve  Jf  =0,  an  a-tuple  point,  imposes  on  the  curve,  not  a2,  but  only  -|a(a  +  l) 
conditions:  and  we  have  in  this  way  a  reduction  whereby  the  number  of  conditions 
for  passing  through  the  n2  —  1  points  can  be  lowered  from  n2  —  1  to  the  required  number 


26.  In  particular,  for  n  =  3,  we  may  for  the  <n?  -  1  points  of  the  first  plane  take  a 
point  as  a  double  point  on  each  of  the  cubic  curves  Jf  =  0,  7  =  0,  Z=Q  (which  therefore 
reckons  as  four  points),  and  take  any  other  four  points.  Each  of  the  curves  is  determined 
by  the  conditions  of  having  a  given  point  for  double  point,  and  of  passing  through 
the  same  four  other  given  points;  that  is,  by  34-4  =  7  conditions;  and  the  three  cubic 
curves  Jf  =  0,  7=0,  Z—Q  have  for  the  common,  intersection  the  double  point  reckoning 
as  four  points,  and  the  given  other  four  points;  that  is,  they  have  a  common  inter- 
section of  4  +  4  =  8  points;  but  this  does  not  imply  that  they  have  a  common  ninth 
point  of  intersection  ;  we  have  therefore  a  rational  transformation  as  required  ;  viz.,  the 
first  set  of  equations  is  a/  :  y'  :  /  =  Z  :  7:  Z\  where  -3T  =  0,  7=0,  Z  =  0  are  cubics 
in  the  first  plane  having  each  of  them  a  double  point  at  the  same  given  point  and 
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also  each  passing  through  the  same  four  given  points;  the  second  set  of  equations  is 
*  :  y  :  z=X'  :  T  :  Z',  where  Z'  =  0,  7'  =  Q,  Z'  =  0  are  like  cubics  in  the  second  plane. 

27.  Generally  suppose  that  the  ri*-I  points  in  the  first  plane  are  made  up  of 
«!  points,  which  are  simple  points;  aa  points,  which  are  double  points;  «3  points,  which 
are  triple  points,...^  points,  which  are  (ft-l)tuple  points  (ow_1  =  l  or  0),  on  each  of 
the  three  curves  ;  these  will  represent  a  system  of  w2  —  1  points  if  only 

^  +  403+  9a8...  +       (ft-  l)2^^  >z2-  1. 

The  number  of  conditions  imposed  on  each  of  the  curves  X  —  Q}  F=0,  Z  —  Q  will  be 
fl&i  +  Soi+Gas...  +%n(n—  !)«„_!;  for  the  reason  presently  appearing,  I  exclude  the  case 
of  this  being  <$n(n  4-  3)  -2;  and  therefore  assume  it  to  be  =471(71  +  3)  -2.  In  fact, 
writing 


this  combined  with  the  former  equation  gives 

i  (»-!)(*-  2); 


viz.,  the  singularities  are  equivalent  to  J  (n  -  1)  (n  -  2)  double  points,  that  is,  to  the 
maximum  number  of  double  points  of  a  curve  of  the  order  n\  or  say  each  of  the 
curves  J5T  =  0,  F=0,  Z  =  Q  is  a  curve  of  the  order  n  having  a  deficiency  =0;  that  is, 
it  is  a  unicursal  curve  of  the  order  n.  Hence  also,  taking  (a,  b,  c)  any  constant  factors 
whatever,  the  curve  aX  +  bY+cZ=  0  is  unicursal. 


28.  It  is  important  to  remark  that  the  conclusion  follows  directly  from  the  general 
notion  of  the  rational  transformation;  in  fact,  the  equation  aX  +  bY+cZ  =  Q  is  satisfied 
if   %  :  y  :  2  =  X'  :  Y'  :  Z';  ax'  -\-byf  +  c/  —  0.     The  last  of  these  equations  determines 
the  ratios  #'  :  y'  :  /  in  terms    of   a  single  parameter  (e.g.  the  ratio  scf  :  y'),  and  we 
have  then  x  :  y  :  z  expressed  as  rational  functions  of  this  parameter;  that  is,  the  curve 
is  unicursal. 

29.  Suppose  for  a  moment  that  it  was  possible  to  have 

ax  +  Soj  +  6a3  ...  +          \n  («-  l)a^-i  <  i»  (w  +  3)  -  2. 
Combining  in  the  same  way  with  the  first  equation,  it  would  follow  that 


which  would  imply  that  the  'curves  X  =  0,  7  =  0,  £=0  break  up  each  of  them  into 
inferior  curves  :  but  more  than  this,  the  coefficients  a,  6,  c  being  arbitrary,  it  would 
imply  that  the  curve  aX  +  bY  +  cZ-0  breaks  up  into  inferior  curves;  this  can  only  be 
the  case  if  1",  F,  Z  have  a  common  factor,  say  M\  that  is,  if  J,  F,  Z-MX^  MY19  MZ^\ 
but  we  could  then  omit  the  common  factor,  and  in  place  of  of  :  yf  :  z'  =  X  :  Y  :  Z 
write  of  :  y1  :  /-XT  :  Y,  :  Zlt  where  Z1  =  0,  ^  =  0,  ^  =  0,  are  proper  curves,  not 
breaking  up  ;  the  above  supposition  may  therefore  be  excluded  from  consideration.  • 
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30.  We  have  thus  a  transformation  in  which  the  first  set  of  equations  is 
x'  :  y'  :  /  =  Z  :  Y  :  Z,  where  J  =  0,  F=0,  #=0  are  curves  in  the  first  plane,  of  the 
same  order  n,  having  in  common  al9  o3...orn_1  points  which  are  simple  points,  double 
points,...  (n  —  l)tuple  points  respectively  on  each  of  the  curves;  these  numbers  satisfy  the 

conditions 

<*!  4-  4o,  -f  9as  .  .  .  +  (n  -  1  )2 


±  (n2  +  8w)  -2; 
conditions  which  give,  as  above, 

and  also 

so  that  the  relations  between  al9  a,...  a^  are  given  by  any  two  of  these  four  equations. 


31.  The  second  set  of  equations  then  is  0  :  y  :  z  =  X*  :  Y  :  Z',  where  Z'=0,  F=0,  Z'=0 
are  curves  in  the  second  plane,  of  the  same  order  n\  and  it  is  clear  that  these  must 
be  curves  such  as  those  in  the  first  plane;  viz.,  they  must  have  in  common  a/,  a/,  ..  et^-i 
points,  which  are  simple  points,  double  points,  ...  (?i-l)tuple  points  respectively  on  each 
of  the  curves,  the  relations  between  these  numbers  being  expressed  by  any  two  of  the 
four  equations 

9ai/...+  (n-  l)2aVi  =  n2-!, 


..  +  (n  -  1)  a7 

32.  To  any  line  ax'  +  by'  +  cz'  =  0  in  the  second  plane  there  corresponds  in  the 
first  plane  a  curve  aX  +  bY+cZ  of  the  order  n\  and  to  any  line  a/a;  +  6/y  +  c/^  =  0  in 
the  first  plane  there  corresponds  in  the  second  plane  a  curve  a!Xr  +  b'Y'+c'Z'=*  0  of 
the  same  order  n;  the  curves  aX  +  bY  +  cZ  =  Q  in  the  first  plane  are,  it  is  clear,  a 
system,  and  the  entire  system,  of  curves  each  satisfying  the  conditions  which  have 
been  stated  in  regard  to  the  individual  curves  ^  =  0,  F=0,  #  =  0,  and  being  as 
already  mentioned  unicursal;  and  similarly  the  curves  a'X'  +  b'Yr  +  c'Z'  =  0  in  the  second 
plane  are  a  system,  and  the  entire  system,  of  curves  each  satisfying  the  conditions 
which  have  been  stated  in  regard  to  the  individual  curves  X'  =  0,  Y  =  0,  Z  =  0  ;  and 
being  also  unicursal.  We  may  say  that  to  the  lines  of  the  second  plane  there 
corresponds  in  the  first  plane  the  reseau  of  curves  aX  +  bY+cZ=Q:,  and  to  the  lines 
of  the  first  plane  there  corresponds  in  the  second  plane  the  r&eau  of  curves 
a'-Z'-f&'F'  +  c'^^O;  these  rdseau  being  systems  satisfying  respectively  the  conditions 
just  referred  to. 

33.  We  have  next  to  enquire  what  are  the  curves  in  the  second  plane  which 
correspond  to  the  ai  +  aa...  +  an-i  points  of  the  first  plane.  I  remark  that  the 
«i  +  a2..,+  a^  points  are  termed  by  Cremona  the  principal  paints  of  the  first  plane, 
and  the  corresponding  curves  the  principal  wrves  of  the  second  plane.  But  it  will  be 
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more  convenient  to  say  that  the  «1  +  a2...  +  a^1  points  are  the  principal  system  of  the 
first  plane,  and  the  corresponding  curves  the  principal  counter-system  of  the  second 
plane.  And  of  course  the  o/H-q,'...  +  aVi  points  will  be  the  principal  system  of  the 
second  plane,  and  the  corresponding  curves  the  principal  counter-system  of  the  first 
plane. 

34.  The   Jacobian   (curve)  of  the   curves   X  =  0,    7=0,  Z=0  is,  of  course,  the 
Jacobian  of  any  three  curves  aX  +  lY+cZ  =  Q  of  the  first  plane,  or  it  may  be  called 
the  Jacobian  of  the  reseau  of  the  first  plane ;  and  similarly,  the  Jacobian  of  the  curves 
X'  =  0,  Y'  =s  0,  Z'  =  0  is  the  Jacobian  of  the  reseau  of  the  second  plane. 

35.  I  say  that  to  each  point  ^  of  the  first  figure  there  corresponds  in  the  second 
figure   a   line;    to   each   point  <%  a   conic;    to    each  point  Og   a   nodal    cubic;  ...    and 
generally,  to  each  point  o^  a  unicursal  r-thic  curve;  the  entire  system  of  the  curves 
corresponding  to  the  ax  +  ^  +  ^.-.  +  o^!  points,  that  is,  the  principal  counter-system  of 
the  second  plane,  is  thus  made  up  of  ax   lines,   03   conies,  Oj  nodal  cubics,    ...Or  uni- 
cursal r-thics,  ...fl^-a  unicursal  (TO  —  l)thics.    It  is  thus  a  curve  of  the  aggregate  order 
a1  +  2a2-f 3as...  +(n  —  l)o^_1?  =  3ft  —  3;  and  it  is  in  fact  the  Jacobian  of  the  reseau  of 
the  second  plane;  as  such,  it  passes  through  each  point  of  two  times,  each  point  «/ 
five  times, ...  each  point  «/  3r  — 1  times, ...  each  point  o^  3w  —  4  times. 

36.  The  reciprocal  theorem  is  of  course  true.    The  Jacobian  of  the  reseau  of  the 
first  plane  is  thus  made  up    of   «/   lines,  a2'   conies,   a/  nodal   cubics, ...  «/   unicursal 
r-thics,  ...«V-i  unicursal  (%—  l)thics.     Calculating  the   Jacobian  of   the  reseau   of  the 
first  plane,  we  have  thus  the  numbers  cc/,  a/,  ...aV-i>  which  determine  the  nature  of 
the  principal  system  of  the  second  plane. 

37.  I  indicate  as  follows  the  analytical  proof  of  the  theorem  that  to  a  principal 
point  «y  of  the  first  plane  there  corresponds  in  the  second  plane   a  unicursal  r-thic. 
Consider    the    simplest    case,   r  =  1 ;    if  in   the   equations    of  :  tf  :  z'  =  X  :  T  :  Z  the 
coordinates  (so,  y,  z)  are  considered  as  belonging  to  a  point  al3  these  values  give  identi- 
cally J?  =  0,   F=0,  #=0;   hence   for  the   consecutive  point  x  +  Sx,   y  +  $y,  z  +  fe,  if 
(4,  J5,  (7)  denote  the  derived  functions  of  X,  (Al9  B13  Oi)  those  of  T,  (A*,  53,  0,)  those 
of  Z,  we  have 

of  :       :  z'=     A 


We  have 


A,    5,    G 


=  0,  for  the    determinant    is   the  value,  at   the   point   ax  in 


%,       B%9       t/2 

question,   of  the  Jacobian  of  the  reseau  of  the  first  plane;   and  the   Jacobian   curve 
passing  through  aa  (in  fact,  having  there  a  double  point),  the  value  is  =  0. 

38.    Hence  of,  y1,  /,  considered  as  corresponding  to  a  point  indefinitely  near  to  a1? 
.are  connected  by  a  linear  equation.    Corresponding  to  «x  we  have  in  the  second  figure 
C.  VII.  26 
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a  line.  But  it  is  to  be  observed,  further,  that  the  equation  of  the  line  is  that 
obtained  by  writing  in  the  foregoing  equations,  say  $z  =  0,  and  eliminating  the  remaining 
quantities  &p,  8y;  or,  what  is  the  same  thing,  we  may  consider  the  equation  of  the 
line  as  given  by  the  equations 

of  :    '  :  J  =     A 


where  8#,  Sy  are  indeterminate  parameters  to  be  eliminated. 
39.    In  the  case  of  a  point  a?  we  have  in  like  manner 

af  :  y'  \*'  =  (a,.  ..$&?,  8y,  $* 
:  (o^  ...$&*,  By,  8* 
:  (03,  ...£80,  Sy, 


where  (a,...),  («i,  —  )»  (as>  •••)  are  tlie  ^  Derived  facetious  of  X,  7,  £  respectively. 
In  virtue  of  the  relation  of  the  point  0^  to  the  curves  Jf  =  0,  F=0,  Z=Q,  the  coefficients 
will  be  such  as  to  allow  of  the  simultaneous  elimination  from  these  equations  of  the 
three  quantities  &»,  By,  8&  The  result  of  the  elimination  will  be  the  same  as  if, 
writing  say  &2=0,  we  eliminate  8#,  8y;  or,  what  is  the  same  thing,  the  relation  of 
of,  y\  /  may  be  regarded  as  given  by  the  equations 


:  (a*  ...$&*, 

where  S#,  fy  are  indeterminate  parameters.    These  equations  obviously  express  that  the 
point  (ft,  y1,  sf)  is  situate  on  a  unicursal  curve  of  the  order  r. 

40.  It  is  further  to  be  shown  that  the  r-thic  curve  thus  corresponding  to  ar  is 
part  of  the  Jaeobian  of  the  reseau  of  the  second  plane.  The  Jacobian  in  question  is 
the  locus  of  the  new  double  point  of  those  curves  of  the  reseau  which  have  a  new 
double  point;  that  is,  a  double  point  not  included  among  the  0^  +  0^...+  ^,^  singular 
points  of  the  principal  system  of  the  second  plane.  But  a  curve  of  the  reseau  being 
unicursal,  can  only  acquire  a  new  double  point  by  breaking  up  into  inferior  curves. 
Consider,  in  the  first  figure,  any  line  through  o^,  the  corresponding  curve  in  the  second 
figure  is  made  up  of  the  unicursal  r-thic  curve,  which  corresponds  to  the  point  c^, 
together  with  a  residual  curve  variable  with  the  line  through  c^;  this  is  a  unicursal 
curve  of  the  order  n-rr.  The  aggregate  curve  of  the  order  r  +  (n  —  r)  has  singular 
points  equivalent  to  %(n  —  l)(w  —  2)+l  double  points^);  that  is,  the  singularities  are 
those  belonging  to  the  principal  system  of  the  second  plane,  together  with  a  new  double 

1  In  general,  if  r^r'-n,  and  the  curves  r,  r'  are  each  uuicuisal,  then  the  aggregate  singularity  arising 
from  the  singularities  of  the  two  curves  and  from  their  intersections,  is  equivalent  to  \  (r  -  1)  (r  -  2)  + 
J(r'  -!)(/-  2)  4-rK,  that  is,  to  £(r+r'-l)(r+r'-2)+l,  or  £(n-l)(w-2)+l  double  points. 
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point  constituted  by  an  intersection  of  the  curves  r,  n  —  r.  {Observe  that  the  two  curves 
have  only  this  single  intersection;  viz.,  the  remaining  r(n  —  r)  —  1  intersections  are 
at  points  a2'  +  «3'  ...  -foV-i  of  the  principal  system  of  the  second  plane.}  We  have  thus, 
in  the  second  plane,  a  series  of  curves,  each  of  them  having  a  new  double  point; 
viz.,  these  are  the  several  curves  which  correspond  to  the  lines  through  o^  in  the  first 
figure.  Each  of  the  curves  is  a  fixed  curve  r  together  with  a  variable  curve  n  —  rt 
The  new  double  point  is  an  intersection  of  the  two  curves;  that  is,  it  is  a  variable 
point  on  the  curve  r.  The  locus  of  the  new  double  point  is  thus  the  curve  r  ;  therefore 
the  curve  r  is  part  of  the  Jacobian  of  the  reseau  of  the  second  plane.  Since  each 
point  CLf  gives  a  curve  r,  the  curves  in  question  form  an  aggregate  curve  of  the  order 
al  +  2cL2...  +  (n  —  1)<V-13  =  3rc,-3;  viz.,  this  is  the  order  of  the  Jacobian;  or,  as  stated, 
the  curves  r  (that  is,  the  principal  counter-system  of  the  second  plane)  constitute  the 
Jacobian  of  the  reseau  of  this  plane. 


41.    The  numerical   systems  (cq,  ^...a,^)  and  (a/,  ^...aVi)  are  each  of  them  a 
solution  of  the  same  two  indeterminate  equations 


but  not  every  solution  of  these  equations  is  admissible  ;  for  instance,  if  r  >  \n,  then 
OT  is  =0  or  1,  for  ar  =  2  would  imply  a  curve  of  the  order  n  with  two  r-tuple  points, 
and  the  line  joining  these  would  meet  the  curve  in  more  than  r  points;  similarly, 
r>%n,  a?  is  =4  at  most,  for  0^  =  5  would  imply  a  curve  of  the  order  n  with  five 
r-tuple  points,  and  the  conic  through  these  would  meet  the  curve  in  more  than  2n 
points;  and  there  are  of  course  other  like  restrictions.  The  different  admissible  systems 
up  to  n  =5  10  are  tabulated  in  Cremona's  Memoir  ;  and  he  has  also  given  systems 
belonging  to  certain  specified  forms  of  n  :  these  results  are  as  follows  : 


26—2 
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Omitted  by  Cremona. 
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42,  The    system    (ax,   Og  ...  o^)   geometrically   determines    completely   the    system 
(&i'9  as'".^*-*);  it  ought  therefore  to  determine  it  arithmetically;    that  is,  given  the 
one  series  of  numbers,  we  ought  to  be  able  to  determine,  or  at  least  to  select  from 
the    table,   the    other    series    of  numbers.     Cremona    has    shown    that   the   two    series 
consist  of  the  same  numbers  in  the  same  or  a  different  order.    By  examination  of  the 
tables,  it  appears  that  there  are  certain  columns  which  are  single  (that  is,  no  other 
column  contains  in  a  different  order   the  same   numbers),  others  that  occur  in  pairs, 
the  two  columns  of  a  pair  containing  the  same  numbers  in  a  different  order.    Where 
the  column  is  single,  it  is  clear  that  this  must  give  as  well  the  values  of  (%',  a/  ...d^} 
as    of  (al9  a2...<v-i)-    Where    there    is   a    pair    of   columns,   as    far   as    Cremona   has 
examined,  if  the   one    column    is   taken    to   be    (a,,   %  •••<**-!)    the   other   column   is 
(ai'>  ^2/-.  «W);  it  appears,  however,  not  to  be  shown  that  this  is  universally  the  case; 
viz.,  it  is  not  shown  but  that  the  two  columns,  instead  of  being  reckoned  as  a  pair, 
might  be  reckoned  as  two  separate  columns,  each  by  itself  representing  the  values  a& 
well  of  (alt  as...<V-i)  as  of  (a/,  a/  ...  a'^);  neither   is   it  shown  that  there  are  not, 
in  any  case,  more  than   two  columns   having   the   same  numbers   in  different  orders. 
It  seems,  however,  natural  to  suppose  that  the  law,  as  exhibited  in  the  tables,  '  holds 
good  generally;  viz.,  that  the  tables  contain  only  single  columns,  each  giving  the  values 
as  well  of  («!,  as'-On-i)  as  of  (a/,  a/  ...  aV-i);    or  else  pairs  of   columns,  one  giving 
the  values  of  fa,  o,...^),  and  the  other  those  of  «,  %'  —  **r-i)  i  or,  say,  that  the 
partitions  are  either  sibi-retiprooal,  or  else  conjugate. 

43.  Assuming  that  the  two  systems  (alt  ^...a^)  and  (a/,  CL^  .,.afn^)  are  each 
known,  there  is  still  a  question  of  grouping  to  be  settled;  viz«,  the  Jacobian  of  the 
first  plane  consists  of  a/  lines,  a/  conies,  ,..  a^-i  unicursal  (n  —  l)-thics  ;  each  line,  each 
conic,  &c.,  passes  a  certain  number  of  times  through  certain  of  the  points  &1}  ^...o^r 
but  through  which  of  them  ?    For  instance,  each  of  the  a/  lines  will  pass  through  two 
of  the  points  a1;  03,  ...o^:  will  these  be  points  o^  or  points  03,  &c.,  or  a  point  ax 
and  a  point  fcj*  &c.  ?    The  mere  symmetry  of  the  different  groups  of  points  determines 
certain  conditions  of  the  solution  Q;  for  instance,  if  any  particular  one  of  the  a/  lines 
passes   through   two   points  <*?>  then   each    of  the    a/   lines    must   pass   through   two 
points  0^;  and  since  the  points  a?  are  symmetrical,  we  must  in  this  way  use  all  the 
pairs  of  points  o^;  that  is,  if  a1/  =  ^or(ar  +  l),  but  not  otherwise,  it  may  be  that  each 
of   the  a/   lines    passes    through  two    of   the    points   ar.     In    the    case  of  an  equality 
0,.  =  ^  we  could  not  hereby  decide  -whether  the  line  passed  through  two  points  a?  or 
through  two  points  as.    So,  again,  if  any  one  of  the  a/  lines  pass  through  a  point  a,. 
and  a  point  ag,  then  each  of  the  a/  lines  must  do  so  likewise,  and  we  must  hereby 
exhaust   the  combinations  of   a  point  o^  with  a  point  ae;   viz.,  the  assumed  relation 
can  only  hold  good  if  ai'  =  o^.     Similarly,  each  of  the  a/  conies  will  pass  through 
five  of  the  points  a1?  03...  a^;  each  of  the  c&/  nodal  cubics  will  pass  twice  through 
one  (have  a  double  point  there)  and  through  six  others  of  the  points  Oj,  o^^.a^^i 
which  are  the  points  so  passed  through?    I  do  not   know  how  a  general  solution  is 
to  be  obtained,  but  most  of  the  cases  within  the  limits  of  the  foregoing  table  liave 

1  It  is  by  suoh  considerations  of  symmetry  that  Cremona  has  demonstrated  the  before  mentioned  theorem 
of  the  identity  of  the  numbers  (o^  o^...  o^)  and  (a/,  02'...  a'w_i). 
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investigated  by  Cremona.  The  results  may  conveniently  be  stated  in  a  tabular 
form;  the  tables  exhibit  in  the  outside  upper  line  the  values  of  ctl9  ^...o^,  and  in 
the  outside  left-hand  line  the  values  of  a/,  ^'...a'^,  and  they  are  to  be  read  as 

{a/  lines    ] 
a/  conies  >  passes  (    )  times  through  (    )  of  the  points  aly  a, ...  a,^ 
&c.       ) 

respectively;  the  numbers  in  the  table  being  those  of  the  points  passed  through,  and 
the  indices  in  the  table  (index  =1  when  no  index  is  expressed)  showing  the  number 
of  times  of  passage,  that  is,  showing  whether  the  point  is  a  simple,  double,  triple,  &c., 
point  on  the  curve  referred  to. 

44.  Thus  (in  the  tables  which  follow)  the  last  of  the  tables  n  =  6  gives  the  con- 
stitution of  the  Jacobian  of  the  first  plane,  where  the  principal  system  is  (3,  4,  0,  1,  0) ; 
.and  it  is  to  be  read: 

Each  of  the  4  lines  passes  through  1  of  the  points  ax  and  through  the  point  a4; 
The  1  conic  „  „  4  of  the  points  a2  and  through  the  point  a4; 
Each  of  the  3  cubics  „  „  2  of  the  points  alt  4  of  the  points  «2,  and  twice 

through  the  point  «4  (that  is,  «4  is  a  double 

point  on  each  cubic). 

It  is  hardly  necessary  to  remark  that  the  tables  are  sibi-reciprocal,  or  else  conjugate, 
as  appears  by  the  outer  lines  of  each  table. 

TABLE  n  =  2. 


[was  originally  printed,  3.] 


TABLE  n  =  3. 


&l           <Xg 

II       II 

4       1 

1 

1 

4 

1 

TABLES  ^=4. 


%         Og         Og                                       dj          Oj          Oj 

II              II            II                                          II              II              II 

601                     330 

a/  =  6 

1 

1 

3 

2 

^'  =  0 

3 

2 

3 

«,'  =  ! 

6 

1s 

0 
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03' =  0 


II 
8 

if       II       II 
0       0      1 

11 
0 

11       It 
3      3 

03 

IJ 
1 

II 
0 

0 
6 
0 
0 

II 
0 

if 
6 

OUj        <X4 

11     II 

0      0 

1 

1 

3 
3 

1 
0 

1 

1 

1 

3 

1 

5 

3 

3 

I2 

8 

I3 

1!         II 
10      0 

TABLES  n 

a4       a5 

11        II 
0       1 

=  6. 

] 

o^       03       03       a4       Og 

II         (1         11         11        11 
14200 

a,'  =10 

1 

1 

[ 

2 

«,'• 

=  0 

4 

3 

2 

o,'=   0 
<x4'  =    0 

2 
0 
0 

1 

4 

P,l* 

10 

I4 

4=    3 
«,'=   4 

«,'=  o 

aB'=   0 

Oj           Og           Og           <X4           ttg 

11              II               II              II              II 

41300 

II       11 
3       4 

II 
0 

a4 

II 
1 

II 
0 

2 

• 

4 
1 
3 
0 
0 

1 

1 

1 

1 

3 

4 

1 

2 

4 

V 

4 

1 

32 

*  Bead,  "Each  of  the  two  cubics  passes  through  the  point  c^,  the  four 
through  one  and  once  through  the  other  of  the  points  '03 ." 

c.  vn. 


02,  and,  (1s,  1),  twice 
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45.  It  is  to  be  remarked  upon  the  tables— first,  as  regards  the  lines:  if  we  add 
the  numbers  in  each  line,  reckoning  w?  as  mp,  (that  is,  each  multiple  point,  according 
to    the    number    of    branches    through    it,)    the    sums    for    the    successive    lines    are 
2,  5,  8,  11,  14,  &c.;   that   is,  each  line  passes  through  2  points,  each  conic  through 
5  points,  each  cubic  through  8  points,  each  quartic  through  11  points,  &c.    But  if  we 
add  the  numbers  reckoning  m^  as  m.  %P(p+ty>  (^at  is,  each  multiple  point  according 
to  its  effect  in  the  determination  of  the  curve,)  then'  the  sums  are  2,  5,  9,  14,  20,  &c., 
that  is,  all  the  curves  are  completely  determined,  viz,,  the  line  by  2   conditions,  the 
conic  by  5  conditions,  the  cubic  by  9  conditions,  &c.    Secondly,  as  regards  the  columns, 
if  for  any  column,  reckoning  m?  as  mp,  we  multiply  each  number  by  the  corresponding 
outside  left-hand  number,  add,  and  divide  the  sum  by  the  outside  number  at  the  head 
of  the  column,  the  successive  results  are  2,  5,  8,  11,  14,  &a;  this  merely  expresses  the 
known  circumstance  that  the  Jacobian  passes  3r-l  times  through  each  point  Oy. 

46.  The   analogous   tables    showing    the    passage    of  the    Jacobian    through   the 
principal  system,  in  the  solutions  belonging  to  certain  special  forms  of  n,  are 


TABLES  n  =  2p. 


3       2p-2      0         0          1 


2p-2      01  30 


a,'     =:    0 


a,.'     =    3 


=2p-2 


0 


a, 


2p-2 
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TABLES  n=2p  +  l. 


V 


2p-l 


=  o 


'     =    3 


3      2p-l       0         0          1 


2p-l 


p-i 


P 


=     3 


ttj               03               Op               Op+1         Osp.j 

i!         n        ii         ii        ii 
2p-l      0310 

1 

1 

1 

3 

1 

2p-l 

3" 

* 

TABLES  »  =  3p. 


=%>-3 


«,'    =    0 


«, 


=    1 


1=   1 


a'-j-     0 


II        II         II         II        II         11         II 
1         4       2^-3      0001 

1 

1 

3 

2^-3 

!.- 

1 

4 

2p-3 

1* 

1 

4 

(Sp-sp 

'"" 

' 

27—2 
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Cfc'         =        1 

a,'     =     4 

V   =   o 

a'       =      0 
a'        =     0 

a/8p-S=        1 

a/      =  %p  —  2 

Oj/         =        0 

^.  /      —      fi 

ttg         =        U 

'     —      4. 

«'»  -    i 

aV»=     0 

II             II            1!              II              II             II             II 
2p-3       004           110 

1 

1 

3 

1 

1 

1 

4 

1 

I2 

2p-3 

„.. 

i. 

|?p-3 

1!              II             II            II               II             II              II 
4           1       2j>-2     0001 

1 

1 

*-i 

>-' 

1 

1 

2^-2 

** 

.  4 

1 

(2p-2)« 

I*-8 
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«/     =     4 
a,'     =      I 
oj'     =  2p-2 

<    =     0 
of*   =     0 

a/8j)-8=         1 

2p-2        001410 

1 

1 

4 

1 

1 

1 

4 

I3 

• 

2p-2 

"- 

^ 

1M 

47.  The  before  mentioned  theorem,  that  (al9  ^...0,^)  and  (a/,  aj'...aV-i)  ar®  ^e 
same  series  of  numbers,  of  course  implies  2^  =  So/;  this  relation  Cremona  demonstrates 
independently,  by  consideration  of  the  pencil  of  curves  (oZ  +  bY+  cZ)  +  6(alX  +  &17+c1Z)=0, 
(0  a  variable  parameter,)  which  corresponds  in  the  first  plane  to  the  pencil  of  lines 
(oaf  +  ly'  +  oaO  +  0  (ctjof  +  %'  +  c/)  =  0,  which  pass  through  a  fixed  point  (oaf  +  &/  +  c/  =  0, 
oX  +  fcy  +  fys^O)  in  the  second  figure.  In  general,  in  the  pencil  U+OV=Q  (J7,  F 
given  functions  of  the  order  ri)  there  are  3(w  — I)2  values  of  Q,  each  giving  a  nodal 
curve.  But  in  the  present  case  each  of  the  curves  [7  —  0,  F=0  has  multiple  points 
at  the  principal  points  o^  of  the  first  plane:  the  question  is  to  obtain  the  number  of 
values  which  give  a  curve  having  one  new  double  point;  and  this  is  found  to  be 
=  3(n-l)2-2(r-l)(3r+l)or.  We  have  Sr2^^2-!,  Sror  =  3n~3;  or,  substituting, 
the  value  of  0  is  =2^.  But  the  curves  which  have  an  additional  double  point  are 
those  which  correspond  to  the  lines  which  in  the  second  figure  pass  through  one  of 
the  principal  points  a/;  viz.,  these  are  the  lines  drawn  from  the  point  (ox1  +  by"  +  c/  =  0, 
oX  +  %'  +  cX  =  0)  to  the  several  principal  points  a/;  and  the  number  of  them  is 
=  2or/.  We  have  thus  the  required  relation  2^  = 


The  Qmdric  Transformation  between  Two  Planes. 

48.  This  is  of  course  given  by  what  precedes.  The  principal  system  in  each  plane 
is  a  set  of  three  points;  and  the  Jacobian  of  the  same  plane  is  the  set  of  three 
lines  joining  each  pair  of  points;  that  is,  the  three  lines  of  either  plane  are  the 
principal  counter-system  of  the  other  plane.  But  to  give  the  analytical  investigation 
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directly:  taking  the  coordinates  (#,  y,  z)  to  refer  to  the  principal  system  of  the  first 
plane  (viz,,  taking  the  three  points  to  be  the  vertices  of  the  triangle  formed  by  the 
lines  #  =  0,  y=0,  £  =  0),  then  Jf  =  0,  7=0,  Z=0  being  conies  through  the  three  points, 
the  functions  X,  Y,  Z  will  be  each  of  them  of  the  form  fyz  +  gzx  +  hocy;  xf,  y1,  zf 
being  proportional  to  three  such  functions,  there  will  be  linear  functions  of  #',  ?/,  z* 
proportional  to  yz,  zx,  xy\  or  taking  these  linear  functions  of  the  original  (a?',  yf,  /)  for 
the  coordinates  (a/,  yf,  d)  of  a  point  in  the  second  plane,  the  formulae  of  transformation 
will  be  at  :  y'  :  si  =  yz  :  zx  :  xy,  and  we  have  then  conversely  x  :  y  :  z  =  y'/  :  /#'  :  #y  ; 
that  is,  the  formulae  for  the  transformation  in  question  are 

xf  :  y   :  sf~yz  :  zx  :  $y,  and  x  :  y  :  z  —  y'd  :  z'x'  :  x'y'. 

We  at  once  verify  &  posteriori  that  the  Jacobian  in  the  first  plane  is  oyyz  =  §9  and 
that  in  the  second  plane  is 


The  equations  may  be  written 

,,,111,  111 

of  :  y   :/  =  -:-:-,  and  x  :  y  :  z  =  -/:—,:-, 
y  x     y     z  *  x      y      z 

or,  if  we  please,  xx*  '  =  yy'  '  =  #/;  the  transformation  is  thus  given  as  an  inverse  trans- 
formation. 

{49.  With  respect  to  the  metrical  interpretation  and  actual  construction  of  the 
transformation,  it  is  to  be  observed  that  if  x,  y,  z  be  taken  to  be  proportional  (not 
to  given  multiples  of  the  perpendicular  distances,  but)  to  the  perpendicular  distances 
of  P  from  the  sides  of  the  triangle  in  the  first  plane,  and  similarly  a/,  y'}  zf  to  be 
proportional  to  the  perpendicular  distances  of  P  from  the  sides  of  the  triangle  in  the 
second  plane,  then  in  general  the  equations  of  transformation  must  be  written,  not  as 

fr*rr*          7/77           ZZ  __ 

above,  but  in  the  form  ->  ==^-  =  _j  involving  arbitrary  multipliers  f  :  g  :  h.    We  may 

J         y 

imagine  in  the  second  plane  a  point  P'  determined  by  coordinates  (#",  y",  z"\  —  the 
same  coordinates  as  (#',  yf9  /),  that  is,  proportional  to  the  perpendicular  distances  of 
P'  from  the  sides  of  the  triangle  in  the  second  plane,  —  which  point  P'  corresponds 

'T*        77        Z 

homographically  to  P  in  such   wise   that  ^  :  *-  :  T  =#"  :  y"  •  z"-     We   have    then,  in 

/     9     "> 

the  second  plane,  the  two  points  P',  P"  corresponding  to  each  other  in  such  wise 
that  #V  —  y'y"  '**ffsf'  ;  and  either  of  these  points  being  given,  the  other  can  at  once 
be  constructed;  viz.,  it  is  obvious  that,  joining  P,  P'  with  any  vertex,  say  A',  of  the 
triangle  A!1¥C',  the  lines  -4T',  A'P'  are  equally  inclined  to  the  bisectors  of  the 
angle  A'\  and  consequently,  P  being  given,  we  have  the  three  lines  A'P',  JJ'P",  (7P" 
intersecting  in  a  common  point  P',  which  is  therefore  determined  by  means  of  any 
two  of  these  lines.  We  have  thus  a  geometrical  construction  of  the  transformation 
between  P  and 


50.  The  analysis  assumes  that  the  principal  points  A,  J9,  G  of  the  first  figure 
are  three  distinct  points;  but  they  may  two  of  them,  or  all  three,  coincide.  In  the 
first  case,  say  if  B,  0  coincide,  the  line  BC  is  still  to  be  regarded  as  having  a 
definite  direction;  and  taking  #  =  0  for  this  line,  y  =  0  for  the  line  joining  A  with 
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(BC),  and  #  =  0  an  arbitrary  line  through  A,  the  functions  X,  Y,  Z  will  be  each  of 
them  of  the  form  by*  +  tyzx  +  2hxy ;  and  replacing,  as  before,  the  original  &',  y',  d  by 
linear  functions  of  these  quantities,  these  linear  functions  being  taken  for  the  coordinates 
(x>  y'y  /),  we  may  write  so'  :  y'  :  z'~yz  :  osy  :  osz.  Forming  the  converse  system,  the 
equations  for  the  transformation  are 

so  that  the  points  A\  B1,  G  in  the  second  plane  are  related  as  the  points  in  the 
first  plane;  viz.,  B\  G'  coincide,  the  line  EG  being  definite. 

It   is   easy  to   verify  that   the   Jacobian    in   the   first  plane   is  #j/2  =  0,  and   the 
Jacobian  in  the  second  plane  is  #ys-0. 

51.  Secondly,  if  A,  B,  G  all  coincide,  these  being  however  consecutive  points  on 
a  curve  of  finite  curvature,  or  say  on  a  conic;  then,  taking  #  =  0  for  the  tangent  at 
(ABC),  z  =  Q  for  any  other  tangent,  and  y  =  Q  for  the  chord  of  contact,  the  functions 
X,     Y,    Z    will    be    of    the    form    as?  +  b  (ya  —  zx)  +  2hxy ;    whence    we    may    write 
of  :  <tf  :  d~o?  :  soy  :  y*  —  $2.    Forming  the  converse  equations,  the  equations  of  trans- 
formation are 

so  that  the  points  -4X,  B,  G  in  the  second  plane  are  related  as  those  of  the  first 
plane;  viz.,  they  are  the  consecutive  points  of  a  curve  of  continuous  curvature. 

We  may  verify  that  the  Jacobian  of  the  first  plane  is  0^  =  0,  and  the  Jacobian 
of  the  second  plane  #/3  =  0. 

The  Lineo-linear  Transformation  between  Two  Planes. 

52.  We  have  two  equations  of  the  form 


(<&!,  ...$>,  y,  *$af,  y',  V)«0; 
writing  these  in  the  form 


where  (P,  Q,  5,  Plf  Q3;  J2i)  are  linear  functions  of  (a?,  y,  z\  we  have 

P,   <2,   R 

a',  y'y  z'  proportional  to 

PI>    Qi, 

that  is  to  X  :  Y  :  Z,  where  X  =  0,  F=  0,  Z  =  0  are  conies  each  passing  through  the 
same  three  points  in  the  first  plaife. 

And  conversely,  writing  the  equations  in  the  form 
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where  (F,  $,  R',  P,',  &',  J2/)  are  linear  functions  of  (of,  tf,  /),  we  have 

•jy        /y         r>t 
*    >      V  >      •"» 

a?,  y,  z  proportional  to 

that  is  to  X',  F,  #',  where  J?'=0,  F  =  0,  #'=0  are  conies  each  passing  through  the 
same  three  points  in  the  second  plane. 

53.  The  lineo-linear  transformation  is  thus  the  same  thing  as  the  quadric  trans- 
formation. It  is,  moreover,  clear  that  the  equations  must,  by  linear  transformations  on 
the  two  sets  of  variables  respectively,  and  by  linear  combination  of  the  two  equations, 
be  reducible  into  forms  giving  the  before-mentioned  values  of  sc  :  y  :  z  and  of  :  yf  :  zf 
respectively.  Thus,  in  the  general  case,  where  in  each  plane  the  three  points  are 
distinct  points,  the  lineo-linear  equations  will  be  reducible  to 

xaf  —  yy'  =  0,    xtxf  —  zd  =*  0 ; 

in  the  case  where  5,  G  in  the  first  plane,  and  B',  C'  in  the  second  plane  respectively 
coincide,  the  forms  will  be 

and  in  the  case  where  A,  B,  C  in  the  first  plane,  and  A',  B',  G'  in  the  second  plane 
respectively  coincide,  the  forms  will  be 

%y'  —  yxf  —  0,    assf  —  yy'  +  %of  =  0. 

The  determination  of  the  actual  formulae  for  these  reductions  would,  it  is  probable, 
give  rise  to  investigations  of  considerable  interest. 


The  General  Rational  Transformation  "between  Two  Planes  (resumed). 

54.  Consider,  as  above,  the  first  plane  or  figure  with  a  principal  system  (otj,  03... < 
and  the  second  plane  or  figure  with  a  principal  system  (a/,  a2/...  a^).  To  a  line  in 
the  second  plane  there  corresponds  in  the  first  plane  a  curve  of  the  order  n  passing 
1  time  through  each  of  the  points  «i,  2  times  through  each  of  the  points  03,  3  times 
through  each  of  the  points  03,  &c. ;  or,  as  we  may  write  this ; 

First  figure.  Second  figure. 

Points    %    ccs    ^...a^  Points    a/    a/    a/...  aV-i 


123  »-l 
123  n-I 
1  :  3  n-l 


curve  order  n 


000  7i-l 
000  Ti-1 
:  :  0  \ 


curve  order  1 


viz.,  the  Ts  denote  the  number  of  times  which  the  curve  of  the  order  n  passes  through 
the  several  points  ^  respectively;  the  2's  the  number  of  times  which  the  curve  passes 
through  the  several  points  <%  respectively;  and  so  on. 
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55.  We  may,  in  the  second  figure,  in  the  place  of  a  line  consider  a  curve  of 
the  order  k'.  If  the  equation  hereof  is  (*$#',  y\  /)^  =  0,  then  the  corresponding  curve 
in  the  first  figure  is  (*$X,  F,  ^)^  =  0;  viz.,  this  is  a  curve  of  the  order  k  =  nk'.  If, 
however,  the  curve  in  the  second  figure  passes  once  or  more  times  through  all  or  any 
of  the  points  a/,  a/,  ...  aV-i,  then  there  mil  be  a  depression  in  the  order  of  the 
corresponding  curve  in  the  first  figure;  and,  moreover,  this  curve  will  pass  a  certain 
number  of  times  through  all  or  some  of  the  points  a1?  Oj,  ctg,  ...a^.  The  diagram  of 
the  correspondence  will  be: 


First  figure. 


Second  figure. 


d 


curve  order  £ 


&2/     6s/ 


curve  order 


where  a1}  61?  c^...  denote  the  number  of  times  that  the  curve  of  the  order  k  passes 
through  the  several  points  ax  respectively,  (viz,,  the  number  of  the  letters  al9  bly  c^... 
is  =  «!,  any  or  all  of  them  being  zeros,)  0.3,  62,  c2...  the  number  of  times  that  the 
curve  passes  through  the  several  points  <%  respectively,  (viz.,  the  number  of  the  letters 
a2,  62,  c2...  is  =03,  any  or  all  of  them  being  zeros,)  and  so  on;  and  the  like  for  the 
curve  in  the  second  figure. 

56.  By  what  precedes,  it  is  easy  to  see  that,  if  the  curve  If  passes  through  a 
point  a/,  then  the  curve  k  throws  off  a  line,  and  the  depression  of  order  is  =1;  so, 
if  the  curve  passes  2  times,  3  times,...  or  of  times  through  the  point  in  question, 
then  the  curve  throws  off  the  line  repeated  2  times,  3  times,  ...a/  times,  or  the 
depression  of  order  is  =2,  3, ...or  a/;  and  the  like  for  each  of  the  points  a/;  so 
that,  writing  for  shortness  o1/  +  6i/  +  c1/+ ...  =  2o1/,  the  depression  of  order  on  account 
of  the  passages  through  the  several  points  ax  is  =^^0^.  Similarly,  for  each  time  of 
passage  through  a  point  a/,  there  is  thrown  off  a  conic;  or  if  aj  +  ft/ +...==  So/,  then 
the  depression  of  order  is  =22a2x,  and  so  on;  and  the  like  for  the  figure  in  the 
other  plane;  and  we  thus  arrive  at  the  equations 


k  =Wn-  2(oi'  +  203'  +  So/  ..-  +  w  - 1  a' 

/C      "~"  /Cli      *""" 


57.    The  simplest  case  is   when  the  curve  Ic    does   not  pass  through  any  of  the 
points  a/,  a^,  ...a^.    We  have  then 


consequently  k  =  k'n.    And,  moreover,  it  is  easy  to  see  that 


0.  VII. 


28 
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so  that  the  correspondence  is: 

First  Figure.  Second  Figure. 


a/,    a/, 


2/fe'    8 


fc'     2/fc'    Stf       (*-!)*' 


We  have 


and  the  formulae  for  &,  A7  become 


000 


0 


curve  order  k  =  nk'      000  Or  curve  order  k'. 


,  &c, 


viz.,  the  second  equation  is  here  k'  =  kn  —  k'fy*-!)]  that  is,  kfn*  =  kn,  agreeing,  as  it 
should  do,  with  the  first  equation. 

58.    Moreover,  the  deficiency-relation  is 


•or,  what  is  the  same  thing,  this  is 


-^^ 


...  +  (n  -  1) 


The  right-hand  side  is 


and  we  have  thus  the  identical  equation 


59.  It  should  be  possible,  when  the   nature  of  the  correspondence   between    the 
two  planes  is  completely  given,  to  express  each  of  the  numbers  Oj,  bl9  Ci,  ...Cfo-i,  6»_i,  ... 
in   terms   of  #,  a/,  &/,  d7,  ...  a^i,  &V*,  ...;    and   reciprocally   each    of  the   numbers 
fl/*  V>  Ci',  ...  a'n-!,  6Vi)--  in  terms  of  k,  c^,  6^  Ci,  ...  an_1?  J^i,  ...;  thus  completing  a 
system  of  relations  between  the  two  sets 

(fc,  Oa,  ^....a^x,  &,»-!,...),          (^  Oj7,  &/,...  <*'*-.!,  SM,...); 

but  even  if  the  theory  was  known,  there  would  be  considerable  difficulty  in  forming 
a  proper  algorithm  for  the  expression  of  these  relations. 

60.  The  two  curves  must  have  each  of  them  the  same  deficiency.    It  is  to  be 
noticed,  that  if  the  curve  in  the  first  plane  passes  any  number  of  times  through  a 
point  P,  which  is  not  one  of  the  points  a1?  c^,  «8,  ...  or  a^,  then  the  corresponding 
curve   in   the  second  plane  will   pass   the  same   number  of  times  through  the  corre- 
sponding  point  F,  which   point  will   not  be   one  of  the  points  «/,  a/,  ...  aV-i-    The 
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points  P,  P  will  therefore  contribute  equal  values  to  the  deficiencies  of  the  two  curves 
respectively;  so  that,  in  equating  the  two  deficiencies,  we  may  disregard  P,  F,  and 
attend  only  to  the  points  alt  &,,  ...a^  of  the  first  plane,  and  a/,  a/^.aVi  of  the 
second  plane.  The  required  relation  thus  is 

-!)(*-  Si-Site  fa 


61.  In  the  case  of  the  quadric  transformation  n  =  2,  we  have  in  the  first  plane 
the  three  points  a1?  say  these  are  At  B,  G\  and  in  the  second  plane  the  three  points 
a/,  say  these  are  A',  B',  (7.  And  if  in  the  first  plane  the  curve  of  the  order  k 
passes  a,  b,  c  times  through  the  three  points  respectively,  and  in  the  second  plane 
the  corresponding  curve  of  the  order  1st  passes  a',  b',  c'  times  through  the  three  points 
respectively,  then  it  is  easy  to  obtain 


W  =  Zk  -  a  -  b  -  c, 
a'  =   k  —  b  —  c, 
V  =   k  —  c  —a, 


c  =      —  a  — 


a  =   k'-b'-c', 


=  k'-a  -V. 


The  Quadric  Transformation  any  number  of  times  repeated. 

62.  We  may  successively  repeat  the  quadric  transformation  according  to  the  type: 

First  Fig.  Second  Fig.  Third  Fig.  Fourth  Fig. 

A,  B,  C  A',  ff,  C' 

D'}  E\  F  D",  E',  F" 

Q",  H",  I"  £'",  H'",  If/f 

viz.,  in  the  transformation  between  the  first  and  second  figures,  the  principal  systems 
are  ABG  and  A'B'C'  respectively;  in  that  between  the  second  and  third  figures, 
they  are  D'WI'  and  D"I!"F"  respectively;  in  that  between  the  third  and  fourth 
figures,  they  are  ff'H'T'  and  ff^JT'T";  and  so  on.  And  it  is  then  easy  to  see  that 
between  the  first  and  any  subsequent  figure  we  have  a  rational  transformation  of 
the  order  2  for  the  second  figure,  4  for  the  third  figure,  8  for  the  fourth  figure,  and 
so  on. 

63.  But  to  further  explain  the  relation,  we  may  complete  the  diagram,  by  taking, 
in  the  transformation  between  the  second  and  third  figures,  A",  B",  G"  to  correspond 
to    A!,  B',   G'i    similarly,  in    that    between    the    third    and   fourth,  A"f,   B"',    Gf"   to 
correspond  to  A",  B",  Cf' \  and  &",  Er",  F"1  to  correspond  to  JT,  £»9  F".    And  so  in 
the    transformation    between   the   second    and    third    figure,  we    may  make    G',  R',  T 

28—2 
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correspond  to   Q",  H",  I",  and   between    the   first  and    second  figures    make  jD,  E,  F 
correspond  to  D',  E',  F',  and  0,  H,  I  to  (?',  H',  /',  the  diagram  being  thus : 


First  Fig. 

Second  Fig. 

Third  Fig. 
A",  B",  0" 

Fourth  Fig. 

A'",  B"',  G"' 
D'",  B"',  F" 

A,B,  C 

A',  B',  O1 

D,E,F 
0,H,I 

D',  E',  F 

D",  E",  F' 

Q',  H',  I' 

G",  H",  I" 

Q'",  H'",  r 

•Observe  that  in  the  principal  systems  (for  instance,  A,  B,  G  and  A',  B',  0')  the  points 
A,  B,  G  correspond,  not  to  the  points  A!,  B1,  0',  but  to  the  lines  5'0',  G'A',  A'B! 
respectively;  and  so  in  the  other  case. 

64.  Consider   now   a  line   in    the    first    figure:    there    corresponds    hereto    in    the 
•second  figure  a  conic  through  the  points  A',  B',  G'\    and   to  this  conic  there  corre- 
sponds   in    the    third    figure    a    quartic    curve    passing    through    each    of   the    points 
A",  B",  G"  once,  and  through  each  of  the  points  D",  E",  F"  twice.    And  conversely, 
to  a  line  in  the  third   figure   corresponds  in    the   second    figure  a  conic  through  the 
points  D',  Ef)  F';  and  hereto  in  the  first  figure  a  quartic  through  the  points  D,  E,  F, 
once  and  through  the  points  A,  B,  G  twice;    that  is,  we  have  between  the  first  and 
third    figures   a    quartic    transformation   wherein    aa  =  Oo  =  3    and    a/  =  a/  =  3,   or    say  a 
quartic  transformation  3i32  and  3^2.    In  like  manner,  passing  to  the  fourth  figure,  to 
a   line   in   the   first   figure   corresponds   in   the   fourth   figure    an   octic   curve    passing 
through  A'",  £'",  0"'  once,  through  D"',  E'",  F"  twice,  and  through   G'",  H"',  T"  four 
times;    and  conversely,  to  a  line  in   the   fourth   figure  there    corresponds  in  the  first 
figure  an  octic  curve  passing   through  the  points   G,  H,  I  once,  the  points  J9,  E,  F 
twice,  and  the  points  A,  B,  G  four  times;  that  is,  between  the  first  and  fourth  figures 
we   have   an    octic    transformation,    wherein    ^  =  05  =  ^=3,   a/ =  a/ =  «4' =  3,   or    say   a 
transformation,  order  8,  of  the  form  3$$4  and  313234.    And  so  between  the  first  and 
fifth  figures  there  is  a  transformation,  order  16,  of  the  form  31S23438  and  3i323438. 

65.  It  is,  moreover,  easy  to  find  the  Jacobians  or  counter-systems  in  the  several 
transformations  respectively.    Thus,  in  the  transformation  between  the  first  and  second 
figures,  in  the  second  figure  the  Jacobian  consists  of  3  lines  such  as  B'G*  (viz.,  these 
are,  of   course,  the  lines  B'C',  G'A',  A'B).    Hence,  in  the  transformation  between  the 
first  and  third  figures,  the  Jacobian  in  the  third  figure  consists  of 

3  conies      B"G"  (D"E"F"), 
3  lines  L"E"; 

viz,,  one  of  the  conies  is  that  through  the  five  points  5",  0",  D",  E",  F',  one  of  the 
lines  that  through  the  two  points  D",  E".  And  so  in  the  fourth  figure,  the  Jacobian 
consists  of 

3  quartics  B  G    (D  E  F  \  (Gr  -cz  I  )2, 

3  conies  TTE'"        (G'"E"T"\, 

3  lines  Q"'H'"; 
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viz.,  one  of  the  quartics  passes  through  £'",  C'"  ';  through  D'",  E'"9  F'"  each  once;  and 
through  <?"',  H"1,  I"'  each  twice.    And  so  in  the  fifth  figure  the  Jacobian  consists  of 

3  octics      ff"'Q""  (D""E""F"'\  (G""H""F")s  (3""K""U'"\> 
3  quartics  £""#""         (Gr//'Himrff\(JmfKfftfL/lff\, 

3  conies  G""H""        (J""KtmUm\, 

3  lines  /""#"", 

and  so  on. 

66.    The  conditions  are  in  each  case  sufficient  for  the  determination  of  the  curve. 
This  depends  on  the  numerical  relation 


The  term  in  {  }  is 

1  +  4  +  16.  ..  +  2" 

+  1  +  2+   4.  ..+2', 
that  is 


22-1         2-1"' 

which  is 

-1)], 


and  the  relation  is  thus  identically  true. 

67.    Conversely,  in   the   transformation  between   the   first   figure   and   the    several 
other  figures  respectively,  the  Jacobian  of  the  first  figure  is 

3  lines  AB  ;  and  so  for  order  2,  between  first  and  second  figures  ; 

3  conies      DE(ABO)1  } 

V  for  order  4,  between  first  and  third  figures; 

3  lines  AB  j 


3  quartics 

3  conies  DE      (ABG\  [  for  order  8,  between  first  and  fourth  figures; 

3  lines  AB 


3  octics  JK  (GHI\  (DEF),  (ABC), 
3  quartics  GH  (DEF)l(ABC), 
3  conies  DE  (ABC), 

3  lines  AB 

and  so  on. 


-  for  order  16,  between  first  and  fifth  figures; 
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Special  Cases Reduction  of  the  General  Rational  Transformation  to  a  Series  of  Quadric 

Transformations. 

68.  It  was   remarked   by  Mr    Clifford   that   any  Cremona-transformation  whatever 
may    be    obtained    by  this    method    of   repeated    quadric    transformations,    if   only   the 
principal  systems,  instead  of  being  completely  arbitrary,   are  properly   related   to   each 
other.    To  take  the  simplest  instance;  suppose  that  we  have 

First  figure.  Second  figure.  Third  figure. 

A,  B,  G  A',  B',  Gf  3",  0" 

II 
E,  F  D',  E',  F1          V",  #",  F' 

viz.,  in  the  transformation  between  the  first  and  second  figures,  we  have  the  principal 
systems  ABC  and  A'B'C'  (arbitrary  as  before);  but  in  the  transformation  between  the 
second  and  third  figures,  the  principal  systems  are  L'E'F'  and  j)"j£'T",  where  D', 
instead  of  being  arbitrary,  coincides  with  A'.  And  we  then  have  B">  G"  in  the  third 
figure  corresponding  to  £',  C'  in  the  second  figure,  and  E,  F  in  the  first  figure  corre- 
sponding to  E',  F'  in  the  second  figure.  This  being  so,  to  a  line  in  the  first  figure 
corresponds  in  the  second  figure  a  conic  through  A\  B'>  G'.  But  A'*=D'\  viz,,  this 
conic  passes  through  a  point  D'  of  the  principal  system  of  the  second  figure,  in  regard 
to  the  transformation  between  the  second  and  third  figures.  That  is,  (ft,  a,  6,  c  referring 
to  the  second  figure,  and  &',  a',  &',  c'  to  the  third  figure,  k  =  2,  a=l,  6  =  0,  c  =  0,  and 
therefore  k'  —  3,  a'  =  2,  V  =  1,  c'  =  1,)  corresponding  to  the  conic  we  have  in  the  third 
figure  a  curve,  order  3  (cubic  curve),  passing  twice  through  D",  but  once  through  E" 
and  F"  respectively;  this  cubic  curve  passes  also  through  the  points  B",  G"  which 
correspond  to  B'y  G'  respectively;  that  is, 

cubic  passes  through  E",  F",  B",  C"  each  1  time 
D"  2  times ; 

or,  corresponding  to  a  line  in  the  first  figure,  we  have  in  the  third  figure  a  curve, 
order  3,  passing  through  four  fixed  points  each  1  time,  and  through  one  fixed  point 
2  times.  That  is,  we  have  ft =3,  a/  =  4,  a/=l.  And  in  the  same  manner,  to  a  line 
in  the  third  figure  there  corresponds  in  the  first  figure  a  cubic  through  four  fixed 
points  (viz.,  B,  (7,  E,  F)  each  1  time,  and  through  one  fixed  point,  A,  2  times;  so 
that  also  <Xi  =  4,  02  =  !.  The  transformation  is  thus  of  the  order  3,  and  the  form 
4*i  12  and  4a  12  (this  is  in  fact  the  only  cubic  transformation ;  see  the  Tables,  ante,  No.  41). 

69.  Mr   Clifford   has   also   devised  a   very  convenient   algorithm   for   this    decom- 
position of  a  transformation   of   any  order   into   quadric   transformations.    The  quadric 
transformation  is  denoted  by  [3],  the  cubic  transformation  by  [41],  the  quartic  trans- 
formations by  [601],  [330],  the  quintic  ones  by  [8001],  [3310],  [0600],  and  so  on ;  see 
the  Tables  just  referred  to.     (This  is   substantially  the  same  as  a  notation  employed 
above,  the  zeros  enabling  the  omission  of  the  suffixes ;  viz.,  [8001]  =  8l  14 ;  and  so  in  other 
cases.) 
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70.  The  foregoing  result  is  represented  thus  [4,  1]  =  [3JO,  0,  1),  which  I  proceed 
to  explain.    Consider  in   the  first  figure  a  line;    the  symbol  [3]  denotes  that  in  the 
second  figure  we  have  a  conic  with  three  points  «).    We  are  about  to  apply  to  this 
a  quadric  transformation ;  (0,  0,  0)  would  denote  that  the  three  points  of  the  principal 
system  in  the  second  figure  were  all  of   them  arbitrary;  (0,  0,  1)  that  one  of   these 
points  was  a  point  a/ ;  (0,  1,  1)  that  two  of  them  were  points  a/ ;  (1,  1,  1)  that  all 
three  of  them  were  points  ax;    (0,  0,  2)  would  denote  that  one  of   the  points  was   a 
point  a/;   only  in  the  present  case  we  can  have  no  such  symbol,  by  reason  that  there 
are  no  points  a/.    Hence  [3J001)  denotes  that  the  conic  has  applied  to  it  a  quadric 
transformation  such  that,  in  the  transformation  thereof,  one  point  of  the  principal  system 
coincides  with  one  of  the  points  (a/)  on  the  conic.    To  [3],  qua  quadric  transformation, 
belongs  the  number  2;    and  from  2,  (001)  we  derive  3,  (112),  (in  general  fc,  (a,  6,  c) 
gives  &',  (a',   V,  c'\  where  &'  =  2&-a-&-c,  a'  =  Jk-6-c,  J'^jfe-o-a,  c'  =  £-a-E>}. 
fc  =  2  corresponds  to  a  symbol  [3]  of  one  number,  &'  =  3  to  a  symbol  of  two  numbers; 
viz.,  we  change  [3]  into  [30] ;   we  then,  in  the  symbols  (112)  and  (001),  consider  the 
frequencies  of  the  several  numbers  1,  2, ...  taking  those  in  the  first  symbol  as  positive, 
and  those  in  the  second  symbol  as  negative ;  or,  what  is  the  same  thing,  representing 
the    frequency  as    an    index,  we    have    P21,    I-1;    or,  combining,  la-121;   these  indices 
are  then  added  on  to  the  numbers  of  [30] ;   viz.,  the  index  of  1  to  the  first  number, 
the  index  of   2  to  the  second  number  (and,  in  the   case    of   more   numbers,  so    on) : 
[30]  is  thus  converted  into  [41],  and  we  have  the  required  equation 

[41]  =[31001), 
where  the  rationale  of  this  algorithmic  process  appears  by  the  explanation,  ante,  No.  68. 

71.  As  another  example  take 

[8001]  =  [601([003). 

To  [601],  qua  quartic  transformation,  belongs  the  number  4;  and  from  4,  (003)  we  form 
5,  (114) ;  where  the  5  indicates  that  [601]  is  to  be  changed  into  [6010] ;  then  (114), 
(003),  writing  them  in  the  form  l^S"^1,  show  that  to  the  numbers  of  [6010]  we  are 
to  add  2,  0,  - 1,  1 ;  thus  changing  the  symbol  into  [8001],  so  that  we  have  the  required 
relation. 

.72.  Mr  Clifford  calculated  in  this  way  the  following  table,  showing  how  any  trans- 
formation of  an  order  not  exceeding  8  can  be  expressed  by  means  of  a  series  of  quadric 
transformations ;  the  symbols  Or.  3,  Or.  4 . 1 ;  4.2,  &c.,  refer  to  the  order  and  number 
of  Cremona's  tables,  ante,  No.  41. 

Cr.  3  .     =  [  41]  =  [3<[001), 

Or.  4  .  1  =  [601]  =  [41  £002)  -  [8J001  $002), 

4.2  =  [330]  =  [  3JOOO)  =  [41 J011)  =  [SJOOljOll), 
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Or.  5.1  =  [8001] 

5.2  =  [3310] 

5.3  =  [0600] 

Or.  6  . 1  =  [10,0001] 

6.2  =  [14200] 

6.3  =  [41300] 

6.4  =  [34010] 

Or.  7  . 1  =  [12,00001] 

7.2  =  [380J001) 

7.3  =  [034000] 

7.4  =  [503100] 

7.5  =  [350010] 

Or.  8  . 1  =  [14,000001] 

8.2  =  [3230100] 

8.3  =  [1322000] 

8.4  =  [0070000] 

8.5  =  [3600010] 

8.6  =  [6013000] 

8.7  =  [0520100] 

8.8  =  [2051000] 

8.9  =  [3303000] 


:  [601J003) 

[  41J001) 

.  [830J111) 

.  [8001£004) 
[  330J011) 

:  [3810J022) 
.  [  330J002) 
=  [3310J013) 

=  [10,0001^005) 


[3<[00l5002#003), 
[3<[00l£001), 


[33]0015;002][003]1004)) 

[3JOOOJ011)  -[3J001$011$011), 

Piooisoossonn 

[3J001$001][022)J         ^      x 


[3J001$001$013), 

[3([001$0023[003$004$005), 
[232100], 


[8810J111) 

[  601  jooi) 

[3310J003) 


[    83101002)  =  [31001^001^002), 

[    8310J011)  =  [3£001$001$011), 

[034000J222)  =  [3£001$001$m£222), 

[  840101004)  =  [330J002$004)       =  [3IOOO$002$004)t 

[      601JOOO)  =  [SJOOI  J002$000), 

[    0600J002)  =  [3pOO$lirfc222), 

[  41300J112)  =  [3J001$000$112), 

[  3JOOO$000$000). 


73.  The  reduction  as  above  of  a  transformation  to  a  series  of  quadric  transfor- 
mations, enables  the  determination  of  the  reciprocal  transformation  ;  or,  what  is  the 
same  thing,  the  determination  of  the  Jacobian  of  the  first  figure;  see  the  example, 
ante,  No.  67,  where  it  appears  that  the  reciprocal  transformation  of  [41]  is  [41].  But 
I  do  not  see  any  easy  algorithmic  process  for  the  determination  of  the  reciprocal  trans- 
formation, or  still  less  any  general  form  in  which  the  result  can  be  expressed ;  and 
I  do  not  at  present  pursue  the  inquiry. 


The  Rational  Transformation  between  Two  Spaces. 

74.  The  general  principles  have  been  already  explained:  the  two  systems 
of  :  tf  ;  st  :  w'  =  X  :  7  :  Z  :  W  and  x  :  y  :  s  :  w=  X'  :  T  :  Z1  :  W  must  be  derivable 
the  one  from  the  other;  and  starting  with  the  first  system,  this  will  be  the  case  if 


447]  ON  THE  RATIONAL  TRANSFORMATION  BETWEEN  TWO  SPACES.  225 

only  the  surfaces  X  =  0,  7=0,  Z=Q,  TF=0  have  a  common  intersection  equivalent  to 
ws—  1  points  of  intersection,  but  not  equivalent  to  a  complete  common  intersection  of 
n9  points.  The  last-mentioned  circumstance  would  arise,  if  the  condition  of  the  common 
intersection  should  impose  upon  the  surface  more  than  J(n  +  l)(fl  +  2)(n  +  3)-4  con- 
ditions ;  viz.,  the  surfaces  would  then  be  connected  by  an  identical  equation  or  syzygy 
oJ£"-f/?F+7#+SF"  =  0.  The  common  intersection  is  a  figure  composed  of  points  and 
curves:  say  it  is  the  principal  system  in  the  first  space;  the  problem  is,  to  determine 
a  principal  system  equivalent  to  nz-I  points  of  intersection  but  such  that  the  number 
of  conditions  to  be  satisfied  by  a  surface  passing  through  it  is  not  more  than 


75.  The  following    locutions   are    convenient.    We    may  say  that    the   number   of 
conditions  imposed  upon  a  surface  of  the  order  n  which  passes  through  the  common 
intersection  is    the  Postulation   of  this   intersection  ;    and   that    the    number   of  points 
represented  by  the  common  intersection  (in  regard  to  the  points  of  intersection  of  any 
three  surfaces  each  of  the  order  n   which  pass  through  it)  is  the  Equivalence  of  this 
intersection.    The  conditions  above  referred  to  are  thus 

Equivalence  =  n3  —  1, 

Postulation  >  £  (n  +  1)  (n  +  2)  (n  +  3)  -  4. 

76.  It  would  appear  by  the  analogy  of  the  rational  transformation  between  two 
planes,  that  the  only  cases  to  be  considered  are  those  for  which 

Postulation  =  £  (n  +  1)  (n  +  2)  (n  +  3)  -  4  ; 
but  I  cannot  say  whether  this  is  so. 

77.  In  the  transformation    between   two  planes,  the  two  conditions    lead,  as  was 
seen,  to  the  result  that  the  curve  aX  +  bY+cZ=Q  is  unicursal.    I  do  not  see  that 
in  the  present  case  of  two  spaces,  the  two  conditions  lead  to  the  corresponding  result 
that  the  surface  aX  +  bY+cZ+dW=Q  is  unicursal;  that  this  is  so,  appears,  however, 
at  once  from  the  general  notion  of  the  rational  transformation.    In  fact,  the  equation 
in  question  aX  +  bY+cZ+dW=Q  is  satisfied  by  x  :  y  :  z  :  w  =  X'  :  Y  :  Zf  :  W  and 
®d  +  W  +  c^  +  fad  =  0  5  the  last  equation  determines  the  ratios  d  :  y'  :  /  :  w'  in  terms 
of   two    arbitrary  parameters    (say  these   are   xf  :  y1  and  of  :  sf),   and   we    have    then 
x  :  y  :  z  :  w  proportional  to  rational  functions  of  these  two  parameters  ;  that  is,  the  surface 
aX  +  17  +  cZ  +  dW  =  0  is  unicursal.    And  similarly  the  surface  a,Xr  -l-  IT  +  oZf  +  dW  =  0 
is  unicursal. 

78.  In  the  most  general  point  of  view,  the  principal  system  will  contain  a  given 
number  of  points  which  are    simple  points,  a   given  number  which   are   quadriconical 
points,   a   given   number  which  are   cubiconical   points,  &c.   &a,   on   the  surfaces;  and 
similarly  a  given    number  of  curves  which  are  simple  curves,  a  given  number  which 
are  double  curves,  &c.  &c.,  on  the  surfaces.    But,  to  simplify,  I  will  consider  that  it 
includes  only  points  which   are  simple  points,  and  a   curve  which   is  a   simple  curve 
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on  the  surfaces :  this  curve  may,  however,  break  up  into  separate  curves,  and  we  thus, 
in  fact,  admit  the  case  where  there  are  any  number  of  separate  curves  each  of  them 
a  simple  curve  on  the  surfaces.  It  is  right  to  remark  that  we  cannot  assert  ct,  priori — 
and  it  is  not  in  fact  the  case — that  the  principal  system  in  the  second  space  will  be 
subject  to  the  like  restrictions:  starting  with  such  a  principal  system  in  the  first 
space,  we  may  be  led  in  the  second  space  to  a  principal  system  including  a  curve 
which  is  a  double  curve  on  the  surfaces ;  an  instance  of  this  will  in  fact  occur. 

79.  It  is  shown  (Salmon's  Solid  Geometry,  2nd  ed.,  p.  283,  [Ed,  4,  p.  321]),  that  in 
the  intersection  of  three  surfaces  of  the  orders  /t,  z>,  p  respectively,  a  curve  of  inter- 
section of  the  order  m  and  class  r  counts  as  m  (n  +  v  +  p  -  2)  -  r  points  of  intersection. 
For  a  curve  without  actual  double  points  or  stationary  points,  we  have  r  =  m  (m  —  1)  —  2&, 
where  h  is  the  number  of  apparent  double  points;  or,  substituting,  we  have  the  curve 
counting   for  m(ji  +v  +  p- 2)  — m(m-  1)  +  2A  points  of  intersection;  this  is  in  fact  a 
more  general  form  of  the  formula,  inasmuch  as  it  extends  to  the  case  of  a  curve  with 
actual   double    points   and    stationary  points.     Or,  what   is    the    same   thing,  the    three 
surfaces  intersecting  in   the  curve  of  the  order  m  with  h  apparent  double  points,  will 
besides  intersect  in  fwp  —  m(jt  +  v+p  —  2)  +  w(m  — 1)  —  2h  points;  viz.,  the  curve  may, 
besides  the  apparent  double  points,  have   actual    double  points   and   stationary  points; 
but  these  do  not  affect  the  formula, 

80.  Some  caution  is  necessary  in  the  application  of  the  theorem.    For  instance, 
to  consider  cases  that  will  present  themselves  in  the  sequel:   let  the  surfaces  be  cubics 
(jx  -  v  =  p  =  3);  the  number  of  remaining  intersections  is  given  as  =  27  -  *lm  4-  m  (m  -1)-  2A. 
Suppose  that  the  curve  consists  of  four  non-intersecting  lines,  m  =  4,  A  =  6,  the  number 
is  given  as  =-1.    But  observe  in   this   case   there  are  two  lines  each   meeting   the 
four  given  lines ;  that  is,  any  cubic  surface  passing  through  the  four  given  lines  meets 
these  two   lines  each  of  them  in  four  points,  that   is,  the   cubic   passes  also   through 
each  of  the  two  lines;  the  complete  cwrye-intersection  of  the  surfaces  is  made  up  of  the 
six  lines  m=6,  A  =  7   (since  each  of  the  two  lines,  as  intersecting  the  four  lines,  gives 
actual    double   points,  but   the    two   lines   together  give   one    apparent    double  point), 
and  the  expression  for  the  number  of  the  remaining   points   of   intersection  becomes 
«  27  -  42  +  30  - 14  =  1,  which  is  correct. 

81.  Similarly,  if  the  given  curve  of  intersection  be  a  conic  and  two  non-intersecting 
lines,  there  is  here  in  the  plane  of  the  conic  a  line  meeting  each  of  the  two  given 
lines,  and  therefore  meeting  the  cubic  surface,  in  four  points,  that  is,  lying  wholly  in 
the  cubic  surface:  the  complete  c^e-intersection  consists  of  the  conic,  the  two  given 
lines,  and  the  last-mentioned  line,  m  =  5,  h  =  5,  and  the  number  of  points  of  intersection 
is  =  27  -  35  +  20  - 10,  =  2,  which  is  correct.    Again,  if  the  given  curve  of  intersection 
be  two  conies,  here  the  line  of  intersection  of  the   planes  of  the   conies  lies  in  the 
cubic  surface;   or,  for  the  complete   aim-intersection  we  have  m  =  5,  A  =  4;    and   the 
number  of  points  is  27- 35-1-20 -8,  =4.    If  in  this  last  case  each  or  either  of  the 
conies  become  a  pair  of  intersecting  lines,  or  if  in  the  preceding  case  the  conic  becomes 
a  pair  of  intersecting  lines,  the  results  remain  unaltered. 
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82.  If  a  surface  of  the  order  p  pass  through  a  curve  of  the  order  m  and  class 
r  without    stationary  points    or  actual    double    points,  this   imposes   on    the   surface  a 
number  of   conditions   =(/t-f  l)m-^r.     In   the   case   in   question,  the   value  of   r   is 
=  m(w-l)  —  2&;  or,  substituting,  the  number  of  conditions  is  =0u  4-  l)tfi-£m(m-  !)-{-£  ; 
and    the    formula    in    this    form   holds   good    even   in   the   case  where    the    curve    has 
stationary  points   and  actual  double  points.    Thus  /*  =  3,  the   number   of  conditions  is 
=  4m  —  £w(m-l)-hA.     If   the  curve  be  a  line,  ra=l,  A  =  0,  number  of  conditions  is 
=  4  ;    if  the  curve  be  a  pair  of   non-intersecting    lines,  m  =  2,  h  =  1,   number   of  con- 
ditions is  =8.    And  so  in    general,  if  the    curve    consist    of  6    non-intersecting    lines 
(6  =  4  at  most),  then  m  =  6,  A  =  £6  (6—1),   and  the  number  of  conditions  is  =  46.    If 
the  curve  be  a  conic,  or  a  pair  of  intersecting  lines,  ra  =  2,  &=1,  and  the  number  of 
conditions  is  =  7.    If  the  curve  consist  of  k  lines,  such  that  there  are  9  pairs  of  inter- 
secting lines,  then  m  =  6,  &  -£6(6  —  1)-  0,  and  the  number  of  conditions  is  =  46-0. 
It  is  obvious  that,  the  number  of  conditions  for  a  line  being  =4,  that  for  the  k  lines 
with  6  intersecting  pairs   must    have  the  foregoing  value  46-0.     In   fact,  when  the 
lines  do  not  intersect,  we  take  on  each  line   4  points,  and  the  cubic  surface  passing 
through  any  such  4  points  will  contain  the    line  ;   but   for  two   lines  which  intersect, 
taking  this  point,  and   on   each   of  the   intersecting   lines   3    other  points,  the    cubic 
surface  through  the  7  points  will  pass  through  the  two  lines  ;  and  so  in  other  cases. 

83.  The  formula  must,  in  some  instances,  be   applied  with  caution.    Thus,  given 
five  non-intersecting  lines  6  =  5,  0  =  0,  and  the  number  of  conditions  is  =20;    and  a 
cubic  surface  cannot  be,  in  general,  made  to  pass  through  the  lines.    But  if  the  five 
lines  are  met  by  any  other  line,  then   a   cubic  surface,  if  it   pass  through   the   five 
lines,  will  pass  through  this  sixth  line;  for  the  six  lines  6  =  6,  0  =  5,  and  the  number 
of  conditions  is  24  —  5  =  19  ;  so  that  there  is  a  determinate  cubic  surface  through  the 
six  lines,  and  therefore  through  the  five  lines  related  in  the  manner  just  referred  to. 

84.  Recurring  to  the  problem  of  transformation,  it  appears  by  what  precedes,  that 
if  the  principal  system  in  the  first  plane  consists  of  ax  points,  and  of  a  curve  of  the 
order  ml  with  ^  apparent  double  points  (the  GL^  points  being  simple  points,  and  the 
curve  a  simple  curve  on  the  surfaces),  then  the  conditions  for  a  transformation  are 


where,  in  the  second  line,  instead  of  ^  I  have  written  =.  I  remark,  in  passing, 
that  I  have  ascertained  that  an  actual  triple  point  counts  as  an  apparent  double 
point;  or,  what  is  the  same  thing,  that  if  the  curve  has  ^  actual  triple  points,  then 
we  may,  instead  of  A!,  write  hi  +  ^.  The  equations  give 


(n  -  *)«!-  «  =  i  (»-l)  (2»»  -  4»  -  15), 
to  which  may  be  joined 

=  (*-!)  (6»  +  17). 
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The  first  two  equations  for  the  successive  values  of  n  give 

7i  =  2,    7711(3-77^)  =     2-2Ax,  2w1  +  a1=       5; 

7i  =  3,    Wi(  7-mx)s=   20-2*!,  7^!  +  ^=       6; 

7i  =  4,    TT&!  (11  -  7?^)  =   64  -  2A1?  a,.  =  —   1  ; 

7i  =  5,    m^lS  -7W1)  =  144-2A1,  -    TT^  +  <*!  =  -  20; 

71  =  6,    77^(19  -mO  =  270  -2^,  -201!  +  ^  =  -55; 


&c.  &c.  &c. 

85.  It  is  remarkable  that  for  n  =  4  there  is  no  solution  of  the  geometrical 
problem;  in  fact,  «!  =  -!,  a  negative  value  of  al}  shows  that  this  is  so.  For  the 
higher  values  of  n,  there  seem  to  be  solutions  with  large  values  of  wi^  Aj,  fl^;  for 
•example,  n  =  5,  we  have  TT^  =  20  +  al9  is  =  20  at  least.  Writing  77^  =  20,  we  have 
-  100  =  144  -  2*!,  or  2AX  =  244.  The  highest  value  of  2^  is  =(m1-  1)  (7^  -  2),  which 
for  772a  =  20  is  =342;  or  the  foregoing  value  2/^  =  244  is  admissible.  Thus  77^  =  20, 
^  =  122,  aj  =  0  gives  a  solution;  and,  moreover,  any  larger  value  of  TT^,  say  77^  =  20  +  a, 
gives  an  admissible  solution,  7^  =  20  4-  a,  ^  =  122  +  ^a(a  +  25),  ^  =  0.  And  so  for  71  =  6, 
&c.  ;  but  I  have  not  further  examined  any  of  these  cases,  and  do  not  understand 
them. 


There  remain  the  cases  n  =  2,  n  =  3.  For  n  =  2,  since  ^ml  +  ax  =  5,  we  have  77^  =  0, 
1,  or  2;  77^  =  0  gives  ^  =  0,  which  is  not  admissible.  The  remaining  solutions  are 
77^=1,  A!  =  O,  «i  =  3;  and  77^  =  2,  ^  =  0,  ^  =  1. 

For   n  =  3,  since   TT^  -f  ^  =  6,  we   have   THa  =  0,   1,  2,  3,  4,  5,  or   6.     w^  =  0   gives 

^  =  10  ;  TWj.  =  1  gives  ^  =  7  ;  77^  =  2  gives  ^  =  5  ;  m^  —  3  gives  ^  =  4  :  these  values  are 

not    geometrically  admissible.    The   remaining    cases    are  77^  =  4,  Ai  =  4,  fli  =  2;   77^  =  5, 
^  =  5,  a1==l;  77^  =  6,  ^  =  7,  ^  =  0. 

86.  The  reciprocal  transformation  is  in  every  case  of  the  order  d  =  7i2  —  77^. 
Hence  considering  the  quadric  transformations: 

First,  the  case  n  =  2,  7?^  =  1,  Ax  =  0,  ax  =  3  ;  the  reciprocal  transformation  is  of  the 
order  7i7  =  3.  Suppose  for  a  moment  that  the  principal  system  in  the  second  space  is 
of  the  same  nature  as  that  above  considered  in  the  first  space,  consisting  of  a/ 
points,  and  a  curve  of  the  order  77^'  with  A/  apparent  double  points  (the  a/  points 
each  a  simple  point,  and  the  curve  a  simple  curve  on  the  surfaces  X'  =  0,  &c.). 
Passing  back  to  the  original  transformation,  we  should  have  2  =  9-  TTI/,  that  is,  TTI/  =  7. 
But  it  has  just  been  seen  that,  for  n  =  3,  the  only  values  of  TT^  are  4,  5,  6  ;  hence 
for  7&'  =  3  we  cannot  have  77^'  =  7.  The  explanation  is,  that  the  principal  system  in 
the  second  space  is  not  of  the  form  in  question;  it,  in  fact,  consists  (as  will  appear) 
of  three  lines  each  a  simple  line,  and  of  another  line  which  is  a  double  line  on  the 
surfaces  X7  =  0,  &c.  In  the  intersection  of  any  two  of  these  surfaces,  the  three  lines 
count  each  once,  the  double  line  four  times,  and  the  order  of  the  curve  of  intersection 
is  thus  3  +  4  =  7,  as  it  should  be.  The  principal  system  may  be  characterized  a/  =  0, 
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Next,  the  case  n  =  2,  ml  =  2,  ^  =  0,  ^  =  1 :  the  reciprocal  transformation  is  of  the 
order  rz/  =  2;  it  is  evidently  not  of  the  form  above  considered  (for  this  would  make 
the  original  transformation  to  be  of  the  order  3).  Hence,  assuming  (as  it  seems 
allowable  to  do)  that  the  principal  system  does  not  contain  any  multiple  point  or 
curve,  the  reciprocal  transformation  will  be  of  the  same  form  as  the  original  one; 
viz.,  we  shall  have  n'  =  2,  m/  =  2,  A/  -  0,  a/  =  1. 

87.  Considering  next  the  cubic  transformations,  or   those  belonging  to  n  =  3;   in 
the  case  ^  =  4,  ^  =  4,  ax  =  2,  the  reciprocal  transformation  is  of  the  order  9  —  4,  =5; 
and    in   the   case   ^  =  5,  ^  =  5,  ^  =  1,  the   reciprocal   transformation   is   of  the  order 
9  -  5,  =  4 :    I   do   not   consider   these    cases.    But   m^  =6,  Az  =  7,  a.±  =  0,  the   reciprocal 
transformation  is  of  the  order  9  —  6,  =  3 ;  and  assuming  (as  seems  allowable)  that  the 
principal  system    does   not   contain   any  multiple  point  or   curve,  it   must   be   of  the 
same  form  as  the  original  transformation,  that  is,  we  must  have  ?i'  =  3,  m/  =  6,  A/ =  7, 
«/  =  (). 

88.  The   transformations   to   be   studied    are  thus, — 1°    The    quadri-quadric   trans- 
formation u  =  2,  ma  =  2,  A!  =  O,  «!  =  !,  and  ft' =  2,  ??i1/  =  2,  A/-0,   a/=l;    the  principal 
system  in   each    space    consists  of   a  point  and  of  a  conic  (which  may  be  a  pair  of 
intersecting  lines);  and  the  surfaces  are  quadrics.    2°  The  quadri-cubic  transformation 
n  =  2,  m!  =  l,  ^«0,  <*!  =  §,  and  w'  =  3,  <  =  0,  in/ =  3,  A/  =  3,  7?^  =  1,  A2'  =  0:  in  the  first 
•space  the  principal  system  consists  of  three  points  and  a  line,  and    the  surfaces  are 
quadrics:  in  the  second  figure,  the  principal  system  consists  of  three  simple  lines  and  a 
double  line;   and  the  surfaces  are  cubic  surfaces  passing  through  this  principal  system, 
that  is,  they  are  cubic  scrolls.    3°  The  cubo-cubic  transformation  n~3,  ^  =  0,  77^  =  6, 
^  =  7,  and  n'-  3,  0^  =  0,  m/  =  6,  Vs5  7;  in  each  space  the  principal  system  is  a  sextic 
curve  with  seven  apparent  double  points  (but  there  are  different  cases  to  be  considered 
according  as  the  sextic   curve    does    or   does    not   break  up   into  inferior  curves),  and 
the  surfaces  are  cubic  surfaces  through  the  sextic  curve. 

The  Quadri-quadric  Transformation  between  Two  Spaces. 

89.  Starting  from  the   equations  of  :  y  :  zf  :  w'  =  X  :  T  :  Z  :  TF,   we  have  here 
Jf  =  0,  &c.,  quadric  surfaces  passing  through  a  given  point  and  a  given  conic  (which 
may  be  a  pair  of  intersecting  lines).    Take  #  =  0,  y  =  0,  #  —  0  for  the  coordinates  of 
the  given  point;  w  =  0  for  the  equation  of  the  plane  of  the  conic;  the  conic  is  then 
given  as   the   intersection   of  this   plane   by  a    cone    having    the    given  point   for  its 
vertex;    or  say  the  equations  of  the  conic  are  w  =  0,  (a, ...]£#,  y,  #)2  =  0;    the  general 
equation  of  a  quadric  through  the  point  and  conic  is  w  (ax  +  fiy + yz)  +  8  (a, . .  .$#,  y,  £f  »  0 ; 
^nd  it  hence  appears  that  the  equations  of  the  transformation  may  be  taken  to  be 

x'  :  y1  :  /  :  w'  =  (cw  :  yw    i  zw    :  (a,  ...$#,  y>  #)a; 

these  give  at  once  a  reciprocal  system  of  the  same  form ;  viz.,  the  two  sets  are 
of  :  y'  :  d  :  w'  =  scw    :  yw    :  zw    :  (a,  ...$#,  y,  z^> 
x  i  y  :  z  :  w  =#W  :  j/w'  :  z'w'  :  (a,  ... 
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90.    The  Jacobian  of  the  first  space  is  at  once  found  to  be 

W2(a,  ...$>,  y,  #)2  =  0; 
that  of  the  second  space  is  of  course 


The  two  spaces  are  similar  to  each  other;  we  may  say  that  there  is  in  each  of  them 
a  principal  point  and  a  principal  conic;  that  the  plane  of  the  conic  is  the  principal 
plane,  and  the  cone  haying  its  vertex  at  the  point  and  passing  through  the  conic  is 
the  principal  cone.  To  the  principal  point  of  either  space  corresponds  any  point 
whatever  in  the  principal  plane  of  the  other  space  ;  and  conversely.  More  definitely,  the 
points  of  the  one  principal  plane  and  the  infinitesimal  elements  of  direction  through  the 
principal  point  of  the  other  space  correspond  according  to  the  equations  x  :  y  :  z  =  of  :  y'  :  sf. 
To  any  point  on  the  principal  conic  of  either  space  corresponds  in  the  other  space,  not 
a  mere  element  of  direction  through  the  principal  point  of  the  other  space,  but  a 
line  of  the  principal  cone;  that  is,  to  the  points  of  the  principal  conic  of  the  one 
space  correspond  the  lines  of  the  principal  cone  of  the  other  space.  The  Jacobian 
of  either  space,  consisting  of  the  principal  plane  twice,  and  of  the  principal  cone,  is 
thus  the  principal  counter-system  of  the  other  space. 

91.     (Writing  (a,  ...][#,  y,  z)*  =  a?  +  y*  +  2*t  w  =  w'  =  l,  the  equations  of  transformation 

become 

x'  :  y'  :  z  :  1  =  a  \  y   :  z  :  a?  4-  y*  +  #2  , 
and 

x   :  y   :  z  :  !  =  #'  :  y'  :  /  :  #'2  -I-  y'2  +  s'2, 

or,  what  is  the  same  thing,  if  for  shortness 

the  equations  are 

f     M        ,     y       t     z          ,         d  y' 

*=        =      *=      and  «=        ~      z= 


whence  also  rr'  =  1  ;  this  is  the  well  known  transformation  by  reciprocal  radius  vectors.} 

92.    The  principal  conic  may  be  a  pair  of  intersecting  lines;  taking  its  equations 
to  be  w  =  0,  #y  =  0,  the  equations  of  transformation  here  become 

of  :  y'  :  sf  :  w'  =  %w    :  yw    :  zw    :  xy, 
and 

x   :  y  :  z   :  w  =x'wf  :  y'w   :  nfwr  : 


There  is  no  difficulty  in  the  further  development  of  the  theory. 


The  Quadri-cubio  Transfornmtion  between  Two  Spaces. 

93.  It  will  be  convenient  to  have  the  unaccented  letters  (a?,  y,  z,  w)  referring  to 
the  cubic  surfaces.  I  will  therefore  take  the  quadric  surfaces  in  the  second  figure; 
viz.,  I  will  start  from  the  equations  a?  :  y  :  z  :  w  =  X'  :  Y  :  Z'  :  W,  where  JT  =  0, 
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F  =  0,  #'  =  0,  F'  =  0  are  quadric  surfaces  passing  through  three  fixed  points  (say  the 
principal  points)  and  through  a  fixed  line  (say  the  principal  line)  in  the  second  figure. 
Taking  #'  =  0,  y'  =  0  for  the  planes  passing  through  the  principal  line  and  through 
two  of  the  principal  points  respectively;  z'=*Q  for  the  plane  passing  through  the 
three  principal  points,  w'  =  0  for  an  arbitrary  plane  passing  through  the  first  mentioned 
two  principal  points,  the  implicit  factors  of  x'}  y',  w'  may  be  so  determined  that  for 
the  third  principal  point  a/  =  y'  =  -  w'.  That  is,  we  shall  have 

for  principal  line        at  =  0,  y'  =  0, 
for  principal  points  (#'  =  0,  /  =  0,  t0'  =  0), 
(2/'=0,  /  =  0,^-0), 


and  this  being  so,  the  equation  of  a  quadric  surface  through  the  principal  points  and 
line  will  be 

(oof  +  /3tf)/  +  yx'  (yf  +  w1)  +  fy'  (of  +  w')9 

and  the  equations  of  transformation  may  be  taken  to  be 
x  :  y  :  z  :  w  =#Y  :  tfgf 


94.  Writing  these  in  the  extended  form 

a  :  y  :  z  :  w  :  x-y  :  z-w  =  x'z'  :  y'z'  :  xf  (y1  +  w')  :  tfty  +  vf)  :  /(#'-/)  :  w'  (%'  -/) 
and  forming  also  the  equation 

ay  :  (aw-yz)  =  sf  :  x'-y', 

we  at  once  derive  the  reciprocal  system  of  equations 
a!  :  y'  :  d  :  wf  =  x(aw  —  yz)  :  y(xw  —  yz)  :  (x—y)xy  :  (z  —  w)xy, 

so  that  this  is  a  cubic  transformation.  And  the  cubic  surface  in  the  first  space 
(corresponding  to  an  arbitrary  plane  o#'-f  by'  +  cz'+dw'  =  Q  of  the  second  space)  is 
(ax  +  by)(xw-yz)  +  c(x  —  y)xy  +  d(z--w)xy  =  Q'y  viz.,  this  is  a  cubic  surface  having 
the  fixed  double  line  (x  =  0,  y  =  0),  the  fixed  simple  lines  (x  =  0,  z  =  0),  (y  =  0,  w  =  0), 
and  (a?  —  y  =  0,  z  —  w  =  Q);  it  has  also  the  variable  simple  line  (cfe-f  c#  —  0,  dw  +  cy  =  Q). 
The  principal  figure  of  the  first  space  thus  consists  of  the  three  simple  lines  (#  =  0, 
£=*0),  (y  =  0,  w  =  0),  (#  —  y  =  0,  z  —  w  =  0),  and  of  the  line  (#=0,  y  =  0),  a  double  line 
counting  four  times  in  the  intersection  of  two  of  the  cubic  surfaces. 

95.  The  cubic  surface  as  having  the  double  line  (#  =  0,  y  =  0)  is  a  cubic  scroll, 
and  this  line  is  the  nodal  directrix  thereof;    the  line  (dz  +  ca?  =  0,  dw  +  cy  =  &)  is  the 
simple  directrix;  the  lines  (#  =  0,  #=0),  (y=0,  w  —  0),  (x  —  ^  =  0,  z—  w  =  Q)  are  at  once 
seen  to  be  lines  meeting  each  of  these  directrix  lines;  and  they  are  generating  lines 
of  the  scroll.     To  explain  the  generation   of   the   scroll,  observe   that  the  section  by 
any  plane  is  a  cubic  curve  having  a  given  double  point  (viz.,  the  intersection  of  the 
plane  with  the  nodal  directrix);  and  three  other  given  points  (viz.,  the  intersections  of 
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the  plane  with  the  three  generating  lines  respectively);  this  cubic  also  passes  through 
the  intersection  of  the  plane  with  the  simple  directrix.  Conversely,  if  the  plane  be 
assumed  at  pleasure,  and  if,  taking  for  the  simple  directrix  any  line  which  meets  the 
given  generating  lines,  we  draw  a  cubic  as  above,  then  the  scroll  is  the  scroll 
generated  by  a  line  which  meets  each  of  the  directrix  lines,  and  also  the  cubic. 

If  the  plane  be  taken  to  pass  through  any  generating  line,  then  the  cubic  section 
breaks  up  into  this  line,  and  a  conic;  the  conic  does  not  meet  the  simple  directrix, 
but  it  meets  the  nodal  directrix  ;  and  any  such  conic  will  serve  as  a  directrix  ;  viz., 
the  scroll  is  generated  by  the  lines  which  meet  the  two  directrix  lines  and  the  conic. 

96.  Any  two  scrolls  as  above  meet  in  the  three  fixed  generating  lines,  and  in 
the  nodal  directrix  counting  four  times;  they  consequently  meet  besides  in  a  curve  of 
the  second  order,  which  is  a  conic  (one  of  the  conies  just  referred  to).  In  order  to 
farther  explain  the  theory,  suppose  for  a  moment  that  the  two  scrolls  had  only  a 
common  nodal  directrix;  they  would  besides  meet  in  a  quintic  curve;  this  curve  would 
meet  the  nodal  directrix  in  four  points,  viz.,  the  points  at  which  the  two  scrolls  have 
a  common  tangent  plane.  Now  if  at  any  point  of  the  nodal  directrix  the  two  scrolls 
have  a  common  generating  line,  then  the  plane  through  this  line  and  the  nodal  line 
is  one  of  the  two  tangent  planes  of  each  scroll;  that  is,  the  scrolls  have  this  plane 
for  a  common  tangent  plane.  Hence,  in  the  case  of  the  common  three  generating 
lines,  the  points  where  these  meet  the  nodal  line  are  three  of  the  four  points  just 
referred  to;  there  remains  therefore  one  point,  which  is  the  point  where  the  conic 
meets  the  nodal  line;  through  this  point  there  are  for  each  of  the  scrolls  two 
generating  lines;  one  of  these  for  the  first  scroll,  and  one  for  the  second  scroll,  lie  in 
a  plane  with  the  nodal  line;  the  other  two  determine  the  plane  of  the  conic;  and 
the  tangent  to  the  conic  at  its  intersection  with  the  nodal  line  is  the  intersection  of 
the  plane  of  the  conic  with  the  plane  of  the  first-mentioned  two  generating  lines. 

9*7.    Analytically  we  have  the  two  equations 


c  ®  — 

c'  ($  —  y)xy  +  (a!%  +  b'y)  (sow  -  ye)  +  d'  (z  —  w)  ccy  =s  0  ; 

or,  combining  these  equations  so  as  to  eliminate  successively  the  terms  in  %(xw-yz) 
and  y(wi}  —  yz\  and  for  this  purpose  writing 

(W-Vc,  ca'-c'a,  <M-ab9  ad'-a'd,  W-Vd,  c<2'  -  c'd)  =  (a,  b,  c,  f,  g,  h), 

and  therefore 

af+bg-f-ch  =  0, 
we  have 

"k  (#  ~  y)  ®  —  c  (°yw  —  y%)  —  f  (#  —  «0  a?  =  o, 


and  multiplying  the  first  of  these  by  c+g  and  the  second  by  c  —  f,  and  adding,  the 
whole  divides  by  x-y,  and  the  final  result  is 


viz.,  this  is  the  equation  of  the  plane  of  the  conic. 
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98.  Any  two    scrolls  as  above  ^meeting  in  a  conic,  a  third    scroll  will  meet  the 
conic  in  six    points;   but   these   include    the    point  on    the  nodal  directrix  twice,  and 
the  points  on  the  three  fixed  generating  lines  each   once;  there  is  left  a  single  point 
of  intersection,  viz.,  this  is  the  one  variabk  point  of  intersection  of  the  three  scrolls; 
which  is  in  accordance  with  the  theory. 

99.  For  the  Jacobian  of  the  second  space,  we  have 

0     ,    *',    0 

*'    ,   y',   o 

of    ,    0,    0 
0,    T/ 


that  is,  2#'yY(#'  —  #0  =  0;  "^  /  =  0  is  the  plane  containing  the  three  principal 
points;  and  a/  =  0,  2/  =  0,  #'-2/'=0  are  the  planes  which  pass  through  the  principal 
line  and  the  three  principal  points  respectively. 


100.    For  the  Jacobian  of  the  first  space,  we  have 


—  ay, 


yw 


a? 
ay 
0 


=  0  ; 


0   , 

ay,    - 

that  is,  Stffy2^  —  yf(scw  —  y^)  =  0;  viz.,  53  =  0,  y  =  0,  #  —  y-0  are  the  planes  through  the 
nodal  directrix  and  the  three  fixed  generators  respectively  (each  plane  therefore  occurring 
twice);  and  ®w-yz  =  Q  is  the  quadric  scroll  generated  by  the  lines  which  meet  each 
of  the  three  generators  (#  =  0,  #  =  0),  (y=0,  w  =  0),  (#—  y=0,  z  —  w  =  0);  this  scroll 
passing  also  through  the  nodal  directrix  #  =  0,  y  =  0. 


The  Cubo-cubic  Transformation  between  Two  Spaces. 

101.  The  principal  system  in  the  first  space  is  a  sextic  curve  with  7  apparent 
double  points;  but  this  curve  may  be  either  a  single  curve,  or  It  may  break  up  into 
inferior  curves.  I  have  not  examined  all  the  cases  which  may  arise;  but  the  two 
extreme  cases  are — (A)  The  sextic  curve  breaks  up  into  six  lines,  viz.,  two  non- 
intersecting  lines,  and  four  other  lines  each  meeting  each  of  the  two  lines  (this 
implies  that  no  two  of  the  four  lines  meet  each  other):  here  the  two  lines  give 
1  apparent  double  point,  and  the  four  lines  give  6  apparent  double  points;  total 
number  is  -1?,  as  it  should  be.  (B)  The  curve  is  a  proper  sextic  curve,  with 
7  apparent  double  points:  this  gives,  as  will  be  shown,  the  general  lineo-linear  trans- 
formation. The  two  cases  are  each  of  them  symmetrical 

c.  vn.  30 
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(A)    The  Principal  System  consists  of  Six  Lines. 

102.  Taking  in  the  first  space,  for  the  equations  of  the  two  lines,  (x  =  0,  y  =  0)  and 
(2  =  0,  w  =  0),  and  for  the  equations  of  the  four  lines,  (#  =  0,  z  =  Q),  (y-0,  w~0), 
(#_y  =  0,  z  —  w-0),  (#-#y  =  0,  z  —  qw  —  Q)f  then,  if  the  equations  of  transformation 
are  taken  to  be 

x  -py  :  ®'-y'  :  sf  —  quf  :  z'  -w'  =     (x  -py)(  aw—   yz) 


:  (z  -  qw)  (  xw  —   yz) 
:  (z  — 


•these  lead  conversely  (see  post,  No.  104)  to  a  like  system, 
so  -~py  :  x  —y   :  z  ~-qw   \  z  —  w  =      (af  — 


where  for  shortness 


or,  as  these  are  better  written, 

-l)/-te^ 


Hence   the  principal   system  in  the   second   plane  is  composed  of   the  two   non-inter- 
secting lines  (V-0,  y'  =  0),  (*'  =  (),  w'  =  0)  and  the  four  lines  {(p-l)/-(pj-l)t(/  =  0, 


each  meeting  each  of  the  two  lines. 

103.    The  Jacobian  of  the  first  space  is 
Zxw-yz-pyw  ,     —  xz-pxw  +  Zpyz ,         ~~y(®-py)     >  x(%—py) 


=  0, 


w(z-qw)      ,          —z(z  —  qw)       ,      $w 

qw(z  —  w)       ,          —pz(z  —  w)       ,    qxw  —  Spyz+pyw, 

viz.,  this   is    ocyzw(x  —  y)(x—py)(z  —  w)(z-qw)  —  Q9  the    equation    of  the   planes  each 
passing  through  one  of  the  four  lines  and  one  of  the  two  lines. 

Similarly,  the  Jacobian  of  the  second  space  is 

^ 


viz.,  this  is  the  equation  of  the  eight  planes  each  passing  through  one  of  the  four 
lines  and  one  of  the  two  lines. 
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104.    To  effect  the  foregoing  transformation,  writing 

#'  :  yf  :  z'  :  w'  =  (®—py)(  %w  —  y%) 
:  (x-  y)(qxw-pyz) 
:  (z  —  qw)  (  xw  —  yz) 
:  (z  —  w)  (qww—pyz)  ; 

or  what  will  ultimately  be  the  same  thing,  but  it  is  more  convenient  for  working  with, 


these  give 

Qc  —  py*=  M'oc, 


yf  =  (x  -  y)  (qxw  -  pyz), 
si  =  (z  —  qw)(  %w—  yz\ 
w'  =  (z  —  w)  (qscw  —pyz)  ; 


z  —  w  =  N'w', 
where  Jf,  JT  are  quantities  which  have  to  be  determined;  and  thence 


whence  also 

i-j)(flw-  ^)=^[  {(s-i)^^-(p- 

-?^ 


but  we  have 

ovw  —  yz  ^x'     so—  py  __%'  ,  M'oc'  _  Nl  f 
q(vw~      '  "~      ' 

or,  substituting, 


that  is 
jr{(g-l)^V^Op^l)//  +  (^-2)^V}-^/to~3)^V~ 

or,  what  is  the  same  thing, 


30—2 
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viz.,  Mf)  N'  having  these  values,  the  original  equations 
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.give 


a/  :  y'  :  z'  :  w'  =     (# 
:  (x- 
:  (z  —  qw)(  ow  —    yz) 
:  (z  —  w)  (paw  —  qyz\ 

py  :  sc-y  :  z  —  qw  :  z-w  —  MX'  :  N'y'  :  M'sf  :  N'w'. 


If,  in  these  equations,  in  place  of  (x,  y',  zf,  w')  we  write  (x'-py',  x'-y',  z'-quf,  z'-w*), 
the  new  values  of  M!,  N*  are  found  to  be 


and  we  have  the  formulae  of  No.  102. 


•(B)    The  Principal  System  of  a  Proper  Sextic  Curve;  the  Lineo-linear  Transformation 

between  Two  Spaces. 

105.  I  start  with  the  lineo-linear  transformation,  and  show  that  this  is  in  fact 
A  transformation  such  that  the  principal  system  in  either  space  is  a  sextic  curve  with 
seven  apparent  double  points.  I  do  not  attempt  any  formal  proof,  but  assume  that 
the  lineo-linear  transformation  is  the  most  general  one  which  gives  rise  to  such  a 
principal  system. 

We  have  between  (x9  y,  z,  w),  (x',  y',  /,  wr)  three  lineo-linear  equations;  writing 
these  first  under  the  form 


(Pi,  Q»4 

(Pi,  &,  R* 

we  have  ^:  /  :  2'  :  w'  =  X  :  7  :  \Z  :  W,  where  Z,   7,  Z,   W  are  the  determinants 
{each  with  its  proper  sign)  formed  out  of  the  matrix 

PI,   Qi,   A, 


106.    Each  of  the  surfaces  Z  =  0,.F=0,  Z=0,   W=Q,  or  geaerally  any  surface 
aX  +  bY+cZ+dW=Q,  is  thus  a  cubic  surface  passing  through  the  curve 


PI,  a,  A,  ^ 
PI,  &,  J%,  ft 

P.,   <28,   ^,  ft 


=  0, 
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which  is  at  once  seen  to  be\  of  the  order  6.    In  feet  any  two   of  these  surfaces,  for 
instance 


Pi, 


=0    and 


Plf    Q1?    8l 
P2,    Q2,    & 


3,       $3 


0, 


have  in  common  a  curve 


PI,    P2,    P3 

ft,   &,   Q, 


0, 


which  is  of  the  order  3;  they  consequently  besides  intersect  in  a  curve  of  the  order  6, 
which  is  the  before  mentioned  curve  of  intersection  of  all  the  surfaces.  And  it  further 
appears  that  the  number  of  the  apparent  double  points  is  —7;  in  fact  the  formula 
in  the  case  of  two  surfaces  of  the  orders  \L,  v,  the  complete  intersection  of  which  consists 
of  a  curve  of  the  order  m  with  h  apparent  double  points,  and  of  a  curve  of  the 
order  m'  with  V  apparent  double  points,  the  numbers  m,  m',  h,  hr  are  connected  by  the 
equation  2(h-h')  =  (m-m')(fj,--I')(v--l').  (Salmon's  Solid  Geometry,  2nd  Ed.,  p.  273 
[Ed.  4,  p.  311]).  Hence,  in  the  case  of  the  two  cubic  surfaces  intersecting  as  above  (since 
for  the  cubic  curve  we  have  w'  =  3,  h'  =  1,  and  for  the  sextic  m  =  6),  the  formula  becomes 
2(fe  —  1)  =  12,  that  is  A  =  l-f6  =  7;  or  the  number  of  apparent  double  points  is  =7. 

107.  It  thus  appears  that  the  principal  system  in  the  first  plane  is  a  curve  of 
the  order    6,  with   seven  apparent   double  points:    it   is  to  be   added   that   there  are 
not  in  general  any  actual  double  points  or  stationary  points,  so  that  the  class  of  the 
curve  is  6.5-2.7,  =16,  and  its  deficiency  is  £5.4  —  7,  =3.    For  convenience  I  will 
refer  to  this  as  the  curve  2. 

The  transformation  is  obviously  a  symmetrical  one;  hence  the  principal  system  in 
the  second  space  is  in  like  manner  a  curve  of  the  order  6,  with  seven  apparent 
double  points;  say  it  is  the  curve  2'. 

108.  Consider  in  the  first  space  any  point  P  on  the  curve  2;  for  this  point  the 
three  equations 


0, 
0, 


(P,,  Q2,  A 
(P,,  Q,,  S.,  S& 


are  not  independent,  but  are  equivalent  to  two  linear  equations  in  (#',  y'}  /,  w')\ 
that  is,  to  the  point  P  on  the  curve  2  there  corresponds  in  the  second  space,  not 
a,  determinate  point  P7,  but  any  point  whatever  on  a  certain  line  J7;  or  say  to  the 
point  P  on  2  there  corresponds  a  line  L'\  and  as  P  describes  the  curve  2, 
II  describes  a  scroll  IT;  that  is,  to  the  curve  2  there  corresponds  a  scroll  II',  the 
principal  counter-system  in  the  second  space.  Similarly  to  the  curve  2'  there  corresponds 
a  scroll  II,  the  principal  counter-system  of  the  first  space. 

109.    The  scroll  II  is  the  Jacobian  of  the  first  space;  and  as  such  it  is  of  the 
order  8,  having  the  curve  2  for  a  triple  line  —  and  it  thus  appears  that  the  Jacobian 
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of  the  first  space  is  a  scroll  (a  theorem  the  analytical  verification  of  which  seems  by 
no  means  easy).  But  without  assuming  the  identity  of  the  scroll  II  with  this  Jacobian, 
or  taking  the  order  of  the  scroll  to  be  known,  I  proceed  to  show  that  the  scroll  II 
is  the  scroll  generated  by  the  lines  each  of  which  meets  the  curve  2  three  times; 
it  will  thereby  appear  that  the  order  is  =8,  and  that  the  curve  is  a  triple  line  on 
the  scroll. 

Consider  a  point  F  on  X',  and  the  corresponding  line  L  of  the  first  space:  take 
©'  a  plane  in  the  second  space;  corresponding  to  it  the  cubic  surface  ®  in  the  first 
space.  By  imposing  a  single  relation  on  the  coefficients  (a,  6,  c,  d)  in  the  equation 
aaf  +  tyf  +  &f  +  dtu/  =  Q  of  the  plane  ®',  we  make  it  pass  through  the  point  P  ; 
therefore  by  imposing  this  same  single  relation  on  the  coefficients  (a,  6,  c,  d)  of  the 
cubic  surface  ®,  we  make  it  pass  through  the  line  L;  ®  is  a  cubic  surface  through  2; 
and  it  is  easy  to  see  that  the  effect  will  be  as  above  only  if  the  line  L  cuts  the 
curve  2  three  times;  this  being  so,  the  general  cubic  surface  ®  meets  L  in  three 
points  (viz.,  the  three  intersections  of  L  with  2),  and  if  ©  be  made  to  pass  through 
a  fourth  point  on  the  line  L3  it  will  pass  through  the  line  L]  it  thus  appears  that 
the  line  L  meets  X  three  times,  and  consequently  that  the  scroll  II  is  generated  by 
the  lines  which  meet  2  three  times. 

110.  The  theory  of  a  scroll  so  generated  is  considered  in  my  "Memoir  on  Skew  Surfaces, 
otherwise  Scrolls"  (*).  Writing  m  =  6,  h  =  7  and  therefore  M[=  —  ^m(m—l)  +  h]t  =  —  8, 
the  order  of  the  scroll  is  (j[m]3+(m  —  2)  If  =40  —  32)  =  8;  but  calculating  the  values  of 


J-iW 

these  are  found  to  be  respectively  =0;  viz.,  there  are  no  nodal  generators,  and  no 
nodal  residue;  the  sextic  curve  5  is  a  triple  curve  on  the  surface,  and  there  is  not 
any  other  multiple  line. 

111.  It  may  be  remarked  that  any  plane  &  meets  the  sextic  curve  If  in  six 
points;  hence  the  corresponding  cubic  surface  @  contains  six  lines,  generatrices  of  II, 
and,  therefore,  each  meeting  the  curve  2  three  times;  say  six  lines  L.  Through  one 
of  these  lines  L,  draw  to  the  cubic  surface  ®  a  triple  tangent  plane  meeting  it  in  the 
line  L  and  in  two  other  lines,  say  M,  N;  this  plane  must  meet  2  in  three  new  points 
which  must  lie  on  the  lines  M,  N;  viz.,  one  of  these  lines  must  pass  through  two 
of  the  points,  and  the  other  line  through  the  third  point. 


Addition — September,  1870. 

[Some  corrections  have  been  made  in  accordance  with  the  concluding  paragraph  of  a 
paper  "Note  on  the  Rational  Transformation  and  on  Special  Systems  of  Points,"  450.] 

The  formulae  of  No.  84  are  included  in  the  following  more  general  formulae;  viz., 
if  the   principal   system   consist   of  ax   points,  each   a  simple  point,  o^  points  each   a 

1  Phil  Trans.  voL  cim.  1863,  pp.  453—483,  [339].    See  the  Table  S  (m8)  <fec.,  p.  457;  in  the  value  of 
NR(m?)  instead  of  term  +3m  read  -3m.    [This  correction  should  have  been  made  in  the  present  Beprint.] 
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quadri-conical  point,  a3  points  each  a  cubi-conical  point,  &c.,  and  of  a  simple  curve 
order  ml  with  Aj  apparent  double  points,  a  double  curve  order  m^  with  A2  apparent 
double  points,  and  so  on;  and  if  moreover,  the  curves  mlt  m^  intersect  in  &lj3  points, 
the  curves  m^  mz  in  &1)3  points,  &c.  ;  then  writing  in  general  p  =  Jm(m  —  1)  —  A;  that 
is,  />i  =  ^1(^—1)  —  hl9  p2  =  -|-  ^(^2  —  1)  —  A2,  &c.,  I  find  that  the  general  condition  of 
equivalence  is 


802  4-  (12w  -  16)  m2  -  16/?2 


and  that  the  general  condition  of  postulation  is 
«!  +  (  n  +  1)  m!  -  P! 


4- 


in  which  formulge  it  is  however  assumed  that  the  curves  have  not  any  actual  multiple 
points.  This  implies  that  if  any  one  of  the  curves,  say  m*.,  break  up  into  two  or 
more  curves,  the  component  curves  do  not  intersect  each  other;  for,  of  course,  any 
such  point  of  intersection  would  be  an  actual  double  point  on  the  curve  m,..  I  believe, 
however,  that  the  formulae  will  extend  to  this  case  by  admitting  for  $  the  value  s  =  r; 
viz.,  if  we  suppose  the  curve  mr  to  be  the  aggregate  of  the  two  curves  ??&/,  m/'  inter- 
secting in  Kr  points,  then  that  the  corresponding  terms  in  the  equivalence-equation  are 

+  pr")  -  2rlfiTr, 


and  that  those  in  the  postulation-equation  are 
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Let  the  r-tuple  curve  consist  of  three  right  lines  meeting  in  a  point:  this  is  an 
actual  triple  point,  and  the  formulae  do  not  apply.  But  calculating  the  postulation- 
terms  by  the  formula,  ^ve  have  mr  =  3,  /or  =  ^3.  2  -  0,  =3;  and  the  terms  are 


are 

= 
or  say 

= 

I  have  found  by  an  independent  investigation  that  this  value  requires  the  correction 

+  £  [r*  -  8^4-  30r2  -  56r  +  24  +£  {1  -  (~)r  1}], 
and  that  the  true  value  of  the  postulation  is 

S^^Sr2   -  6r 


viz.,  that   this  is   the   number   of   the   conditions   to  be    satisfied  that   a  surface   of  the 
order  n  may  have  for  an  r-tuple  curve  three  given  right  lines  meeting  in  a  point. 
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NOTE    ON    THE    CAETESIAN    WITH   TWO    IMAGINARY   AXIAL 

FOCI. 

[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  in.  (1869  —  ISTl), 
pp.  181,  182.    Read  June  9,  1870.] 

LET  A,  Ar,  B,  B'  be  a  pair  of  points  and  antipoints  ;  viz., 

(A,  A')  the  two  imaginary  points,  coordinates  (±/3i,  0), 
(5,  B'}  the  two  real  points,  coordinates  (0,  ±  j8)  ; 

and  write  p,  />',  <r,  </  for  the  distances  of  a  point  (#,  y)  from  the  four  points  respectively  ; 
say 

p  =J 

pW 
We  have 


pp'  =  *J(®  +  jfii  +  yi)  (%  +  fti-  yi)  (x  —  fti  +  yi)  (x  -  pi  -yi)  =  <r<r'  ; 
and  thence 


or  say 

The  equation  of  a  Cartesian  having  the  two  imaginary  axial  foci  A}  A'  is 

(p  +  p)p  +  (p-g»V  +  »  =  0; 
c.  viz.  31 
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•viz..  this  is 

pCp 

or,  what  is  the  same  thing,  it  is 


•which  is  the  equation  expressed  in  terms  of  the  distances  <r,  v  from  the  non-axial 
real  foci  £,  B'.  Of  course,  the  radicals  are  to  be  taken  with  the  signs  ±.  This 
equation  gives,  however,  the  Cartesian  in  combination  with  an  equal  curve  situate 
.symmetrically  therewith  in  regard  to  the  axis  of  y. 

The  distances  <r,  af  may  conveniently  be  expressed  in  terms  of  a  single  variable 
parameter  0;  in  fact,  we  may  write 


that  is 


and  therefore 


so  that,  assigning  to  6  any  given  value,  we  have  <r,   o\  and   thence   the  position  of 

A2 
the  point  on  the  curve.    We  may  draw  the  hyperbola  y2  =  4^S24-—  2^,  and  the  ellipse 

y=4#2  —  -a?2;  and  then  measuring  off  in  these  two  curves  respectively  the  ordinates 
which  belong  to  the  abscissae  Jc+0  for  the  hyperbola,  fc  —  6  for   the  ellipse,  we  have 


the  values  a-fo-'  and  <r-<r',  which  determine  the  point  on  the  curve.  Considering 
h  P>  &  ft  *&  disposable  quantities,  the  conies  may  be  any  ellipse  and  hyperbola  whatever, 
having  a  pair  of  vertices  in  common;  and  the  complete  construction  is,— From  the 
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fixed  point  K  in  the  axis  of  #,  measure  off  in  opposite  directions  the  equal  distances 
KM,  KN,  and  take 

cr  -|-  </  the  ordinate  at  M  in  the  hyperbola, 
±(<r-<r')        „         „        N      „        ellipse; 

where  cr,  </  denote  the  distances  of  the  required  point  from  the  fixed  points  B  and  Br 
respectively,  the  distance  of  each  of  these  from  the  origin  being  =  |-  the  common 
semi-axis.  We  may  imagine  -AT  travelling  from  one  extremity  of  the  ay-axis  of  the 
ellipse  to  the  other,  the  value  of  <J  +  CT'  will  be  real  and  greater  than  BR,  that  of 
<7  —  cr'  real  and  less  than  BBf,  and  the  point  (cr,  a-')  will  be  real*  The  construction 
gives,  it  will  be  observed,  the  two  symmetrically  situated  curves. 

The  ^-semi-axis  of  the  ellipse  is  |  2y3,  and  the  form  of  the  curve  depends  chiefly 
on   the  value  of  the  ratio  k  :  f  2/3;  or,  what  is  the  same  thing,  k?  :  2f3q.    We  see,  for 

K 

instance,  that,  in  order  that  the  curve  may  meet  the  axis  of  y  in  two  real  points- 
between  the  foci,  the  value  6  =  —  k  must  give  a  real  value  of  a-  —  cr  ;  viz.,  that  we 

A.U  a 

must  have  4/32>— ;  that  is,  @?<f>&,  or  *3<j8g.    If  k  has  this  value,  viz.,  &  =  H2£  = 

Q*  A/ 

•| semi-axis,  the  curve  touches  the  axis  of  y  at  the  origin;  if  k <  |  semi-axis,  the  curve 
cnts  the  axis  of  y  in  two  real  points  between  the  foci;  if  k  >  \  semi-axis,  the  curve 
does  not  cut  the  axis  of  y  between  the  foci. 


31—2 
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449. 

SKETCH    OF   EECENT   RESEARCHES    UPON    QUARTIC   AND 

QUINTIC    SURFACES. 

[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  in.  (1869 — 1871), 
pp.  186—195.    Read  Nov.  10,  1870.] 

THE  classification  of  quartic  surfaces  is  even  as  to  its  highest  divisions  incomplete; 
and  it  is  by  no  means  easy  to  make  it  at  once  exhaustive  and  precise ;  an  enumera- 
tion of  all  the  primd  fade  possible  cases  would  include  forms  which  do  not  really 
exist.  Thus  the  singular  curve  (if  any)  is  of  the  order  1,  2,  or  3 — but  in  the  case 
where  the  order  is  =3,  the  curve,  as  is  at  once  evident,  cannot  be  a  plane  cubic, 
nor  (among  other  excluded  forms)  a  system  of  three  non-intersecting  lines.  And  certain 
forms  of  the  singular  curve,  e.g.  all  but  one  of  the  admissible  forms  of  a  curve  of 
the  order  3,  make  the  surface  to  be  a  scroll,  fco  that,  if  (as  is  convenient)  we  wish  to 
separate  the  scrolls,  certain  forms  otherwise  admissible  must  be  excluded.  The  expression 
"singular"  means  double  or  cuspidal,  or  refers  to  a  higher  singularity,  but  the  cases 
of  higher  singularity  are  very  special.  I  will,  at  the  cost  of  some  inaccuracy,  use  the 
expression  "nodal"  as  meaning,  in  general,  double,  but  as  including  the  signification 
"cuspidal";  and,  if  there  are  any  cases  of  higher  singularity,  as  extending  to  cases  of 
higher  singularity :  and  I  provisionally  arrange  the  non-scrolar  quartic  surfaces  as  follows : 

1.  Without  a  nodal  curve. 

2.  With  a  nodal  line. 

3.  With  a  nodal  conic,  or  line-pair  (pair  of  intersecting  lines). 

4    With  three  nodal  lines  (not  in  the  same  plane)  meeting  in  a  point 

(Observe  that  the  omitted  cases  are  cases  which,  as  I  believe,  ought  to  be  omitted  ; 

thus  the  case  of  a  nodal  skew  cubic  is  omitted,  because  the  surface  is  then  of  necessity 

a  scroll.)    And  to  these  I  join : 

5.    The  quartic  scrolls; 
omitting  altogether  the  torse  and  cones. 
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The  references,  by  the  name  of  the  author,  and  number  (if  any)  of  his  paper,  are 
to  the  subjoined  list  of  Memoirs. 

As  to  the  scrolls,  we  have  Cayley  (3)  and  (4),  and  Cremona;  the  division  into 
12  species  is,  I  believe,  complete:  see  post,  the  remarks  upon  Schwab's  paper  on 
quintic  scrolls. 

As  regards  the  non-scrolar  surfaces : 

1.  Without  a  singular  curve.     The  surface   may  be  without   a   cnicnode  (conical 
point),  or  it  ^  may  have  any  number  of  cnicnodes  up  to  16,  Cayley  (7):  the  cases  of 
singularity  higher   than   a   cnicnode   are  probably  very  numerous,  but  they  have  been 
scarcely  at   all  examined.    The  memoir  just  referred  to  relates  chiefly  to   the   several 
cases  of  not  more  than  10  nodes;  the  cases  of  11,  12,  13,  14,  15,  16  nodes  axe  con- 
sidered incidentally,  Kummer  (2),  but  it  was  not  the  object  of  his  paper  to  make  an 
enumeration,  and  there  may  be  cases  which  are  not  considered;  the  discussion  of  the 
cases  considered  is  very  foil  and  interesting.    The  case  of  16  nodes  is  also  considered, 
Kummer  (1).    As  to  the  surface  with  16  nodes,  it  is  to  be  remarked  that  the  wave- 
surface,  or  generally  the  surface  obtained  by  the  homographic  deformation  of  the  wave- 
surface—called,  Cayley  (1),  the  "  tetrahedroid "— is  a  special  form   of  surface  with   16 
nodes :  its  relation  to  the  general  surface  is  explained,  Cayley  (2). 

2.  Quartic  surface  with  nodal  line:    considered  incidentally,  Clebsch  (2)   and  (3). 
There  are  through  the  nodal  line  8  planes,  each  meeting  the  surface  in  a  line-pair: 
considering  any   7  of   these,  and  taking  out  of  each  of  them  a  line,  the  7  lines  are 
met  by  a  conic  which  also  meets  a  determinate   line  out  of  the  remaining  line-pair; 
there  are  thus  on  the   surface  27,  =128,  conies;  viz.,  these  form   64  pairs,  each  pair 
lying  in  a  plane,  and  being  the  complete  intersection  of  the  surface  by  such  plane; 
the  number  of  these  planes  is  of  course  =  64. 

Although  not  properly  included  in  the  present  case,  I  mention  the  quartic  surface 
which  is  the  reciprocal  of  the  cubic  surface  XIX  =  12-£6-C2,  Cayley  (5);  the  nodal 
curve  is  here  an  oscnodal  line  counting  as  three  nodal  lines. 

i. 

3.  Quartic  surfaces  with  nodal  conic.     Such  a  surface  may  be  without  cnicnodes, 
or  it  may  have  1,  2,  3,  or  4?  cnicnodes ;  the  cases,  other  than  that  of  3  cnicnodes,  are 
mentioned,  Kummer  (3);  but  the  question  is  examined,  and  the  remaining  case  of  3 
cnicnodes  established,  Cayley  (6), 

The  general  case  of  the  nodal  conic  without  cnicnodes  is  elaborately  considered, 
Clebsch  (1):  it  is  shown  that  there  are  on  the  surface  16  lines,  each  meeting  the 
conic,  and  which  in  their  arrangement  are  strikingly  analogous  to  the  27  lines  on  a 
cubic  surface;  viz.,  if  on  a  cubic  surface  we  select  at  pleasure  any  one  of  the  27 
lines,  and  through  this  line  draw  a  plane  which  besides  meets  the  cubic  surface  in  a 
conic;  then,  disregarding  the  line  in  question  and  the  10  lines  which  meet  it,  the 
remaining  16  lines  each  meet  the  conic,  and  are  related  to  it  and  to  each  other  in 
the  same  manner  that  the  16  lines  of  the  quartic  surface  are  related  to  the  nodal 
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conic  and  to  each  other.  And  the  ground  hereof  appears,  Geiser;  viz.,  it  is  shown 
that  the  quartic  surface  with  the  nodal  conic,  is  rationally  transformable  into  a  cubic 
surface,  the  16  lines  and  the  nodal  conic  corresponding  respectively  to  the  16  lines  and 
the  conic  of  the  cubic  surface. 

The  several  cases  of  1,  2,  3,  and  4  cnicnodes  are  considered,  Korndorfer. 

In  the  case  where  the  nodal  conic  is  the  circle  at  infinity,  the  surfaces  have  been 
termed  "  anallagmatic "  (perhaps  "bicircular"  would  be  a  more  convenient  name),  and 
a  great  deal  has  been  written  upon  these  surfaces  by  Moutard,  Clifford,  and  others. 
Such  a  surface  may  of  course  have  1,  2,  3,  or  4  cnicnodes;  these  surfaces,  viz.  the 
cnicnodal  anallaginatics,  in  fact  arise  from  the  inversion  of  a  quadric  surface  by  the 

/  X        II       2i\ 

method  of  reciprocal  radius  vectors  (that  is,  by  the  change  of  oc,  yt  z  into  ~,   ^,   -): 

the  centre  of  inversion  is  a  node  on  the  quartic  surface.  If  the  quadric  surface  is 
a  cone,  there  is  another  node,  the  inverse  point  of  the  vertex;  if  the  quadric  surface 
is  one  of  revolution,  there  are  two  other  nodes;  and  if  it  is  a  cone  of  revolution, 
there  are  three  other  nodes — viz.,  in  all,  four  nodes.  The  last-mentioned  surface  is,  or 
includes,  the  Cyclide ;  viz.,  this  is  a  quartic  surface  having  the  circle  at  infinity  for 
a  nodal  curve,  and  having  besides  four  nodes,  which  are  a  system  of  skew  antipoints. 
The  surface  was  first  considered  by  Dupin  (Applications  de  Geometrie  &c.,  1822)  as  the 
envelope  of  a  sphere  touching  three  given  spheres — its  lines  of  curvature  are  thus 
circles;  and  the  surface  has  been  very  frequently  considered  in  reference  to  this 
property  and  otherwise:  see  Maxwell,  where  a  classification  (not  quite  complete)  is  made 
of  the  different  forms  of  the  surface,  and  also  stereographic  drawings  given.  It  is  to 
be  observed,  that  one  interesting  form,  the  parabolic  cyclide,  is  not  a  quartic  but  a  cubic 
surface. 

In  the  class  of  surfaces  which  have  been  under  consideration,  the  cnicnodes  have 
been  points  not  on  the  nodal  conic — in  fact,  a  point  on  a  nodal  curve  cannot  be, 
properly  speaking,  a  cnicnode,  though  it  may  be  a  point  of  higher  singularity  in  the 
nature  of  a  cnicnode;  viz.,  there  may  be  on  the  nodal  curve  points  which,  in  the 
classification  of  the  surfaces,  must  be  counted  as  cnicnodes.  Such  a  case  presents  itself 
in  the  "  Conic  Torus,"  or  surface  generated  by  the  rotation  of  a  conic  about  a  line 
whether  not  in  or  in  the  plane  of  the  conic.  The  surface  has  been  considered, 
De  la  Gournerie  (1),  although  more  in  reference  to  the  constructions  of  descriptive 
geometry  than  as  a  theory  of  pure  geometry,  and  Cayley  (6).  The  surface  has  a 
nodal  circle,  and  upon  it  two  singular  points,  the  circular  points  at  infinity;  so  that 
it  belongs  to  the  case  of  a  nodal  conic  with  two  cnicnodes.  In  the  particular  case 
where  the  axis  of  rotation  is  in  the  plane  of  the  conic,  then  there  are  on  the  axis 
two  cnicnodes;  so  that  the  case  is  that  of  a  nodal  conic  and  four  cnicnodes;  and 
when  the  generating  conic  is  a  circle,  viz.,  when  the  surface  is  the  ordinary  torus,  or 
anchor  ring,  generated  by  the  rotation  of  a  circle  about  a  line  in  its  own  plane,  then 
the  nodal  conic  is  the  circle  at  infinity  having  upon  it  two  cnicnodal  points  (its  inter- 
sections by  the  planes  at  right  angles  to  the  axis)  and  the  surface  has  also  two 
cnicnodes  on  the  axis:  the  surface,  although  presenting  considerable  peculiarity,  may  be 
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regarded  as  a  particular  case  of  the  cyclide.  In  reference  to  the  plane  sections  of  the 
conic  torus  and  its  various  particular  cases,  see  De  la  Gournerie  (2);  the  ordinary 
torus  has  been  the  subject  of  numerous  papers  by  Darboux  and  others,  and  possesses 
very  interesting  properties. 

In  connexion  with  the  foregoing,  I  speak  of  the  surfaces  having  a  cuspidal  conic: 
the  general  case  is  briefly  referred  to,  Cayley  (6);  viz.,  this  is  the  surface  (A  A)  the 
equation  of  which  is  F2  —  #fy  =  0,  and  which  it  is  shown  has  a  reciprocal  of  the  order  6. 
A  special  case  is  the  surface  (AB)  having  a  reciprocal  of  the  order  3  ;  viz.,  the 
quartic  surface  is  here  the  reciprocal  of  the  cubic  surface  XX  =  12  —  U%,  Cayley  (5). 
And  it  appears  from  the  memoir  last  referred  to,  that  there  is  another  cubic  surface, 
XVII  =  12  —  253-  <72,  the  reciprocal  of  which  is  a  quartic  surface  having  a  cuspidal 
conic.  But  the  theory  of  the  quartic  surfaces  with  a  cuspidal  conic  has  been  hardly 
at  all  considered. 

I  do  not  know  that  anything  has  been  done  in  regard  to  the  quartic  surfaces 
where  the  nodal  conic  becomes  a  line-pair  ;  that  is,  where  we  have  two  intersecting 
nodal  lines.  Although  not  properly  belonging  to  the  case  in  question,  I  mention  here 
the  quartic  surface  which  is  the  reciprocal  of  the  cubic  surface  XVIII  =  12  -.B4-2(72, 
Cayley  (5);  the  nodal  curve  consists  of  two  intersecting  lines,  but  one  of  them  is 
tacnodal,  counting  as  two  nodal  lines. 

4.  Quartic  surface  with  three  nodal  lines  (not  in  the  same  plane)  meeting  in  a 
point.  This  is,  in  fact,  Steiner's  quartic  surface;  and  it  has  been  the  subject  of 
numerous  investigations. 


The  equation  of  the  surface  may  be  taken  to  be  V#  +  Vy~^V<s+  *Jw  =  Q]  and  the 

surface  thus  presents    itself  as   the  reciprocal   of   the   cubic  surface   -  +  -H  —  t-  —  =  0, 
r  r  SD     y     z     w 

12-402,)  with  four  cnicnodes  C). 


It  was  convenient  to  make  the  foregoing  enumeration  before  speaking  of  Kummer's 
paper  (3),  and  of  the  several  memoirs  which  relate  to  the  Abbildung  of  certain  quartic 
and  quintic  surfaces. 

As  regards  Kummers  paper,  the  object  appears  by  the  title,  viz.,  he  considers  in 
what  cases  a  quartic  surface  has  upon  it  a  system  of  conies;  or,  what  is  the  same 
thing,  in  what  cases  there  is  a  system  of  planes  each  intersecting  the  surface  in  two 
conies.  It  is,  in  the  first  place,  remarked  that  there  is  no  proper  quartic  surface  cut 
by  every  plane  in  a  pair  of  conies,  or  even  a  proper  quartic  surface  cut  in  a  pair  of 
conies  by  every  plane  through  a  fixed  point.  The  cases  considered  are  —  L,  where  the 
planes  are  non-tangent  planes;  IL,  where  they  are  single  tangent  planes;  and  ILL, 
where  they  are  double  tangent  planes.  The  case  L  is  —  (1)  when  there  is  a  nodal  conic 
<\nd  two  cnicnodes;  viz.,  any  plane  through  the  2  cnicnodes  gives  a  section  with  4 
nodes,  therefore  a  pair  of  conies,  (and  the  special  case  of  4  cnicnodes  is  noticed 

1  The  Author  exhibited,  and  pointed  out  some  of  the  properties  o^  a  model  of  Steiner*s  strr&ce. 


248  SKETCH  OF  RECENT  RESEAKCHES  UPON  [449 

incidentally) ;— (2)  when  there  is  a  nodal  line ;  any  plane  through  the  nodal  line  besides 
meets  the  surface  in  a  conic ;— (3)  when  the  surface  has  two  "  Selbstberiihrungspuncte" ; 
viz.,  either  of  these  is  a  point  where  the  tangent  plane  is  replaced  by  two  coincident 
planes,  and  which,  when  a  plane  passes  through  it,  gives  in  the  section  a  tacnode, 
—  2  nodes;  the  section  by  a  plane  through  two  such  points,  consists  of  two  conies 
touching  each  other  at  the  point  in  question:  the  equation  of  such  a  surface  is 
ft  =  (#$ pf  q)^  where  <f>  is  a  quadric  function,  and  p,  q  linear  functions  of  the  coordinates. 
In  all  the  cases  the  planes  pass  through  a  fixed  line,  and  the  surface  may  be  con- 
sidered as  the  locus  of  a  variable  conic,  the  plane  of  which  always  passes  through 
such  line.  II.  is— (1)  Steiner's  surface,  where  every  tangent  plane  meets  the  surface 
in  a  pair  of  conies;  and  (2)  surface  with  a  nodal  conic  and  one  cnicnode,  where  every 
tangent  plane  through  the  cnicnode  meets  the  surface  in  a  pair  of  conies.  And 
III.  is  (1)  the  surface  with  a  nodal  conic,  where  every  double  tangent  plane  meets 
the  surface  in  a  pair  of  conies:  it  is  shown  that  there  are  5  quadric  cones,  such  that 
a  tangent  plane  of  any  one  of  these  cones  is  always  a  double  tangent  plane  of  the 
surface.  Or  the  surface  is  (2)  a  quartic  scroll;  any  plane  through  two  intersecting  lines 
of  the  surface  besides  meets  the  surface  in  a  conic. 

It  is  in  the  paper,  Cayley  (6),  remarked,  that  the  quartic  surface  (*$i7,  F,  F)2  =  0 
can  also  be  expressed  in  the  form  UW  —  F2  =  0 ;  under  which  form  the  surface  is 
seen  to  be  the  envelope  of  the  series  of  quadric  surfaces  (J7,  F,  TF$0,  1)2~0;  and 
by  reason  of  this  property  it  is  very  easy  to  find  the  equations  of  the  reciprocal 
surfaces,  or  plane-equations  of  the  quartic  surfaces  in  question.  And,  in  the  same  paper, 
it  is  noticed  that  the  surfaces  of  the  form  in  question  include  the  reciprocals  of 
several  interesting  surfaces  of  the  orders  6,  8,  9,  10,  and  12;  viz.,  order  6,  parabolic 
ring:  order  8,  elliptic  ring:  order  9,  centro-surface  of  paraboloid:  order  10,  parallel 
surface  of  paraboloid;  envelope  of  planes  through  the  points  of  an  ellipsoid  at  right 
angles  to  the  radius  vectors  from  the  centre:  order  12,  centro-surface  of  ellipsoid; 
parallel  surface  of  ellipsoid. 

It  will  be  noticed  that  several  of  the  papers  by  Clebsch  and  others  refer  in  their 
titles  to  the  "Abbildung"  of  a  surface;  viz.,  they  show  that  a  (1,  1)  correspondence 
exists  between  the  points  of  the  surface  and  the  points  of  a  plane.  The  most  simple 
instance  is  the  quadric  surface;  here,  taking  any  fixed  point  0  on  the  surface,  the 
line  OP  drawn  to  any  point  P  on  the  surface  meets  a  plane  in  a  point  P',  and  the 
points  P,  F  have,  it  is  clear,  a  (1,  1)  correspondence.  And,  of  course,  to  any  curve 
on  the  quadric  surface  there  corresponds  a  curve  on  the  plane,  and  the  discussion  of 
the  nature  of  the  plane  curves  which  correspond  to  the  different  curves  on  the  quadric 
surface  would  constitute  a  theory  of  the  Abbildung  of  the  quadric  surface. 

Similarly,  as  remarked,  Clebsch  (2),  for  a  cubic  surface,  taking  upon  it  any  two 
lines  which  do  not  meet,  if  from  a  point  P  on  the  surface  we  draw,  meeting  each 
of  the  two  lines,  a  line  to  meet  the  plane  in  P',  then  the  point  P  on  the  cubic 
surface  and  the  point  P'  on  the  plane  will  have  a  (1,  1)  correspondence;  and  we  have 
thus  a  like  theory  for  the  cubic  surface.  The  Abbildung  of  a  cubic  surface  had  been, 
however,  previously  effected  by  Clebsch  {in  the  paper  "Die  Geometrie  auf  den  Flachen 
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dritter  Ordnung,''  Crelle,  t.  LXV.  (1866),  pp.  359-380},  and  by  Cremona,  in  a  different 
and  really  the  most  simple  manner  0),  but  having  a  less  obvious  geometrical  signification. 


Av  '  it;  is  °nly  certain  snrfkces  which  admit  of  an 

Abbildung,  or  (1,  1)  correspondence  of  the  points  thereof  with  the  points  of  a  plane: 

viz^  (in  the  same  way  as  a  plane  curve,  in  order  to  its  being  unicursal,  must  have  a 
sufficient  number  of  nodes  or  cusps)  a  surface,  in  order  that  it  may  thus  correspond 
with  the  plane  (or  say,  in  order  that  it  may  be  unicursal),  must  have  a  sufficient 
singularity  in  the  way  of  a  nodal  or  cuspidal  curve.  The  quartic  and  quintic  surface* 
considered  in  the  enumerated  memoirs  are  there  considered  for  the  sake  of  the 
Abbildung  theory  which  they  give  rise  to  ;  whereas,  in  the  present  sketch,  the  Abbildung 
theory  is  considered  only  for  the  sake  of  the  quartic  and  quintic  surfaces  to  which 
the  theory  has  been  applied.  But  the  methods  of  the  theory  furnish  results  in  relation 
to  these  surfaces  ;  and  it  is  proper  to  give  some  account  of  them. 

Clebsch's  memoirs  (2)  and  (3)  relate  to  the  same  subject,  which  is  elaborately 
treated  in  the  latter  of  them:  the  former  of  them  contains,  however,  some  valuable 
remarks  which  are  not  reproduced  in  the  other.  In  these  memoirs  (2)  and  (3),  after 
explaining  the^  above  method  of  the  transformation  of  a  cubic  surface  by  means  of 
two  ^  of  the  lines  thereof,  the  author  goes  on  to  notice  that  the  like  method  is 
applicable  to  certain  quartic  and  quintic  surfaces  ;  viz.,  (1)  quartic  surface  with  a  nodal 
conic:  there  are  here,  as  already  mentioned,  16  lines,  each  meeting  the  conic;  if; 
selecting  any  one  of  these,  from  a  point  P  on  the  surface  we  draw,  meeting  the  line 
and  the  conic,  a  line  to  cut  the  plane  in  F,  then  the  points  P  on  the  surface  and 
P1  on  the  plane  have  a  (1,  1)  correspondence.  (2)  Quartic  surface  with  a  nodal  line  : 
as  already  mentioned,  there  are  on  the  surface  128  conies,  each  meeting  the  nodal 
line  ;  selecting  any  one  of  these,  if  from  a  point  P  of  the  surface  we  draw,  meeting 
the  nodal  line  and  the  conic,  a  line  cutting  the  plane  in  P,  then  the  point  P  on 
the  surface,  and  the  point  P'  on  the  plane,  have  a  (1,  1)  correspondence. 

Similarly,  (3),  for  a  quintic  surface  having  a  nodal  skew  cubic;  then  if  from  a 
point  P  on  the  surface  we  draw,  meeting  the  skew  cubic  twice,  a  line  to  cut  the 
plane  in  P',  the  point  P  on  the  surface  and  the  point  P'  on  the  plane  have  a  (1,  ly 
correspondence.  The  nodal  skew  cubic  may  break  up  into  a  conic  and  line  which 
meets  it,  or  into  three  lines,  two  of  them  not  meeting  each  other,  but  each  met  by 
the  third  line;  and  the  like  theory  applies  to  these  quintic  surfaces. 

It  is  to  be  noticed  that  (as  for  the  cubic  surface)  the  above  methods  of  Abbildung, 
although  they  have  the  most  obvious  geometrical  significations,  are  (as  explained  in  the 
foregoing  foot-note)  not  the  most  simple  ones;  but  for  each  of  the  foregoing  cases  (1), 
(2),  (3),  the  most  simple  transformation  is  established  in  the  memoirs  now  under  con- 
sideration. The  memoir  [Memoirs  (1)  and  (2)]  of  Komdorfer,  as  indicated  by  its  title,  relates 
to  the  Abbildung  of  a  quartic  surface  having  a  nodal  conic  and  1,  2,  3,  or  4  cnicnodes. 

1  Any  method  of  transformation  leads  to  an  expression  of  the  coordinates  of  a  point  on  the  surface  as 
proportional  to  rational  and  integral  functions  of  a  given  degree  v  of  the  coordinates  (ar,  y,  z)  of  a  point  on 
the  plane,  and  that  transformation  is  the  more  simple  for  which  v  has  the  smaller  value:  for  the  method 
of  the  text,  the  value  is  p=3,  but  for  the  methods  previously  given  by  Clebsoh  and  Cremona,  it  is  *=2. 

a  vii.  .     32 
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Clebsch's  paper  (4)  relates  to  the  Abbildung  of  a  quartic  scroll. 

As  regards  quintic  surfaces  (not  being  scrolls),  we  have,  so  far  as  I  am  aware, 
only  the  before-mentioned  paper,  Clebsch  (3),  relating  to  quintic  surfaces  with  a  nodal 
skew  cubic ;  and  the  paper,  Clebsch  (5),  which  relates  to  the  Abbildung  of  a  quintic 
surface  having  a  nodal  quadriquadric.  The  method  employed  is  that  of  a  preliminary 
Abbildung  upon  a  twofold  plane  (2-blattrige  Ebene) ;  that  is,  it  consists  in  establishing, 
in  the  first  instance,  a  (1,  2)  Correspondence  between  the  surface  and  the  plane;  and 
by  means  hereof  it  is  shown  that  there  exist  on  the  surface  the  conies  K  and  C 
presently  referred  to,  and  which  give,  ultimately,  an  ordinary  Abbildung  or  (1,  1)  corre- 
spondence of  the  points  of  the  surface  with  those  of  the  plane ;  viz.,  this  final  result 
is  as  follows : 

There  is  on  the  surface  a  system  of  conies  K,  such  that  their  planes  pass  through 
.a  point  and  envelope  a  quadricone;  and  also  64  conies  C  each  meeting  each  of  the 
oonics  K  in  a  single  point:  we  select  one  of  these  and  call  it  the  conic  (7. 

Take  now  the  plane  BI  of  a  conic  KI  of  the  series  of  conies  K9  which  plane  Bl 
passes,  of  course,  through  the  vertex  V  of  the  cone  enveloped  by  the  planes  of  the 
tonics  K]  viz.,  these  planes  intersect  the  plane  BI  in  a  series  of  lines  passing  through 
the  point  V. 

Take  a  point  P  on  the  surface ;  this  lies  on  a  conic  K  meeting  the  conic  G  in 
•a  point  £ ;  and  if  we  draw  the  line  fP  to  meet  the  plane  BI  in  P',  then  P  on 
the  quintic  surface,  and  P'  on  the  plane  jB1;  will  have  a  (1,  1)  correspondence;  in 
fact,  it  appears  that,  given  P,  there  exists  a  single  position  of  F ;  and  conversely, 
given  P3  this  lies  on  a  line  VP'  through  which  there  passes  the  plane  jBx  and  one 
other  tangent  plane  of  the  cone:  this  tangent  plane  contains  a  conic  K  meeting 
the  conic  G  in  a  point  £ ;  and  joining  £P',  this  meets  the  conic  K  in  one  other  point  P ; 
viz.,  given  P,  there  is  a  single  position  of  P ;  and  there  is  thus  a  (1,  1)  correspondence. 

There  are,  as  originally  shown  by  Schlafli,  and  as  further  appears  by  my  memoir 
on  cubic  surfaces,  Cayley  (5),  3  kinds  of  cubic  surfaces  of  the  class  5 ;  viz,,  these  are 
the  surfaces  XIH  =  12 -- J?3 - 202 ,  XIV  =  12  - Bs -  G,3  and  XV«12-Z7f;  for  each  of 
these  the  reciprocal  surface  is  a  quintic  surface  of  the  class  3,  having  a  nodal  line 
and  a  cuspidal  quartic  curve.  For  the  reciprocal  of  XIII,  the  cuspidal  curve  is  a 
quadriquadric;  for  that  of  XIV,  the  cuspidal  curve  breaks  up  into  the  nodal  line  (viz., 
this  is  a  cuspnodal  line)  .and  into  a  skew  cubic ;  for  that  of  XV,  the  cuspidal  curve  is 
a  cuspidal  quadriquadric,  or  curve  of  intersection  of  two  quadric  surfaces  with  singular 
contact. 

It  only  remains  to  speak  of  Schwarz's  memoir  on  quintic  scrolls:  it  is  to  be 
remarked  that  the  theory  of  scrolls  is  allied  more  closely  with  that  of  plane  curves 
than  with  that  of  surfaces;  viz.,  considering  any  plane  section  of  the  scroll,  the  lines 
of  the  scroll  have,  in  general,  a  (1, 1)  correspondence  with  the  points  of  the  plane  section, 
and  the  scrolls  of  any  given  order  are  properly  arranged  according  to  the  deficiency 
of  the  plane  section.  This  is  what  is  done  by  Cremona  in  the  memoir  on  quartic 
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scrolls  above  referred  to ;  viz.,  for  a  quartic  scroll  the  deficiency  is  either  0  or  1 : 
and  of  the  12  species,  there  are  10  for  which  the  deficiency  is  =0  (or  which  are 
unicursal),  and  2  for  which  the  deficiency  is  =1.  And  this  is  the  principle  of  classi- 
fication in  Schwarz's  memoir;  viz.,  for  a  quintic  scroll  the  deficiency  is  =0,  1,  or  2: 
the  number  of  species  established  being  10,  4,  and  1  for  these  deficiencies  respectively. 
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NOTE  ON  THE  THEORY  OF  THE  RATIONAL  TRANSFORMATION 
BETWEEN  TWO  PLANES,  AND  ON  SPECIAL  SYSTEMS  OF 
POINTS. 

[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  in.  (1869—1871), 
pp.  196—198.    Read  December  8,  1870.] 

IN  Prof.  Cremona's  theory  of  the  transformation   of  plane  curves,  the  fundamental 
equations  are  taken  to  be 

(1), 


.=H»a+3n)-2  (2); 

and  from  these  we  have  as  a  consequence 

flfc  +  3«b+...=i(*-l)(*-l)  (3); 

viz.,  the  first  equation  expresses  that  any  two  curves  of  the  system  intersect  in  a 
single  variable  point  ;  the  second,  that  the  curves  form  a  reseau,  or  system  containing 
two  arbitrary  parameters;  and  the  third,  that  the  curves  are  unicursal. 

In  the  equivalent  theory  of  the  rational  transformation  between  two  planes,  as 
given  in  my  "Memoir  on  the  Rational  Transformation  between  Two  Spaces,"  [447],  we 
have  the  equation  (1)  ;  but  instead  of  the  equation  (2),  it  would  primd  fade  appear 
to  be  sufficient  if  we  had  the  inequation 


... 
but  on  the  ground  there  explained,  the  case 


is  excluded,  and  we  thus  have  the  equation  (2),  giving  with  (1)  the  equation  (3). 
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I  believe  the  better  course  is  to  assume  (1)  and  (3)  as  the  fundamental  equations, 
from  them  deducing  (2);  and  we  thus  also  get  over  a  difficulty  presently  referred  to, 
but  which  did  not  occur  to  me  when  the  memoir  was  written. 

In  fact,  starting  with  the  equations  of  :  y'  :  sf  =  X  :  Y  :  Z  (which  are  to  give 
x  :  y  :  z  =  X'  :  Y'  :  Z'\  we  have  in  the  first  instance  the  equation  (1).  Moreover, 
establishing  for  x',  y',  d  a  linear  equation  a^'  +  Sy'+c/^O,  we  have  corresponding  hereto 
a  curve  aX  +  bY+cZ  =  Q,  and  the  coordinates  x,  y,  z  of  a  point  on  this  curve  are 

proportional  to  X'  :  Y  :  Z1  ;  that  is,  substituting  for  sf  the  value  —  (axf  +  by'\  they 

c 

are  proportional  to  rational  and  integral  (homogeneous)  functions  of  (#',  y'\  that  is,  to 
•rational  and  integral  functions  of  the  single  parameter  x'  :  y'  ;  wherefore  the  curve 
aX  +  bY  +  cZ  =  Q  is  unicursal;  whence  the  equation  (3).  The  like  change  may  be 
made  in  the  theory  of  the  rational  transformation  between  two  spaces;  and  it  is  in 
this  case  a  more  important  one. 

The  difficulty  is  as  follows  :  It  is  'not  self-evident  that  we  are  at  liberty  to  assume 

«!  +  3  a,  +  6  a,  ,  .  .  =  £  (n9  +  8»)  -  2  ; 

for  imagine  that  we  had  a  system  of  (a1?  a2,  &»,  •••)  points,  such  that  al  +  4o9+...  being 
=  ?i2-l,  and  a1  +  3a2  +  .*.  being  >  J(tt2  +  3n)  -2,  the  points  were  such  that  the  conditions 
in  question  (viz.,  the  condition  that  the  curve  passes  once  through  each  of  the  points  al9 
twice  through  each  of  the  points  o^...)  should  be  less  than  a1  +  3a2+...,  and  in  fact 
=  or  <  |  (?z2  +  3n)  -  2  ;  then  the  functions  X,  Y3  Z  would  not  of  necessity  be  connected 
by  a  linear  relation  XX  +  /tF+y£-0,  and  the  ground  for  the  assumption  in  question, 
ai-i-3a2+...^£(n2  +  3n,)-2)  would  no  longer  exist.  And  except  by  the  process  now 
adopted  of  deriving  the  equation  (2)  from  the  equations  (1)  and  (8),  I  do  not  know 
how  the  impossibility  of  such  a  system  is  to  be  established;  viz.,  I  do  not  know  how 
we  are  to  prove  the  following  theorem  :—  There  is  not  any  system  of  (a1}  «2,  era...) 
points,  where 


<*!  +  8*3  +  603...  >£( 

such  that  (for  a  curve  of  the  order  n  passing  once  through  each  point  al9  twice  through 
each  point  Oj,...)  the  number  of  conditions  actually  imposed   on  the   curve   is  =   or 


A  system  of  (a1}  03...)  points  such  that  the  number  of  actually  imposed  conditions 
is  less  than  al  +  3or2+...,  may  be  termed  a  special  system;  we  have,  of  course,  the 
well-known  case  (ct^y?)  of  a  system  of  n3  points,  such  that  any  curve  of  the  order  n 
passing  through  £  (n2  +  3n)  -  1  of  these  passes  through  all  the  remaining  points  {or  what 
is  the  same  thing,  where  the  number  of  conditions  actually  imposed  is  =J(?i2+3ft)-l}; 
and  we  have  the  following  special  system,  which  presented  itself  to  Dr  Clebsch,  in 
his  researches  on  the  Abbildung  of  a  quintic  surface  with  two  non-intersecting  nodal 
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lines;  viz.,  "^  =  12,  03  =  2.  We  may  have  12  points  and  2  points  such  that,  for  a 
quintic  curve  passing  once  through  each  of  the  12  points  and  twice  through  each  of 
the  2  points,  the  number  of  conditions  actually  imposed  (instead  of  being  12  +  3.2,  =18) 
is  =17."  The  construction  is  as  follows:  viz.,  starting  \vith  the  2  points  and  any 
10  points,  we  may  draw  a  quartic  passing  twice  through  the  first  of  the  2  points, 
once  through  the  second  of  them,  and  through  the  10  points;  and  another  quartic 
passing  twice  through  the  second  of  the  2  points,  once  through  the  first  of  them,  and 
through  the  10  points:  the  two  quartics  intersect  in  the  2  points  each  twice,  in  the 
10  points,  and  in  2  new  points,  forming,  with  the  10  points,  a  system  of  12  points; 
and  the  first-mentioned  2  points  and  the  12  points  form  the  system  in  question. 

A  more  complicated  case,  0^  =  10,  a2  =  6,  03=1,  occurs  in  Dr  Nother's  paper,  "Ueber 
Flachen,  welche  Schaaren  rationaler  Curven  besitzen,"  [Math.  Ann.,  t.  ni.  (1871),  pp. 
161 — 227 J.  Except  these  two,  I  do  not  know  any  other  case  of  a  special  system  for 
which  03,  as...  are  not  all  =0;  the  investigation  of  such  systems  would,  I  think,  be  very 
interesting. 

[A  concluding  paragraph  of  seven  lines  gave  snrne  corrections  to  the  "Memoir  on 
the  Rational  Transformation  between  Two  Spaces,"  447,  which  corrections  are  made  in 
the  present  reprint  of  that  paper.] 
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A  SECOND  MEMOIR  ON   QUARTIC  SURFACES. 

[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  in.  (1869 — 1871), 
pp.  198—202.    Read  December  8,  18*70.] 

IN  my  Memoir  on  Quartic  Surfaces,  ante  pp.  19—69,  [445],  although  remarking  (see 
No.  79)  that  the  identification  was  not  completely  made  out,  I  tacitly  assumed  that  the 
symmetroid  and  the  decadianome  (each  of  them  a  quartic  surface  with  10  nodes)  were 
in  fact  identical.  There  is  yet  a  good  deal  which  I  cannot  completely  explain ;  but  the 
truth  appears  to  be,  that  the  decadianome  includes  two  cases  of  coordinate  generality, 
say  the  sextic  decadianome,  and  the  bicubic  decadianome  =  symmetroid :  viz.,  in  the  first 
of  these  the  circumscribed  cone,  having  for  vertex  any  one  of  the  10  nodes,  is  a  proper 
sextic  cone  with  9  double  lines;  in  the  second  it  is  a  system  of  two  cubic  cones, 
intersecting,  of  course,  in  9  lines,  which  are  double  lines  of  the  aggregate  sextic  cone: 
or,  in  the  notation  of  the  Table  No.  11,  in  the  case  of  the  sextic  decadianome,  the  cir- 
cumscribed cones  are  each  of  them  69;  in  that  of  the  bicubic  decadianome  =  symmetroid, 
they  are  each  of  them  (3,  3).  We  thus  arrive  at  a  very  remarkable  system  of  10  points 
in  space,  viz.,  giving  the  name  "ennead"  to  any  9  points  in  piano,  which  are  the 
intersections  of  two  cubic  curves,  or  to  any  9  lines  through  a  point  which  are  the 
intersections  of  two  cubic 'cones;  the  10  points  in  space  are  such  that,  taking  any  one 
whatever  of  them  as  vertex,  and  joining  it  with  the  remaining  points,  the  9  lines  form 
an  ennead.  I  purpose  in  the  present  short  Memoir  to  consider  the  theories  in  question : 
the  paragraphs  are  numbered  consecutively  with  those  of  the  Memoir  on  Quartic 
Surfaces. 

Plane  Sextic  Curve  with  9  Nodes. 

110.  A  sextic  curve  contains  27  constants;  and  the  number  of  conditions  to  be 
satisfied  in  order  that  a  given  point  may  be  a  node  is  =  3.  Hence  it  would  at  first 
sight  appear  that  the  curve  could  be  found  so  as  to  have  9  given  nodes;  this  would 
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be  9  x  3,  ==  27  conditions,  or  the  curve  would  be  completely  determinate.  But  observe 
that  through  the  9  given  points  we  have  a  determinate  cubic  curve  Z7=0;  we  have 
therefore  I72  =  0  a  sextic  curve,  and  the  only  sextic  curve  with  the  9  given  nodes; 
that  is,  there  is  not  in  a  proper  sense  any  sextic  curve  with  the  9  given  nodes.  The 
number  of  given  nodes  is  thus  =  8  at  most. 

111.  The  sextic  curve  with  8  given  nodes  should  contain  27  —  3.8  =  3  constants. 
We  may  through  the  8  given  points  draw  the  two  cubics  P  =  0,  Q  =  0;  and  we  have 
then  (a,  6,  o][P,  Q)2  =  0,  a  bicubic,  or  improper  sextic  curve  having  the  8  nodes,  and 
also  a  ninth  node,  viz.,  the  remaining  point  of  intersection  of  the  two  cubic  curves, 
or  say  the  remaining  point  of  the  ennead.  Hence  if  V  ™  0  be  any  particular  sextic 
curve  having  the  8  given  nodes,  we  have 

(a,  b,  c$P,  Q)*  +  6V  =  0 


a  proper  sextic   curve    having    the    8  given  nodes;    and   this,  as   containing  the  right 
number  (=  3)  of  constants,  will  be  the  general  sextic  curve  having  the  8  given  nodes. 

112.  There  will  be  a  ninth  node  if  0  =  0;  viz.,  the  curve  is  then  (a,  6,  c$P,  Q)2  =  0, 
a  bicubic,  or   improper    sextic   curve,  having    for   nodes    the  9   points   of  the    ennead. 
Observe  that  the  ninth  node  is  here  a  point  completely  and  uniquely  determined  by 
means  of   the  given  8  nodes.    Moreover  the   number  of   constants  is  =2,  so  that  we 
have  here  a  general  (improper)  solution  of  the  question  of  finding  a  sextic  curve  with 
9  nodes,  8  of  them  given. 

113.  But  if   6  is  not   =  0,  then  the  ninth  node  must  be  a  point  on  the  curve 
J(P>  Q>   V)  =  0;    viz.,  this  is  a  curve  of   the   order  9,  determined  by  means  of  the 
given  8  points;  say  it  is  the  "dianodal  curve"  of  these  8  points,  and,  as  is  easy  to 
see,  it  has  each  of  these  8  points  for  a  node.    The  ninth  node  of  the  sextic  may  be 
any  point  whatever   on    the   dianodal    curve  ;    and  regarding  it   as  a   given   point,  the 
sextic    will    still    contain    1    constant;    that    is,  we    have   the   general   solution   of  the 
problem  of  finding  a  sextic  curve  with  9  nodes,  8  of  them  given,  and  the  9th  a  given 
point  on  the  dianodal  curve. 

114.  So  long  as  the    8   points   are   arbitrary,  the   dianodal   curve    does   not  pass 
through  the  9th  point  of  the  ennead,  and  the  two  cases  above  considered  are  mutually 
exclusive.     It  will   be  noticed  how  closely  analogous   this   theory  of   the   plane    sextic 
with  9  nodes,  is  to  that  of  the  quartic  surface  with  8  nodes. 

115.  Of   course,  instead  of   the  plane  sextic  curve,  we   may  have  a  sextic  cone; 
such   a  cone  has  at  most  8  given  double  lines;   and  if  there  be  a    9th  double  line, 
then  there  are  the  two  cases'  of  coordinate  generality;    viz.,  (1),  the  new  double  line 
is  the  ninth  line  of  the  ennead,  the  cone  being  in  this  case  not  a  proper  sextic  cone,  but 
a  bicubic  cone;  (2),  the  new  double  line  may  be  any  line  whatever  on  the  diauodal 
cone,  (cone  of  the  order  9  determined  by  the  8  given  lines,  and  having  each  of  these 
for  a  double  line,)  and  regarding  it  as  "a  given  line  on  the  dianodal  cone,  the  sextic 
cone  contains  1  constant. 

a  vn.  33 
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Each  circumscribed  cone  of  the  Symmetroid  is  (3,  3). 

116.  Using  (#,  y,  z>  w)  as  current  coordinates  of  a  point  of  the  symmetroid,  I 
take  8,  T,  U,  V  to  be  quadric  functions  of  the  coordinates  (a,  /3,  7,  8);  the  equation 
of  the  symmetroid  is  therefore  given  by 

csS  +  yT+zU  +  wV**  cone, 
and  the  nodes  thereof  are  determined  by 

xS  +  yT  +  z  U  +  w  V  =  plane-pair. 

Suppose  that  a  node  is  (#=0,  y  =  0,  w  =  0);  the  condition  for  this  is  F=  plane-pair  ; 
and  we  may  without  loss  of  generality  write  F=72  +  S2.  Hence,  putting  for  shortness 
%  =  xS  +  yT+zU,  that  is  ®  a  quadric  function 

(a,  6,  c,  d>  /  g,  h,  I,  w,  »$a,  A  7,  S)2, 

wherein  the  coefficients  a,  6,...  are  arbitrary  linear  functions  of  (#,  y,  z\  but  not  con- 
taining wy  the  equation  of  the  symmetroid  is  given  by 


cone. 
117.    It  follows  that  the  equation  is 


I 


a,    h,    g      ,     I 


k    b  ,   /       i    w 
g,   f,    c  +  w,    n 

I,    m,    n      , 
viz.,  this  is 

V  +  w($c+  8d)  V  +iwi»  (Sc  +  ^)2  V  =0, 


=  0; 


where  V  denotes  the  foregoing  determinant,  writing  therein  w  =  0.    Or,  observing  that 
V  contains  o  and  d  each  only  linearly,  the  equation  may  be  written 

V  +w(80  +  8d)  V  +  w2ScSdV  =0, 

which  is  a.  quartic  surface  having,  as  it  should  have,  the  point  (0,  0,  0)  for  one  of  its 
ten  nodes. 

118.    The  equation  of  the  circumscribed  cone  is 

(8aV+8d 

or,  what  is  the  same  thing,  it  is 

(8CV  -8d 
But  we  have  identically 
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so  that  the  equation  is 


a  sextic  cone  breaking  up  into  the  two  cubic  cones 


so  that  the  cone  is  (3,  3).  And  since  clearly  the  point  (0,  0,  0)  may  be  regarded  as 
representing  any  one  whatever  of  the  10  nodes,  it  follows  that  for  any  node  whatever 
of  the  symmetroid,  the  circumscribed  cone  is  (3,  3),  so  that,  as  stated  above,  bicubic 
decadianome  =  symmetroid. 


Deductions  frwi  the  foregoing  theory. 

119.  Referring  to  No.  85   of  the   original  memoir,  it  appears  that,   with   6  given 
points  as  nodes,  we  can  actually  find  for  the  symmetroid  an  equation  containing  6  con- 
stants.   I  cannot  discover  any  ground  for  doubting  that  3  of  these  may  be  determined 
so  as  to  give  to  the  symmetroid  "a  seventh  given  node  ;  and  I  therefore  assume  that 
with    7    given    points    as    nodes,    an   equation    can   be    found  with    3    constants.     The 
symmetroid  is  certainly  not  octadic,  hence  the  eighth  node  must  lie  on  the   dianodal 
surface  of  the  7  given  points.     I  can   discover  no  ground  for  doubting  but  that  two 
of  the  constants  may  be  determined  so  that  the  eighth  node  shall  be  any  given  point 
whatever   on  the    dianodal  surface  of  the  7  points;    and  (this  being  so)  that  further 
the  remaining  constant  may  be  determined  so  that  the  ninth  node  shall  be  any  given 
point  whatever  on  the  dianodal  curve  of   the    8  points.     But   if  all   this   be    so,  the 
consequence  is  very  remarkable;    the  tenth  node  is  not  any  one   whatever  of   the  22 
dianodal  centres  of  the  9  points,  but  it  is  a  uniquely  determinate  "  enneadic  centre," 
viz.,  we  must  have  the  following  theorem  : 

120.  "Take  any   7  points;    an   eighth  point  at  pleasure  on  the   dianodal  surface 
of   the  7  points;    a  ninth  point  at  pleasure  on  the  dianodal  curve  of   the    8    points. 
In  the  system  of  9  points  so  determined,  take  any  one  as  vertex,  and  joining  it  with 
the  remaining  8,  construct  the  ninth  line  of  the  ennead.    Performing  this  construction 
with  each  of  the  9  points  successively  as  vertex,  we   obtain  9  lines  passing  through 
the    9    points   respectively.     These  9  lines   meet   in   a  point  which   is   the    'enneadic 
centre'  of  the  9   points:    and  further,  the  10  points   form   a   completely  symmetrical 
system,  so  that  each  one  of  them  is  the  enneadic  centre  of  the  remaining  9." 

121.  Assuming  that  the  9  lines  do   intersect  so  as  to  give  rise  to  an   enneadic 
centre,  there  is    no  difficulty  in  conceiving  that  the  loci,  which  by  their  intersection 
determine  the  dianodal    centres,  do   each  of  them  pass  through   the   enneadic  centre; 
so  that  this  enneadic  centre  counts  once  or  more  among  the  dianodal  centres,  and  the 
number  of  proper   dianodal  centres,  instead  of  being  =  22,  will  be  suppose  =22  —  a, 
and  if,  further,  the  9  points,  together  with  the  enneadic  centre,  are  the  nodes  of  a 
symmetroid,  but  the  9  points  together  with  any  one  of  the  22-w   dianodal   centres 
are  the  nodes  of  a  sextic  decadianome,  then  we  must  also  have  as  follows  : 

33—2 
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122.  "  Considering  any  9  points  as  above ;  taking  any  one  as  vertex,  and  joining 
it  with  the  remaining  8,  these  8  lines  determine  a  dianodal  ninthic  cone.    We  have 
thus  9  dianodal  cones,  which  cones  pass  all  of  them  through  the  same  22  -  o>  points." 

123.  I  am  not  able  to  verify  these  theorems  d  posteriori.    It  appears  to  me  that 
the  theorem  in  regard  to  the  enneadic  centre  subsists  for  a  system  of  9  points  such 
as  referred  to  in  the  statement;  but  that  if  by  possibility  the  statement  be  too  general, 
the  theorem  must,  at  all  events,  subsist  for  a  more  special  system  of  9  points;   and 
that  there  certainly  exist  systems  of  10  points,  such  that  each  9   of  the  points  have 
as   an  enneadic  centre  the  tenth  point.     (I  have    since   ascertained    that  if  a    quartic 
surface  with  10  nodes  has  a  single  node  (3,  3),  the  surface  is  a  symmetroid ;  whence, 
by  what  precedes,  the  remaining  nine  nodes  are  each  of  them  (3,  3)*    Added  25  March, 
1871.} 

124.  I  notice,  as  a  subject  of  investigation,  the  following  system  of  correspondence 
viz.,  given  any  8  points   in  space:    then  to    every  point  in   space   corresponds    a  line 
through  this  point,  viz.,  the  ninth  line  of  the  ennead  obtained  by  joining  the  point 
with  the  8  given  points  respectively;   and  to  each  line  in  space  a  point  or  points  on 
the  line,  viz.,  the  point  or  points  for  each  of  which  the  line  is  the  ninth  line  of  the 
ennead  obtained  by  joining  the  point  with  the  eight  given  points  respectively. 
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452. 

ON  AN  ANALYTICAL  THEOREM  FROM  A  NEW  POINT  OF  VIEW. 

[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  ill.  (1869  —  1871), 
pp.  220,  221.     Bead  February  9,  1871.] 

THE  theorem  is  a  well-known  one,  derived  from  the  equation 

(az*  +  2bz+  c)^  -f  2  (aV  +  2&'*  +  <f)w  +  a"&  +  Ws  +  c"  =  0  ; 

viz.,   considering   this    equation   as    establishing  a  relation  between  the  variables  z  and  w, 
and  writing  it  in  the  forms 

2w  =  A  <w*  +  2Bw  +  C  =  A'z*  4-  25^  +  C'  =  0, 


(where,  of   course,  A,  B,  C  are    quadric    functions    of  z,  and   A',  B\  C'   quadric    functions 
of  w,)  we  have 


but  in  vktue  of  the  equation  u  =  0,  we  have  Aw  +  B  =  V52  —  jd<7,  and 
and  the  differential  equation  thus  becomes 


where  B'*—A'C'  and  B2  —  AC  are  quartic  functions  of  w  and  #  respectively.  This  is. 
of  course,  integrable  (viz.,  the  integral  is  the  original  equation  zi  =  0);  and  it  follows 
from  the  theory  of  elliptic  functions,  that  the  two  quartic  functions  must  be  linearl} 
transformable  into  each  other;  viz.,  they  must  have  the  same  absolute  invariant  P-g-J* 
It  is,  in  fact,  easy  to  verify,  not  only  that  this  is  so,  but  that  the  two  functions 
have  the  same  quadrinvariant  /,  and  the  same  cubinvariant  J. 
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The  new  point  of  view  is,  that  we  take  the  coefficients  a,  b,  &c.,  to  be  homogeneous 
functions  of  (#,  y\  their  degrees  being  such  that  the  equation  u  =  0  is  a  quartic 
equation  (*$#,  y,  z,  w)4  =  0:  viz.,  this  equation  now  represents  a  quartic  surface  having 
a  node  (conical  point)  at  the  point  (#  — 0,  y  =  0,  £=0),  and  also  a  node  at  the  point 
(so  =  0,  y  =  0,  w  =  0),  say,  these  points  are  0,  0'  respectively.  The  equation  5'3  -  A'C'  =  0 
gives  the  circumscribed  sextic  cone  having  0  for  its  vertex,  and  the  equation  &  —  AC=Q 
the  circumscribed  sextic  cone  having  0'  for  its  vertex ;  each  of  these  cones  has  the 
line  O0'(#  =  0,  y  =  0)  for  a  nodal  line,  as  appears  geometrically,  and  also  by  the 
equations  containing  g9  w  respectively  in  the  degree  4  Considering  B''2  —  A'C'  as  a 
quartic  function  of  z,  its  quadrinvariant  is  a  function  (#,  yj,  and  its  cubin  variant  a 
function  (a,  y)12;  and  similarly,  considering  &-AC  as  a  quartic  function  of  w,  its 
invariants  are  functions  (as,  y)B  and  (x,  y)12.  We  have  thus,  between  the  two  cones,  a 
geometrical  relation  answering  to  the  analytical  one  of  the  identity  of  the  invariants; 
but  the  nature  of  this  geometrical  relation  is  not  obvious;  and  it  presents  itself  as  an 
interesting  subject  of  investigation. 
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453. 

ON  A  PROBLEM  IN  THE  CALCULUS  OF  VARIATIONS, 

[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  in.  (1869—1871), 
pp.  221,  222.    Read  February  9,  1871.] 

THE  problem  is,  #  =  H^"~2/2)^  *°  ^  y  a  fraction  of  %  such  that  pc?#  =  max. 

min.,  subject  to  a  given  condition  \ydx~c  (the  limits  of  each  integral  being  #1?  #0j 
where  these  quantities  are  each  positive,  and  xl  >  arc).  The  ordinary  method  of  solution 

gives  i/2  =  #+X,  where  (0!+X)*--(0o+X)*»fc;  so  long  as  o  is  not  less  than  (#i-#0)"3 
there  is  a  real  value  of  X,  but  for  a  smaller  value  of  c  there  is  no  real  value.  The 
difficulty  arising  in  this  last  case  is  somewhat  illustrated  by  replacing  the  original 
problem  by  a  like  problem  of  ordinary  maxima  and  minima;  viz.,  ^  a*...^  being 
given  positive  values  of  a,  in  the  order  of  increasing  magnitude  ;  and  if,  in  general, 
^(Safc  —  y^)y{,  then  the  problem  is  to  find  yi  a  function  of  #t-,  such  that  2^=  max. 
or  min.,  subject  to  the  condition  2yi  =  c.  We  have  here  y?=sXi  +  \  where  X  is  to  be 
determined  by  the  condition  %t=c;  the  remainder  of  the  investigation  turns  on  the 


question  of  the  sign  $ft=  +  Va%+X  or  yf=—  Vayj+X,  to  be  taken  for  the  several  values 
of  i  respectively. 
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A   THIRD    MEMOIR   ON   QUARTIC   SURFACES. 

[From  the  Proceedings  of  the  London  Mathematical  Soviety,  vol.  m.  (1869 — 1871), 
pp.  234—266.    Bead  April  13,  1871] 

THE  present  Memoir  is  a  continuation  of  my  former  researches  on  Nodal  Quartic 
Surfaces,  [445,  451].  The  leading  idea  is,  that  for  a  quartic  surface  with  &-nodes,  given 
the  nature  of  the  circumscribed,  (k  -  1)  nodal,  sextic  cone  belonging  to  any  one  node  of 
the  surface  {for  instance,  fc=10,  that  it  is  a  cone  (3,  3)  composed  of  two  cubic  cones}, 
we  thereby  determine  the  equation  of  the  quartic  surface,  and  consequently  the  nature 
of  the  remaining  (fc-1)  nodes  thereof.  By  means  of  this  general  theory  I. complete, 
in  an  essential  point,  the  theory  of  the  Symmetroid;  viz.,  I  show  that  a  10-nodal 
quartip  surface  having  a  single  node  (3,  3)  is  a  Symmetroid;  whence,  as  appears  by 
my  second  Memoir,  [451],  each  of  the  remaining  nine  nodes  is  also  a  node  (3,  3);  and 
we  have  the  theory  of  the  remarkable  system  of  ten  points  in  space  such  that,  joining 
any  one  of  them  with  the  remaining  nine,  the  nine  lines  thus  obtained  are  the  inter- 
sections of  two  cubic  cones.  A  large  part  of  the  Memoir  is  devoted  to  the  consideration 
of  the  surfaces  with  16,  15,  14,  and  13  nodes:  this  is  substantially  a  reproduction  of 
the  results  obtained  by  Kummer  in  the  Memoir  "  Ueber  die  algebraischen  Strahlen- 
systeme,  &c.,"  already  referred  to;  but  the  results  in  question  are  brought  into 
connexion  with  the  theory  of  the  present  Memoir,  and  they  are,  by  a  change  of  the 
constants,  exhibited  in  a  form  of  much  greater  symmetry  and  elegance.  I  attach 
importance  also  to  the  square  diagrams  by  means  of  which  I  have  exhibited,  in  a 
compendious  form,  the  relation  between  the  several  nodes  and  circumscribed  sextic  cones. 

The  paragraphs  are  numbered  consecutively  with  those  of  the  first  and  second 
Memoirs. 

Prelimi'wry  Considerations  and  Classification. 

125.  I  call  to  mind  that  if  a  quartic  surface  has  a  node  (conical  point),  then 
there  is  for  this  node  a  tangent  quadricone  and  a  circumscribed  sextic  cone;  viz,,  if 
the  surface  has  (fc-1)  other  nodes,  or  in  all  k  nodes,  then  the  sextic  cone  has  (Jb-1) 
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nodal  lines  (passing  through  the  other  nodes  respectively),  and  we  have  thus  for  the 
different  forms  of  the  sextic  the  table  No.  11 ;  viz.,  this  is 


CIRCUMSCRIBED  SEXTTC  CONE. 


Nodes  of 
Surface. 

Nodal  Lines 
of  Cones. 

1 

0 

6 

2 

1 

6: 

3 

2 

6, 

4 

3 

6, 

5 

4 

64 

6 

5 

6, 

5,1 

7 

6 

6, 

61,  1 

8 

7 

67 

53)1 

9 

8 

69 

58I  1 

10 

9 

6, 

54,  1 

11 

10 

610 

5S,  1 

12 

11 

... 

56,  1 

13 

12 

... 

... 

14 

13 

... 

... 

15 

14 

... 

... 

16 

15 

•  •  » 

.«• 

4,2 

4,  2     4  ,  1,  1     3,3 

42,  2     41}  1,  1     3X,  3 

43,  2     42,  1,  1     3X,  3>     3  ,  2,  1 

...       4,,  1,1      ...        3,,  2,1     3,1,1,1     2,2,2 

9i,  1>  1,  1     2  ,  2,  1,  1 

...          2,,  1,  1,  1,  1 

...          1 ,  1,  1,  1,  1,  1 

viz.,  6  denotes  a  proper  sextic  cone  without  nodal  lines;  Q1  a  proper  sextic  cone  with 
one  nodal  line;  5,  1  a  proper  quintic  cone  and  a  plane,  &c. 

We  may  distinguish  the  nodes  according  to  the  sextic  cones;  thus,  a  node  6  means 
a  node  for  which  the  circumscribed  cone  is  a  proper  sextic  cone,  (1,  1,  1,  1,  1,  1) 
a  node  where  the  circumscribed  cone  breaks  up  into  six  planes,  &a 

126.  A  16-nodal  surface  has  16  nodes  (1,  1,  1,  1,  1,  1),  and  a  IS^nodal  surface 
has  15  nodes  (2,  1,  1,  1,  1);   but,  for  a  14-nodal  surface,  the  question  arises  how  many 
nodes  are  (31?  1,  1,  1),  and  how  many  (2,  2,  1,  1).    It  was  remarked,  No.  13,  that  the 
only  possible  cases  were  14,  0;  8,  6;  or  2,  12;  and  that  we  might,  in  like  manner, 
limit  the  number  of  possible  cases  for  other  values  of  k]   but  that  the  inquiry  was 
not   then   further   pursued.    I   resume   this   inquiry,  but   without  obtaining   as   yet   a 
complete  answer. 

127.  It  is  to  be  observed  that  a  line  joining  any  two  nodes  is  not,  in  general, 
a  line  on  the  surface,  but  that  it  may  be  so;   the   surfaces   for  which   this  is  so 
(viz.,  any  surface  which  contains  upon  it  a  line   through  two  nodes)  form,  however, 

c.  vn.  34 
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a  class  by  themselves,  which  at  present  I  altogether  exclude  from  consideration.  This 
being  so,  it  will  appear  in  the  sequel  that  there  is  but  one  kind  of  surface  having 
a  node  (2,  2,  1,  1),  and  but  one  kind  of  surface  having  a  node  (31}  1,  1,  1).  Now  there 
is  a  surface,  Kummer's  14-nodal,  the  nodes  of  which  are  8(3!,  1,  1,  l)  +  6(2,  2,  1,  1); 
wherefore  the  two  kinds  are  identical,  and  are  each  of  them  Kummer's  14-nodal  surface. 
Similarly,  for  the  13-nodal  surfaces,  there  is  but  one  kind  having  a  node  (4*3,  1,  1), 
but  one  kind  having  a  node  (3,  1,  1,  1),  and  moreover  but  one  kind  having  a  node 
(Si,  2,  1);  and  we  have  Kummer's  13-nodal  surface  with  the  nodes  3(43,  1,  1) 
+  1(3,  1,  1,  1)4-9(3^  2,  1);  hence  the  three  kinds  are  identical  with  each  other  and 
with  Kummer's.  Moreover,  there  is  but  one  kind  having  a  node  (2,  2,  2);  hence  all 
the  other  nodes  must  be  (2,  2,  2),  and  we  have  a  surface  13(2,  2,  2)  not  given  by 
Kummer.  And  in  like  manner  for  the  12-nodal  surfaces,  we  have  the  two  kinds  given 
by  Kummer,  and  a  third  kind  12  (42,  1,  1)  not  given  by  him;  the  arrangement  thus 
far  being 

No.  of  Nodes.  Character  of  Surface. 

16  16(1,  1,  1,  1,  1,  1), 

15  15  (2,  1,  1,  1,  1), 

14  8(31}  1,  1,  l)  +  6(2,  2,  1,  1), 

13  (a)  3(4*,  1,  1)  +  1(3,  1,  1,  1)+9(31?  2,  1), 

„    03)  13(2,  2,2), 

12  (a)  12  (48,  2), 

*    08)      2(56,  1)  +  6(81|  30  +  4(3,2,  1), 

„    (7)  12(4,,  1,  1). 

128.    But  in  the  next  following  case  we  have  Kummer's  surface,  viz. 
11  (*)      ItfW  +  lOft,  3), 


and  I  do  not  know  whether  one,  two,  or  three  kinds  of  surface  having  nodes  (42,  1,  1), 
(4a,  2),  and  (55,  1).    And  in  the  next  case  we  have  (as  will  appear)  the  Symmetroid,  viz., 

10  (a)     10(3,3), 

and  I  do  not  know  how  many  kinds  of  surfaces  having  a  node  or  nodes  69,  (54,  1),  (4^  2), 
<4,  1,  1). 

It  will  be  observed  that  the  present  division  has  nothing  to  do  with  the  octadic 
and  dianodal  division  in  the  former  Memoir. 

129.    I  consider  a  conic  A  =  0,  and  any  six  tangents  thereof,  ^  =  0,  ^=  0,  ^=  0,  ^  =  0, 
f5:=0,  ^  =  0;  we  have  an  identical  equation  which  might  be  written  AC—  U 
but  it  will  be  convenient,  introducing  a  constant  factor  K,  to  write  it 


B  being  a  cubic  function  and  Q  a  quartic  function  of  the  coordinates. 
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Consider  now  the  series  of  factors,  such  as 

t 

IA    -\-mtitz, 

sA 

UA 

7  A 


where  m  is  a  constant,  I  a  constant,  s  a  linear  function,  U3  Vy  W  functions  of  the 
degrees  2,  3,  4  respectively;  and  compose  with  one  or  more  such  foetors  an  expression 
involving  the  term  Kt&titAt*  \  f°r  instance,  such  an  expression  is 

,  (sA  +  mMA)  (I'A  +  m'ttte)  tt  ; 


this  is,  of  the  form  AQ,  +  E^tAtA*,,  viz.,  4Q  +  (J.C-  JB2),  or  A  (Il  +  CO-.B2,  say  AT-&, 
or  what  is  the  same  thing,  introducing  a  new  coordinate  w,  we  have  a  quadric  function 

Aw*  -f  ZBw  +  r, 
the  discriminant  of  which,  AT  —  5s,  is  equal  to  the  expression  in  question. 

130.  In  the  sequel  (#,  y,  #,  w)  are  considered  as  the  coordinates  of  a  point  in 
space;  A  =  Q  is  thus  a  quadric  cone,  ^  =  0,  4=  0...  £6  =  0,  any  six  tangent  planes 
thereof;  and  hence  Au?  +  2Bw  +  T  =  0  a  quartic  surface,  having  the  point  (#  =  (),  y  =  0, 
z  =  0)  for  a  node,  whereof  the  circumscribed  cone  AT  —  B*  =  0  breaks  up  in  the  assumed 
manner. 

Thus,  in  order  that  the  circumscribed  cone  may  be  as  above 

(sA  +  m^4)  (I'A  +  m'tA)  «,, 

we  have  only  to  assume 

r  «  0  +  i  (*VA  +  sm\tt  +  V 


and  so  in  other  cases.  Observe  that  sA  +  mt£&  =  0  is  a  cubic  cone,  which,  so  long-  as 
s,  m  are  arbitrary,  has  no  nodal  line ;  but  establishing  a  single  relation  (say  s  remains 
arbitrary,  but  a  proper  value  is  assigned  to  m)  it  will  be  a  cubic  cone  having  a 
nodal  line.  And  so  UA+mtA^^O  is  a  quartic  cone  without  any  nodal  Tine,  but 
by  particularising  the  constants  it  may  be  made  to  have  one,  two,  or  three  nodal  lines. 
Such  nodal  determinations  are  obviously  required  in  order  that  the  formula  may  extend 
to  all  the  before-mentioned  forms  of  the  circumscribed  cone.  The  foregoing  analysis 
is  the  foundation  of  the  whole  theory:  I  have  given  it,  as  above,  apart  from  the 
theory,  in  order  that  the  nature  of  it  may  be  the  better  perceived;  but  I  have  now  to 
bring  it  into  connexion  with  the  theory. 

On  the  Seastic  Curves,  -AA-CV^O. 

181.    I  revert  to   the   consideration   of  plane   curves.     The  equation  of  a  sextic 
curve  (*$#,  y,  ^)°  =  0  cannot  be  in  general  expressed  in  the  form  AG—  .B*=0,  where 

34—2 
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the  degrees  of  A,  B}  0  are  %  3,  4  respectively;  in  fact,  the  existence  of  such  a  form 
implies  that  there  is  a  conic  4  =  0  touching  the  sextic  6  times  ;  and  since  a  conic 
•can  only  be  made  to  satisfy  5  conditions,  there  is  not  in  general  any  such  conic. 

132.  Such  conic,  when  it  exists,  is  said  to  be  inscribed  in  the  sextic,  and  the 
sextic  to  be  circumscribed  about  the  conic,  or  to  be  an  "  amphigram  ;  "  and  then, 
4=0  being  the  equation  of  the  conic,  that  of  the  sextic  is  expressible  in  the  form 
in  question  AC—IP  =  Q.  It  is  clear  that  .8  =  0  is  a  cubic  curve  passing  through  the 
6  points  of  contact  of  the  conic  with  the  sextic,  and  that  any  such  curve  may  be 
taken  for  the  curve  B  ;  in  fact  if  a  particular  cubic  through  the  6  points  is  B'  =  0, 
and  the  equation  of  the  sextic  is  AG'-B'*  =  Q,  then  taking  p  an  arbitrary  linear 
function  of  the  coordinates,  the  equation  of  the  general  cubic  is  B=Bf+pA  =  Q;  and 
then  writing 


-B*  =  AC'-B'*;  so  that  the  original  form  ACf-B'*~Q  becomes  A  (7-  5a  =  0. 
But  the  cubic  J?  =  0  being  assumed  at  pleasure,  the  quartic  (7=0  is  a  determinate  curve. 

133.  It  is  to  be  observed  that  a  sextic  curve  may  be  an  amphigram  in  more 
than  one  way:  certainly  in  two,  three,  or  four,  and  possibly  in  a  greater  number  of 
ways.  For  the  equation  of  the  curve  contains  27  constants,  and  hence  determining 
the  sextic  so  as  to  touch  4  given  conies  each  of  them  6  times,  there  are  still 
3  constants;  and  the  curve  will  be  an  amphigram  in  regard  to  each  of  the  4  conies; 
say  it  is  a  quadruple  amphigram.  But  in  the  sequel  we  are  only  concerned  with  a 
sextic  curve  considered  as  an  amphigram  in  regard  to  a  given  conic  A  =  0  (no 
attention  being  paid  to  the  other  inscribed  conies,  if  any)  ;  and  then,  by  what  precedes, 
taking  5  =  0  any  cubic  whatever  through  the  6  points  of  contact,  we  have  a  determinate 
quartic  curve  0=0,  and  the  equation  of  the  sextic  curve  assumes  the  form 


134  The  curves  .4  =  0,  B  =  0,  (7-0  contain  respectively  5,  9,  14  constants;  whence 
considering  the  function  B  as  containing  an  arbitrary  constant  factor,  for  the  curve 
4(7  -#  =  0,  the  number  of  constants  is  primd,  facie  5  +  9+14  +  1  =  29;  but  on  account 
of  the  arbitrary  linear  function  p,  the  real  number  is  29  -  3  =  26  :  this  is  right,  for  a 
sextic  curve  contains  27  constants;  and  the  curve  being  an  amphigram,  there  is  one 
relation  between  the  constants,  27-1  =  26. 

135.    Suppose  now  that  the  sextic  curve  AC-B*=:Q  breaks  up  into  two  or  more 
separate  curves,  say  into  the  two  curves  P  =  0,  Q  =  0  of  the  orders  /,  g  respectively 
6.    We  have 


and  the  conic  4  =  0  touching  the  sextic  six  times,  must,  it  is  clear,  touch  the  curves 
P  =  0,  Q  =  0,/  and  g  times,  respectively.  And  so  when  the  sextic  breaks  up  into  any 
number  of  curves,  each  component  curve  P  =  0  of  the  order  /  must  touch  the  sextic 
g  times. 
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136.    It  follows  that  if  the  sextic  break  up  into  six  lines,  say  40  -#  =  , 

then  that  each  of  the  lines  ^  =  0,  £2  =  0,...*6=0  is  a  tangent  to  the  conic.  And  con- 
versely, starting  with  the  conic  A=Q  and  any  six  tangents  thereof  ^  =  0,  4  =  0,  ...fc=  0, 
we  have  an  identity  of  the  form  in  question.  In  fact,  taking  any  two  of  the  tangents' 
say^  =  0  and  £2  =  0,  then,  if  jp  =  0  be  the  equation  of  the  line  joining  their  points 
of  intersection,  the  equation  of  the  conic  will  be  of  the  form  *A  +#*  =  (),  that  is,  we 
may  write  A=t&+]p,  or  what  is  the  same  thing,  tJ,^A-p\  (Considering  A  as  a 
given  quadric  function  of  the  coordinates,  this  of  course  implies  that  the  implicit 
constant  factors  of  £,  U,  p  are  properly  determined.)  Similarly,  g  =  0  being  the  line 
through  the  points  of  contact  of  4,  «4,  and  r  =  0  that  through  the  points  of  contact 
of  t5,  <t,  we  have  t&**A-f  and  tft^A—i*',  whence,  to  satisfy  the  equation 


we  have  only  to  assume  B**lA+pgr,  I  an  arbitrary  linear  function  of  the  coordinates, 
.and  the  equation  then  gives 


137.  It  will  be    observed  that  the   grouping   of   the  six   tangents    into   pairs    is 
arbitrary.    By  altering  this  grouping,  we  merely  alter  the  linear  function  I,  but  do  not 
obtain  any  new    solution.     Thus,  say  that  the    new  form   is   £=l'A+p'qY,  then,  by 
properly  determining  the  linear  function   I,  we  can  reduce   this   to  the   original   form 
B—lA+pqri  viz.,  we  can  satisfy  identically  the  equation  (I  ~Z')  A+pqr-p'tfr'  =  Q\  or 
what  is  the   same    thing,  \A  +pqr-p'q'r'  =  Q,    where  \   is   a   linear   function   of  the 
•coordinates.    We  have,  in  fact,  the  conic  4  =  0  and  the  cubic  pqr-Q  intersecting  in 
the  six  points  of  contact  any  other  cubic  through  these  six  points;  and  consequently 
the  cubic  |/gV  =  0  must  be  expressible  in  the  form  XA+jpgr  =  0,  and  we  have  thus 
the  identity  in  question. 

138.  We  have  just  seen  that  the  value  of  B  is  necessarily  of  the  form  B~IA  +pqr, 
but  we  are  not  concerned  with  its  expression  in  this  particular  form.     What  we  require 
in  the  sequel  is  a  value  of  B,  and  thence  one  of  C,  satisfying  the  identity  in  question, 
AO—BP^titJibAstti  or  what  is  the  same  thing,  introducing  for  convenience  a  constant 
factor  K,  the  identity 


139.  Instead  of  (7,  I  write  F,  and  consider  the  sextic  amphigram  AT-&  —  Q 
touched  by  the  conic  A  =  0  in  the  points  of  contact  of  the  conic  with  the  six  tangents 
£  =  0,  £2  =  0,  ...£6  =  0.  Suppose  the  sextic  curve  breaks  up  into  factors;  if  one  of 
these  factors  is  a  line,  it  is  one  of  the  six  tangents,  say  the  tangent  4  =  0.  If  there 
is  a  conic  factor,  this  is  a  conic  touching  the  conic  .4=0  at  its  points  of  contact  with 
two  of  the  tangents,  say  the  equation  is  ZA+w^  =  0.  Similarly,  if  there  is  a  cubic, 
quartic,  or  quintic  factor,  then  the  equation  hereof  is  sA  +  m^t^-Q,  UA+m^t^t4-Q, 
or  VA  +  m&tAts^Q.  Or  going  on  to  the  next  case  of  a  sextic  factor  (being  of  course 
the  whole  curve),  we  may  say  that  this  is  WA+m^t^t^^Q.  (Observe  that  since 
AC—  IP  =  KtMJittts,  this  means  only  that  the  equation  of  the  sextic  amphigram  is 
of  the  assumed  form  AT-&**Q.) 
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140.  By  what  precedes  we  can,  for  a  sextic  amphigram  which  breaks  up  in  any 
assigned  manner,  determine  the  value  of  P.  For  instance,  let  the  amphigram  break 
up  into  two  cubic  curves;  say  these  are  sA+mt^t^^Q,  s'A  +  mft4t5tQ  =  0.  Assume 


then  this  equation  is 

jir-52  =  —t  {ss'A*  4-  (sm'tM  +  s'mtltztz)  A}  4-  AC-B2; 
that  is,  we  have 

r  =  C  -h  —,  (ss'A  +  m'We  +  s'mt&ts), 
and  so  in  any  other  case. 

I  have  already  adverted  to  the  question  of  the  "nodal  determination"  of  the 
formulae,  and  it  might  be  properly  here  considered;  viz.,  the  question  is  as  to  the 
determination  of  the  constants  in  such  manner  that,  for  instance,  sA  +  mi^t^  =  0  may 
be  a  nodal  cubic,  UA  +  mt^t^  —  0  a  nodal,  binodal,  or  trinodal  quartic,  &c. ;  but  I 
defer  it  for  the  moment  in  order  first  to  apply  the  theory  to  the  quartic  surfaces. 

Application  to  Quartic  Surfaces. 

141.  If  a  quartic  surface  has  a  node  or  nodes,  we  may  take  for  a  node  the  point 
#=0,  y  =  0,  #  =  0;  the  equation  of  the  quartic  surface  is  then  of  the  form 


where  A9  B,  T  are  functions  of  x,  y,  z  of  the  degrees  2,  3,  4  respectively.  A  =  0  is 
the  tangent  quadricone  at  the  node  in  question;  and  the  circumscribed  cone  is 
AT  —  B*=zQ.  By  what  precedes,  this  is  an  amphigram  touching  the  quadricone  along 
six  generating  lines  thereof;  say  the  tangent  planes  of  the  cone  A  =  Q  along  these 
sk  lines  respectively  are  ^  =  0,  4  =  0,...  i6  =  0.  We  have  then  an  identical  equation 


viz.,  regarding  for  a  moment  this  equation  as  an  equation  for  the  determination  of  B, 
and  K  as  any  particular  solution  thereof,  then  its  general  solution  is  B*  +  tA,  where 
t  is  an  arbitrary  linear  function  of  (a?,  y,  z\  and  the  B  in  the  equation  of  the  surface 
is  properly  =F  +  tA.  '  But  by  the  substituting  w-t  in  place  of  w,  the  B  of  the 
equation  of  the  surface  would  then  be  made  =5';  and  it  thus  appears  that  we  may, 
without  loss  of  generality,  take  the  B  of  this  equation  to  be  any  particular  value 
satisfying  the  identity  in  question;  and  then,  B  having  such  particular  value,  G  is  a 
quartic  function  of  (a?,  y,  z)  completely  determined  by  the  same  identity.  And  we  then, 
by  what  precedes,  at  once  determine  T  so  that  the  circumscribed  cone  AT-B*=*Q 
may  be  a  cone  breaking  up  in  any  assigned  manner;  for  instance,  if  it  be  a  cone 
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<3,  3),  then,  as  just  mentioned,  the  two  cubic  cones  are  sA+mtit&^Q,  s'4  +  ??iX  W$  =  0  : 
and  T  has  the  value 


mm 
above  obtained. 

On  the  Nodal  Determination. 

142.  I  am  not  able  to  discuss  with  much  completeness  the  question  of  nodal 
determination.  We  have  to  consider  a  cubic  curve  sA  +  m^t^  =  0,  a  qnartic  curve 
Z74  -f  771^2^4  -  0,  &c.,  as  the  case  may  be,  and  to  determine  the  constants  so  that 
this  shall  have  a  node  or  nodes.  Consider  for  a  moment  the  form  PA  +  ^Q  =  0,  where 
Q  denotes  the  product  mt<fz...  of  all  or  any  of  the  tangents  t.2,..  4;  the  orders  of 
PA,  tj,Q  are  of  course  equal,  that  is.  the  order  of  P  is  less  by  unity  than  that  of  Q. 
I  say  that,  by  establishing  a  single  relation  between  the  constants,  this  may  be  made  to 
have  a  node  at  the  point  of  contact  4  =  0,  ^=0.  In  fact,  writing  A=XSaj  +  ^Sy-f  vS2, 
where  X,  p,  v  are  arbitrary,  there  will  be  a  node  at  any  point  if4  for  that  point 
A  (PA  +  tjQ)  =  0.  But  for  the  point  -4  =  0,  tj.  =  0  this  becomes  PA  A  +  QA^  =  0  ; 
moreover,  if  2  =  0  be  any  other  tangent  of  the  conic  A  =  0,  and  if  p=*Q  be  the  line 
joining  the  points  of  contact  of  the  tangents  t,  ^  then  we  may  write  4=^-^,  and 
thence  (since  at  the  point  in  question,  4  =  0,  £j  =  0,  we  have  also  #  =  0}  we  find 
A4=ZA^,  and  the  foregoing  equation  thus  becomes  (tP  +  Q)  A^  =  0;  viz.,  this  equation 
is  satisfied  irrespectively  of  the  values  of  X,  /*,  v,  if  only  at  the  point  in  question 
(that  is,  for  the  values  of  the  coordinates  which  belong  to  the  point  ^  =  0,  4  =  0)  we 
have  tP  +  Q  =  0,  which  is  a  single  relation  between  the  constants. 


143.  In  particular  the  cubic  curve  sA+mt&tt^Q  may  be  made  to  have  a  node 
at    the    point    of    contact    of    any    one    of    the    three    tangents;    the    quartic   curve 
UA  +  mtit&ti  =  0,  a  node,  or  two  or  three  nodes,  at  the  point  or  points  of  contact  of 
any  one,  two,  or  three  of  the  four   tangents;   and  so  in  other  cases.    These  are  not 
the   only  solutions,  and   they   are    in    fact    solutions    which    (as    afterwards   explained) 
I  propose  to  reject,  attending  in  each  case  only  to  the  remaining  or  proper  solutions 
of  the  problem, 

144.  To   obtain   in   a   different   manner   the  foregoing   result,  consider   again  the 
•cubic  curve  sA  +mt1tzt3-Qy  regarding  this  as  a  given  curve,  the  conic  4  =  0  is  a  conic 
determined  (not  of  course  completely)  as  a  conic  having  therewith  3  points  of  2-pointic 
intersection;    viz.,  if  the   cubic   has   a  node,  then   the   cone   4  =  0  is  either  a  conic 
passing  through  the  node  and  besides  touching  the  curve  twice,  or  else  it  is  a  conic 
touching  the  curve  3  times;  the  former  is  of  course  the  above  mentioned  case  where 
there  is  a  node  at  one  of  the  points  of  contact  on  the  conic  4  =  0;   the   latter  is 
regarded  as  the  proper  solution.    So  in  the  case  of  a  quartic  curve  #4+^4^  =  0, 
regarding   this   as    a   given   curve,  the  conic  4  =  0  is  a    conic  having  therewith  four 
points  of  2-pointic  intersection;  viz.,  if  the  quartic  curve  has  one,  two,  or  three  nodes, 
then  the  conic  is  either  a  conic  passing  through  one,  two,  or  three  nodes,  and  besides 
touching  the  quartic  thrice,  twice,  or  once;  or  else  it  is  a  conic  touching  the  quartic 
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four  times.  The  former  is  the  above  mentioned  case  where  there  is  a  node  or  nodes 
at  a  point  or  points  of  contact  with  the  conic  -4=0;  the  latter  is  regarded  as  the 
proper  solution. 

145,  To  fix  the  ideas,  and  at  the  same  time  obtain  a  result  which  will  be 
afterwards  useful,  I  work  out  the  formulae  for  the  cubic  curve  sA  +  mi^t^^Q,  taking 
this  equation  under  the  form 


This  may  have  a  node  in  two  different  ways;  viz., 

1°.    At  the  point  of  contact  of  one  of  the  tangents  #  =  0,  y  —  Q,  2=*0  with  the 
conic  JL  =  0;  say  at  the  point  of  contact  of  53  =  0,  that  is,  the  point  #  =  0,  y  —  z  =  Q. 

44  11 

The   value  of  m  is  —  -+-;  hence  -  =  —  +im;    and,   substituting,  the  equation   of 

JJ,        V  V  p  °  ^ 

the  curve  becomes 


which  has  obviously  a  node  at  the  point  in  question. 

2°.    The  node  may  be  at  a  point  not  on  the  conic  -4  =  0,  viz.  the   value  of  m 

(X  +  /*  +  ?)*     ,  .      . 

!S  -s^  —  jz  -  L    the  equation  is 

^ 


fJL 

In  fact,  writing  for  shortness 


—  I/as 

\  +  fl  +  V  =*  P, 

the  node  is  at  the  point  x  :  y  :  z  =  L\  ;  Mp  :  Nv\  which  is  at  once  verified,  if  we 
remark  that,  writing  for  convenience  #,  y,  z  =  L\  Mpt  Nv,  then  we  have 


=  NL, 
—  z  —  LM, 


For,  of  the  three  equations  for  the  coordinates  of  a  node,  the  first  is 
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that  is,  for  the  values  in  question, 


that  is 

-  LMNP  -  2JjfArP  +  P*MN  =  0, 

or,  finally,  -i-2X-fP=0,  which  is  satisfied;    and  similarly  the   other  two  equations 
are  satisfied. 

Quartic  Surfaces  resumed. 

146.  Passing  now  from  curves  to  cones,  and  to  the  theory  of  the  quartic  surface, 
suppose   that   there    is    a    component    cone   having    a    nodal    line,  say  the    cubic    cone 
sA  +m^a^2^=0:  if  the  remaining  factor  is  t^A,  then  we  have 

7T 

A  T  -  B2  =  —  (sA  +  rn^U^  tAt9. 
m 

Suppose  the  nodal  line  is  a  line  of  contact  with  the  cone  A  =  0,  say  its  equations 
are  ^  =  0,  p  =  0  (p  a  linear  function),  then  sA  +  mtitA  is  a  quadric  function  (*$^,  p2), 
(of  course  with  variable  coefficients);  hence  AT-]}2  is  a  quadric  function;  and  A 
being  a  linear  function  (*$2i,  p),  it  follows  that  B  is  a  linear  function,  and  thence 
that  F  is  also  a  linear  function;  that  is,  A,  B,  T  are  each  of  them  a  linear  function 
(*$A>  p)>  or  the  line  in  question  (viz.  the  line  of  contact  A  =  0,  ^  =  0)  is  a  line  on  the 
quartic  surface  Av?  +  ZBw  +  T  =  0.  As  already  mentioned,  I  exclude  from  consideration 
the  surfaces  which  have  upon  them  a  line  through  two  nodes;  that  is,  I  exclude 
from  consideration  the  case  in  question  where  any  component  cone,  or  say  where  the 
sextic  cone,  has  a  nodal  line  which  is  a  line  on  the  tangent  cone  J.  =  0. 

147.  Now,  excluding  the  case  just  referred  to,  I  assume  as  a  postulate  that  there 
is  but  one  way  in  which  the  cubic  cone  sA  +  mbit^  =  0  can  be  made  to  have  a  nodal 
line,  or  the  quartic  cone  UA  +  mt^t^  =  0  one,  two,  or  three  nodal  lines  &c.,  as  the  case 
may  be.    It  is  to  be  understood  that  this  does  not  mean  that  the  constants  are  in 
any  of  these  cases  completely  determined,  but  that  there  is  between  them  a  relation 
or  relations  constituting   a   general   solution    which   includes  in   itself   every  particular 
solution   whatever.     I   have   no    doubt   that  as   regards   the  cubic   cone   at   least  the 
assumption  is  correct.    This  being  so,  the  character  of   a  single  node   determines  the 
nature  of   the  surface;    for  instance,  if   there  is  a   node  (3l?  3),  then    taking   this  as 
the  point  (#  =  0,  y  =  0,  #  =  0)  the  equation  of  the  surface  is  Az*+  ZBw  +  T  =  Q,  where 

r  =  0  +  —  ,  (ss'A  +  I'tfAt,  4-  WtAb), 
mm 

a  surface  of  a  determinate  nature;  so  that  the  character  of  all  the  remaining  nodes 
is  completely  determined. 

148.  The  point  to  be  attended  to  is,  that  if  for  instance  there  were  two  essentially 
distinct  ways    of   giving   the   cubic   cone   sA  +  mtitA^Q  a  nodal   line  (such   as  there 
would  be  if  the  excluded  case  were  considered  admissible),  then  the  foregoing  equation 

C.  VII.  35 
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of  the  surface  would  or  might  include  two  distinct  forms  of  equation  applying  to 
different  kinds  of  surface.  The  conclusion  is  that  there  is  but  one  kind  of  quartic 
surface  having  a  node  (3l9  3).  Admitting  this,  and  similarly  that  there  is  but,  one  kind 
of  quartic  surface  having  a  node  610,  it  follows  that  if  (as  the  fact  is)  there  is  a 
surface  having  the  nodes  1  (610)  + 10  (31?  3)  (Kummer's  11-nodal  surface),  then  that  the 
two  first-mentioned  kinds  are  in  fact  each  of  them  this  last-mentioned  kind  of 
surface;  and  it  was  in  this  manner  that  I  arrived  at  the  enumeration  given  near  the 
beginning  of  the  present  Memoir. 

149.  The  reasoning  is,  of  course,  in  place  of  a  direct  demonstration  which  would 
consist  in  showing  that  a  surface  having  a  node  (3X,  3)  has  9  other  like  nodes,  and 
also  a  node  610;  and  that  a  surface  having  a  node  610  has  10  other  nodes  (Sj,  3); 
and  that,  starting  from  either  form  of  equation,  we  could,  by  passing  to  a  node  of 
the  other  kind,  obtain  the  other  form  of  equation. 


Enwneration  of  the  Gases. 

150.  I  collect  the  results  as  follows :  I  call  to  mind  that  we  have  always  the  identical 
equation  AG  —  &  =  Ki^t^t^t^  that  the  equation  of  the  surface  is  Awz+%Bw  +  T  =  Qt 
and  that  the  circumscribed  cone  is  AT-B*  =  Q.  The  equation  of  a  surface  having 
different  kinds  of  nodes  will  assume  different  forms  according  as  the  origin  (or  point 
#  =  0,  2/  =  0,  £  —  0)  is  taken  to  be  at  a  node  of  one  or  other  of  these  kinds;  these 
forms  of  the  equations  are  distinguished  as  "node-forms," — viz.,  we  speak  of  the  node- 
form  (81,  3)  when  the  origin  is  a  node  (81,  3),  and  so  in  other  cases. 

The  16-nodal  surface 

16(1,1,  1,  1,1,1), 
node-form 

a  i,  1. i,  i>  i), 

cone  is 
and 

viz.,  equation  is 

The  lo-nodal  surface 

15(2,  1,  1,  1,  1), 
node-form 

(2,  1,  1,  1,  1) 
cone  is 

and 

J77 

r=a+— 

Wl 
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The  14-nodal  surface 

8(3,,  1,  1,  1)4-6(2,  2,  1,  1), 

node-form 

ft,  1,  1,  1), 
cone  is 


where 

sA  4-  mti 4  £3  =  0  is  a  nodal  cubic 
and 

jfo^ 


node-form 

(2,  2,  1,  1), 
cone  is 

(IA  +  m^2)  (W  4-  m%£4)  <&  =  0, 
and 

zr 

r  =  0  4-  — •,  (WA  +  Zro'tt  4-  Z'mfef 0  W«. 

The  13(ot)-nodal  surface 

o  / /I        1      T  \    i    1   /Q      1      1      1  \  _i_  Q  /Q       O      1  \ 

o(4js,  1,   1)  +  I  (63   1,   1,   1;  +  y  v^i,  ^;   •"-/> 

node-form 

(43,  1,  1), 
cone  is 


where 

UA  4- mtf^ £3 £4  =  0  is  a  trinodal  quartic  4S, 
and 


node-form 

(3,  1,  1,  1), 

cone  is 


and 


node-form 

(81,  2,  1), 
cone  is 

where 

sA  4"^i^2^8==0  is  a  nodal  cubic  3j., 

and 

K  *, 
mm 

35—2 
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The  13  GSVnodal  surface 

13(2,  2,  2), 

node-form 

(2,  2,  2), 

cone  is 

(IA  +  mt£)  (I'  A  +  m'ta)  (I"  A  +  m"tstt)  =  0, 
and 

r  =  G  +  -£-7,  [IIT  A*  +  (ITmtA  +  J"to»'«,  +  tt'm"tste)  A 


The  12(a)-nodal  surface 

12(43J  2), 

node-form 

(4s,  2), 

cone  is 

(  UA  +  mtAUtj  (VA  +  m%ts)  =  0, 

where 

UA  +  mtit^t3t4  =  Q  is  a  trinodal  quartic  48, 
and 

—,(l'U 
mm 

The  12(j8)-nodal  surface 

2(Blll)  +  6(3ll  30  +  4(3,  2,  1), 

node-form 

(5,,  1), 
cone  is 


where 

VA  +  mt^W^O  is  a  6-nodal  quintic  56, 

and 


m 
node-form 

ft,  3,), 

cone  is 

(sA  +  mtJA)  (s'A  +  m'tAty  =  0, 
where 

a^[  +  ?n^t2^  =  0  and  s/4  +  m/y5^  =  0  are  each  of  them  a  nodal  cubic  3l3 
and 

jr 

r  =  G  +  —  >  («^4  +  w'sW6  +  «i/4tt)  ; 
mm 

node-form 

(3,  2,  1), 

cone  is 

(tA  +  m^t,)  (I1  A  +  m'tg)  t,  =  0, 

and 

r  =  C  +  ~,  (ItA  +  m' 
mm 
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The  12  (7)-nodal  surface, 

12  (42,  1,  1), 
node-form 

(4,  1,  1), 
cone  is 


where 

UA  -fmtfi  £2^4  =  0  is  a  binodal  quartic  4j, 
and 


m 
The  11  (a)-nodal  surface, 

1(8*)  +  10  ft,  3) 

node  -form 


cone   s 

where  this  is  a  10-nodal  sextic  610, 
and 


m 
node-form 

(81,  3), 

cone  is 

(sA  +  mWB)(s'A  +  mfttfA)  =  0, 

where 

M-l-m^^s^O  is  a  nodal  cubic  81, 

and 

r  =  C+  —t  ,  (ss'A  +  m'st&t 
mm 

Other  11-nodal  surfaces, 

node-form 

(56,  1), 
cone  is 


where  .      .    . 

7JL  +  mtlt,«j*A  =  0  is  a  5-nodal  qumtic  5,, 

and 


node-form 

(42)  2), 

cone  is 

(  II  A  +  mktAtj  (I1  A  +  mtM  «  0, 

where 

UA+mtJAti^Q  is  a  binodal  quartic  42s 

and 

r  =  C  +  ^  - 

TWfll 
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node-form 

(4,  1,  1), 
cone  is 


where 

UA+mti  *&*4  is  a  nodal  quartic  4X, 
and 


but    whether    these    node-forms    belong   to  the    same   or    to   different    surfaces    is    not 
ascertained. 

The  enumeration  is  not  extended  to  the  10-nodal  surfaces,  but  I  consider  one  case 
of  these  surfaces. 

The  10  (a)-nodal  surface  10  (3,  3). 

151.    I  assume  only  that  there  is  a  single  node  (3,  3):  taking  the  cone  to  be 

(sA  +  mtA$  (s'A  +  m'W6)  =  0  ; 

then  for  the  equation  of  the  surface,  in  the  node-form  (3,  3)  in  question,  we  have 

jr 

r  =  C  +  —  7  (ss'A  +  sm'tAtt  +  s'mtitzts). 

Tfl/ffl 

But  I  present  this  result  under  a  different  form,  as  follows:  I  write 


where  /,  ff,  h  are  constants,  and,  as  before,  p  =  0,  q  =  0,  r  =  0  are  the  lines  joining  the 
points  of  contact  of  ti,  tfa;  ^,  £4;  and  t^  t8  respectively:  we  have 


sA  +  mt&ti  =  $A+mts  —         »  and  s'^  +  m'W*  =  s'A 


or  in  place  of  5,  5'  introducing  new  linear  functions  <r,  c/,  the  cubic  curves  may  be 
taken  to  be  <rA  —  -~p%i  cr'A  -  y  r2^,  so  that  we  have 


then  have 


J^fl^  'A™       94       ,     mW/       l^i^"?^ 

-  o-J.  -r  r2^  -  o-J.  -7p*ts  4-  -^rP^  -  - 
mm  A  f*fh*         ff     J 

%     (       >  A*  A  m'  ^*  'A  m     9,1     ,    mm/     a^>l\         -^ 

-  >   o-o-'JL2  -  a-A  -r-  r2^  -  <r  A-ztfts  4-  -r-rp^A    -^-y 
wA  A  f  fffh          J    fffh 

-7rr 


whence  J?=f-7rrJ  (p5fr  +  ^-4),  where  <  is  a  linear  function  of  the  coordinates;  and  we 
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where  A  may  be  considered  as  standing  for  f+gt^tt.    The  equation  Aw*  +  2Bw  -f  T  =  0 
of  the  surface,  substituting  throughout  for  A  its  value,  is  therefore 


2 


jr 

mm 

where  the  cone  is 


)-'^-^^ 


/ 


-    ^    =  °* 


152.    Writing  in  the  equation  of  the  surface  w  U-H   instead  of  w,  it  becomes 


-*j^ 


m 


m 


and  then  writing  -^  <r  and  -?-  <r'  for  cr  and  o-'  respectively,  this  is 
/  ^ 


We  may  consider  ^,  <4  as  denoting  not  the  functions  originally  so  represented,  but 
these  functions  each  multiplied  by  a  suitable  constant,  and  thereupon  write  g  =  —  1  ; 
viz.,  rfg^O,  £4  =  0,  will  now  denote  any  two  tangents  to  the  conic  J.  =  0,  the  implicit 
factors  being  so  determined  that  A~<f  —  t^.  The  equation  of  the  surface  is 

(<£  -  1^  w*  +  Zpqrw  +  2tw  (j2  -  %) 

-™'(gs-tt)  +  oT%+ay^+/r^^ 

viz.,  this  is 

-(ra^  +  ^(w  +  f)  +  ffi*k^ 

0. 


the  sextic  cone  being 


153.    But  the  foregoing  equation  of  the  surface  is 


-<r,    p 


=0, 


r    ,      .      ,    -ff,    fc 

as  is  at  once  seen  by  developing  the  determinant;  the  functions  w+t,  tr,  o-7,  p,  q,  r,  ^,  i4 
are  all  of  them  linear;  and  the  determinant  is  thus  a  symmetrical  quartic  determinant 
the  terms  whereof  are  linear  functions  of  the  coordinates;  viz.  the  surface  is  a 
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symmetroid.  That  is,  a  surface  having  a  single  node  (3,  3)  is  a  symmetroid;  but  I 
have  shown  (Second  Memoir,  No.  116)  that  a  symmetroid  has  each  of  its  ten  nodes 
(3,  3);  wherefore  the  surface  having  a  single  node  (3,  3)  is  the  10(a)-nodal  surface, 
nodes  10(3,  3). 

154.  Start    from    two    cubic    cones    CT-0,    F=0,  having    each    the    same    vertex 
(#  =  0,  y  =  0,  #s=0);  we  may  in  a  variety  of  ways  determine  the  two  cones  aJ7-f)8F=0, 
7£7+SF=0,  having  a  common  inscribed  quadric  cone  j!  =  0  (viz.,  a  :  /3  being  assumed 
at  pleasure,  then  7  :  8  will  be   determined;   not,  I  believe,  uniquely,  but  I   do  not 
know  what  the    multiplicity  is).     This  being  so,  the  quadric    cone  A  =  0  is  uniquely 
determined;  and  then,  assuming  at  pleasure  the  plane  w  =  Q3  the  10(a)-nodal  surface 
AV?  +  ZBw  +  T  —  0  is  uniquely  determined  :  consequently  the  remaining  nine  nodes  are 
determinate  points  on  the  nine    lines   17=0,   F=0  respectively.     And  we    have   thus 
a  system  of  ten  points  in  space  such  that,  joining  any  one  of  them  with  the  remaining 
nine,  the  nine  lines  so  obtained  are  the  intersections  of  two  cubic  cones,  or  say  that 
they  are  an  ennead  of  lines. 

Notation  for  the  Cases  afterwards  considered. 

155.  I  proceed  to  further  develope  the  theory  of  some  of  the  different  surfaces. 
The  same  node-form  of  equation  will,  of  course,  assume  different  shapes  according  to 
the  actual  expressions  in  terms  of  the  coordinates  (#,  y,  z)  of   the    several  functions 
A,  &a,  which    enter  into  it.     I  have  found  it  convenient  to  attribute  to   A    and   B 
certain  specific  values  which  are  not  in  every  case  those  of  the  coefficients  of  w2,  w  in 
the  equation  of  the  surface  :  this  means  that  we  must,  in  the  equation  of  the  surface, 
substitute  new  symbols  for  these  coefficients,  and  write  the  equation  say  in  the  form 

F  —  0;  the  change  of  notation,  when  it  occurs,  will  be  duly  explained. 


156.    It  is   in  general  (but  not  always)  convenient  to  take  the   equation   of   the 

tangent   cone  to  be  #2  +  ^3+£2  —  2y#  —  2##  —  2#7/=sO  ;    for  then  any  plane   -  +  4  +  -=sO, 

oc     p     7 

where  a+j8  +  7  =  0,  will  be  a  tangent  plane;  so  that  six  tangent  planes  may  be 
represented  by  #  =  0,  y  =  0,  #=0,  and  by  three  equations  of  the  form  just  referred  to. 
And  in"  reference  to  this  assumed  form  of  the  equation  of  the  tangent  cone,  and  to 
what  follows,  I  write 

a  +)8   +7=0, 

a' 
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X  =a  Wy-pP"z), 
F  =/8  (a'a"  z-v'7"x), 
Z  =  7  (/3'/3"x-ota"y), 


Y'  =/?  (cfa  z-^se), 
Z'  =  7'  d3"/3x-*"ay), 


.4  =  3?+y*+z*  -  Zyz  -  Zzx—  Zssy, 

B  =  aa'a"  (fz  -  ye*)  +  ppp1  (z*x  -  za?)  +  w'j"  (x?y  -  xy*)  +  Mays, 

C 
where 


-       -7 

=  (/3'-7')a"a  +(7'  - 


also 

and  we  have  identically 


16-nodaJ  £(w/ac6  16(1,  1,  1,  1,  1,  1). 

157.    Kummer  starts  from  an  irrational  equation,  which  is  readily  converted  into 
the  following 


and  then,  rationalizing,  we  have 

l^  +  25w  +  (?=()> 

where  as  ahove 

AC-K^KvyzPFP"- 

This  agrees  with  the  foregoing  theory;  viz.,  the  point  (tf  =  0,  y  =  0,  ^  =  0)  being  a  node, 

the  rationalized  equation  must,  of  course,  be  in  the  node-form  (1,  1,  1,  1,  1,  1),  (being 

the  only  node-form);    and  the  symmetry  of  the  formulae  enables  us  at  once  to  write 

c.  vn.  36 
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down  the   equations   of    the    16   singular   planes,   and   thence   to    deduce   the   coordinates 
of  the  16  nodes;   viz., 


the  singular  planes  are 

(1)  «-0, 

(2)  2/=0, 

(3)  *=0, 


Z  -  w  =  0, 
P-0, 
X'-w  =  0, 

F  -  w  «  0, 


(5) 
(6) 
(7) 
(8) 
(9) 
(10) 

(11)  #'-^ 

(12)  P'-O, 

(13)  X7/-w 

(14)  F"  -  w 

(15)  £"-^ 

(16)  P"  =  0, 


0, 


and  the  nodes  are 


(1) 

( 

0   , 

-ft 

9 

7 

9 

afaf'Pv 

), 

(2) 

( 

«  , 

0 

3 

-7 

7 

ffP"'?* 

), 

(3) 

( 

-a, 

ft 

9 

0 

> 

yy*/3 

), 

(4) 

(aV,    ff/3", 

7V 

9 

0 

), 

(5) 

( 

1    , 

0 

9 

0 

9 

0 

), 

(6) 

( 

0   , 

1 

J 

0 

9 

0 

), 

(7) 

( 

0   , 

0 

) 

1 

> 

0 

), 

(8) 

( 

0   , 

0 

J 

0 

9 

1 

), 

(9) 

( 

0   , 

-P, 

7 

> 

crapy 

)> 

(10) 

( 

«f  , 

0 

,      -7,     P"fr/<(), 

(11) 

( 

-«', 

P 

9 

0 

? 

•fvtp 

), 

(12) 

( 

efet, 

/3"/3 

: 

7'7 

3 

0 

), 

(13) 

( 

0   , 

-P 

'> 

7" 

) 

tufftry 

), 

(14) 

( 

«"  , 

0 

i 

-7",  flsyvo, 

(15) 

( 

-«", 

ft" 

, 

0 

t 

ryV/S"), 

(16) 

( 

acf, 

0ft' 

9 

77' 

J 

0 

), 

where  the  nodes  and  planes  are  numbered  as  by  Kummer;  and  by  means  of  his 
(differently  arranged)  diagram  of  the  relation  between  the  several  nodes  and  planes, 
I  was  enabled  to  form  the  following  square  diagram,  which  exhibits  this  relation  in, 
I  think,  the  most  convenient  form.  To  explain  this,  observe  that  in  the  upper  and 
left-hand  margins,  the  numbers  refer  to  the  nodes;  in  the  body  of  the  table,  and  in 
the  right-hand  margin  to  the  planes,  the  table  shows  that  for  the  node  1,  the 
circumscribed  cone  is  made  up  of  the  planes  1,  6,  7,  8,  9,  13  ;  and  that  the  remaining 
15  nodes  are  situate  on  the  nodal  lines  of  this  cone,  the  node  2  on  the  intersection 
of  the  planes  7,  8  ;  the  node  3  on  the  intersection  of  the  planes  6,  8,  and  so  on  ; 
and  the  like  as  regards  the  other  lines  of  -the  table. 
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158.    The  before  mentioned  irrational  equation  may  be  written 

VTT5   +V276   -hV3T  =0, 
and  by  symmetry  we  see  that  also 

VTT9 


viz.,  these  are  three  equations  each  containing  the  planes  1,  2,  3,  which  are  three  of 
the  planes  belonging  to  the  node  1  ;  the  other  three  planes  in  any  such  equation 
(for  instance,  the  planes  5,  6,  7,  in  the  first  equation)  being  three  planes  belonging  to 
another  node.  Instead  of  the  planes  1,  2,  3,  we  may  have  any  other  three  planes 
belonging  to  the  node  1;  and  instead  of  the  node  1,  any  other  node;  but  each 
equation  belongs  to  two  nodes:  the  number  of  equations  is  thus 

x  16x3+2,  =480. 


159.  To  obtain  the  planes  belonging  to  any  such  equation,  combine  any  two  of 
the  outside  right-hand  lines  of  the  diagram,  these  contain  in  common  two  numbers 
the  places  of  which  are  interchanged;  striking  these  out,  we  have  four  columns,  and 
taking  out  of  these  any  three  columns,  we  have  the  corresponding  sets  of  planes.  For 
instance,  lines  1  and  2  contain  78  and  87  respectively;  striking  these  out,  the  lines  are 

1,  9,    13,    6; 

2,  10,    14,    5; 

whence  we  have  the  sets  (1,  9,  13)  and  (2,  10,  14);  viz.,  there  is  an  irrational  equation 
of  the  form 


but  it  is  probably  necessary  to  introduce  constant  factors  along  with  the  products 
1.2,  9.10,  and  13.14  respectively.  There  are  £16.15,  -120  pairs  of  lines,  and  each 
line  gives  4  equations;  in  all  120x4,  =480  equations,  as  above. 

160.  I  stop  to  remark  that  Kummer  gives  for  his  13-nodal  surface  an  equation 
containing  three  arbitrary  constants,  say  X,  /*,  y,  such  that,  putting  one  of  these  =  0, 
we  have  the  14-nodal  surface;  putting  two  of  them  each  =0,  the  15-nodal  surface; 
putting  all  three  of  them  =0,  the  16-nodal  surface.  The  equations  for  the  16-nodal 
surface  and  that  for  the  14-nodal  surface,  made  use  of  by  Kummer,  are,  in  fact,  those 
deduced  as  above  from  the  equation  of  the  13  (a>nodal  surface:  and  the  like  form 
might  have  been  used  for  the  15-nodal  surface.  But  the  form  actually  used  by 
Kummer,  as  presently  appearing,  is  an  equivalent  form  not  thus  deducible  from  the 
equation  of  the  13  (a)-nodal  surface. 


454]  A  THIRD  MEMOIR  ON  QUARTIC  SURFACES.  285 

The  15-nodal  Surface  15(2,  1,  1,  1,  1). 
161.    Kummer's  equation  is  readily  converted  into  the  following: 

7?7 

AvP  +  ZBw  +  C+— 
m 

the  circumscribed  cone  being  thus 


and  the  equation  being  in  the  node-form  (2,  1,  1,  1,  1). 

The  formulae  for  the  15  nodes  and  the  10  singular  planes  depend  upon  a  quadric 
equation,  for  the  symmetrical  expression  of  which  I  write 


M'  -  0Y  =  pp>  _  7V  =  7V  -  a"?  =  o>, 
a'a"  -  W  =  /?'£"  -  7'a"  =  7V7  -  ct0"  =  *r  ; 


so  that 

»  -  cr  «  j8Y  '  -  ff'i  -  7V  -  7"a'  -  ^  ]8"  -  «"£', 


the  equation  in  question  then  is 

so  that,  calling  the  roots  of  it  pl9  p2,  we  have 

=  a>  +  *r  =  «*.+  - ^ 

or  we  may  write 


^  =  j  <«  +  tr  -  vox  -  i  («v  +  PF  +  7y  -  vox 

if  for  shortness 

fi  =  (a  —  -a-)3  --  jr  —  . 
v          '      0/87771 

162,    I  write  also  for  shortness 


and  I  say  that  the  singular  planes  are 

CD     (1)  a  =  0, 

(8)     (2)  y-0, 

(g)     (3)  ^  =  0, 


286  A  THIRD  MEMOIR  OX  QUARTIC  SURFACES.  [454 

(«)      (9)  *  (X'- 

f^l 

(5)  (10)  _l(r'- 

(6)  (11)  _^(J'- 

(7)  (13)  -J-^'- 
(S)  (14)  -l(7w- 

(9)  (15)  -  -^  (£"-«,)  +  fc  -  «r)      +      -0, 

do)    (8)  P  =  0; 
and  that  the  nodes  are 

a)     (1)  (0,    -A      7,    ctY'/97), 

(?)     (2)  (  a  ,      0  ,    -  7,    #8>X 

(s)     (3)  (-a,      /3,     0  ,    7Y'«/3), 

W     (9)  {         0         ,       px-yV, 

(5)  (10)  {-(p2-7VO,  0         , 

(6)  (11)  {  fi-p/y  ,    -fo-a'a"), 

m  (is)  (      o      ,     *-•//  , 

(8)  (14)  {-(/H-TV'),  0         ,        p.-a'a"    ,    j8  (p»- 

(9)  (15)  {  fr-jS'jS"   ,    -^-a'a"),  0  ,    7  (/>,  -  #8")  Oh  -  cfa"  )}, 

(10)  (8)  (0,  0,  0,  1), 

(11)  (5)  (1,  0,  03  0), 
08)    (6)  (0,  1,  0,  0), 
(is)    (t)  (0,  0,  1,  0), 

(U)  (16)  *«  (a  -  a  Vii),  i/9  (b  -  /9  VO),  i-y  (c  - 


(is)  (12)      ia  (a  +  a  VH),  |j8  (b  +  /S  VOX  i<y  (c  +  7  V«X 


163.  The  small  reference  numbers  are  those  used  by  Kummer.  It  is,  I  think, 
better  to  retain,  the  reference  numbers  belonging  to  the  case  of  the  16-nodal  surface; 
viz.,  there  are  here  given,  large,  1,  2,  3,  8,  9,  10,  11,  13,  14,  15  for  the  planes,  and 
1,  2,  3,  5,  6,  ...  to  16  for  the  nodes.  Belonging  to  each  node  (that  is,  with  the  node 
as  vertex)  there  is  a  quadric  cone  passing  through  8  other  nodes;  and  each  node  lies 
(exclusively  of  the  cone  whose  vertex  it  is)  in  8  such  cones.  We  have  thus  the 
following  square  diagram: 
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164.  The  arrangement  is  the  same  as  in  the  16-nodal  square  diagram;   only,  in 
the  right-hand  margin,  a  bracket  (6,  7)  denotes  that  instead  of  the  planes  (6,  7;  we 
have  a  quadric  cone;  which  cones  are,  in  the  body  of  the  table,  denoted  by  G.    Thus 
for  the  node  1  the  sextic  cone  is  made  up  of  the  planes  1,  8,  9,  13  and  of  a  quadric 
cone  (6,  7),  =  0:  the  remaining  14  nodes   lie  on  the  nodal  lines  of  the  sextic  cone, 
viz.,  the  node  2  on  an  intersection  of  the  cone   C  with  the  plane  8,  the  node  3  on 
an  intersection  of  the  same  cone  and  plane,  the  node  5  on   the   intersection  of  the 
planes  9,  13,  and  so  on. 

The  Equation  of  the  15-nodal  Surface,  as  deduced  from  that  of  the  13(a)-nodal. 

165.  If,  in  the  equation  hereafter  given  for  the  13-nodal  surface,  we  write  i/  =  0, 
ji  =  0,  or  (what  is  the  same  thing)  in  that  of  the  14-nodal  surface  we  write  /&=(),  the 

form  is 

w2  (A  +  ±Kyz) 

+  2w  (B  -  2Xy*  X) 
+         0  =  0. 

The  circumscribed  sextic  cone  is  thus  (2,  1,  1,  1,  1), 
(Xcfy*  +  fyaf  +  y<wy  +  tfxz)  yz  (F  - 
where  pl3  />2  now  denote  the  roots  of  the  equation 


The  singular  planes  are 

(4)  w-0, 

(12)  P'-^P"  =  0, 

(16)  F-^F'-O, 

(3)  *-0, 

(2)  y-0, 

(15) 
(11) 
(14) 


(5)  X-w  =  Q, 

and  we  have  then  the  same  square  table  as  before:    the  coordinates  of  the  15  nodes 
may  be  obtained  without  difficulty. 
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166.  The  form  is  really  equivalent  to  that  first  considered  in  regard  to  the 
lo-nodal  surface.  To  show  that  this  is  so,  we  have  only  to  arrange  according  to  powers 
of  x  ;  viz.,  the  equation  thus  becomes 


^  {(77V)2  f  +  (W)2  *?  +  &  - 
+  20  {TTV'aaVy*  -f  acta"Pffff'yjp  +  fflp'sN*  -  sufi  -  <ufy  -  777"^  +  Myzw] 
+       (aatef'yz  +  wy-  wzf  -  4X^£w  (X  -  w)  =  0, 


where,  if  for  a  moment  A  denotes  the  coefficient  of  a?,  we  have  y  =  0,  2  =  0,  w  =  Q, 
X-z0  =  0,  four  tangent  planes  of  the  quadric  cone  J.  =  0. 


14-nodal  Surface  8(S19  1,  1,  l)  +  6(2,  2,  1,  1),  Node-form  (3l9  1,  1,  1). 

167.    In  the  equation  hereafter  given  for  the  13-nodal  surface,  writing  i/  =  0,  the 
sextic  cone  becomes 


+  pf&za?  -f  fatfy  +  ycwy*  +  afayz)  (P'  -  P1P")  (F  -  p3P")  «  0  ; 
viz.,  this  is  of  the  form  in  question  (3^  1,  1,  1)  ;  and  the  equation  of  the  surface  is 

iv-  >A 


-f        0-0. 

The  singular  planes  are 

w             =  0,  (4)  :*> 

'  =  0,  (12)  (2) 

'  =  0,  (16)  (3) 

=  0,  (3)  (i) 

I  =  0,  (15)  (e) 

1  =  0,  (11)  (5) 
•jv.  fj 

and  the  nodes  are 

(0,  0,  0,  1),  (8)  a) 

(1,  0,  0,  0),  (5)  (is) 

(0,  1,  0,  0),  (6)  (14) 

(0,  0,  1,  0),  (7)  (5) 


(*) 


/  p-ppi  a"-qp2  ryy  (P  -PWC*  -«p*)\         <u\   (8) 

I  ty o**     '  fj  f*M      *     '            *»"/?»/ d  (•&**.!*  f*.           /'             \     / 

\  )CT  jo  ot  CL  tt  yo  ^  "™"*  OL  D  ^  /o«          / 

c.  vn.  37 
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(    a'a"    ,       W    ,      7'7"     ,        0     ),  (4)    (6) 

(     -«    ,         /S       ,        0        ,    7Y'«£),  (3)    (2) 

two  nodes  on  line 


0,         (13,14)    <9,io) 
and  two  nodes  on  line 

lW>pi(Z>-w-)-(Z"-w)  =  0,    F-p3F'  =  0,          (9,10)    (ii,i2) 

where  the  large  numbers   are  those    for  the  16-nodal   surface,  the  small  numbers  are 
Rummer's. 

168.    In  these  formulae,  pl9  pz  denote  the  roots  of  the  equation 


-  2        ^  +  pW  +  -      (a>  -  ^   pa'/3V'£''  =  0. 

169.    The  relation  of  the  nodes  and  sextic  cones  is  given  by  means  of  the  square 
diagram  on  the  opposite  page: 
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where  the  arrangement  is  the  same  as  before;  only  in  the  right-hand  margin,  a 
bracket  (5,  6,  8)  denotes  that,  instead  of  the  planes  5,  6,  8,  we  have  a  nodal  cubic 
cone  (5,  6,  8),  which  is  in  the  body  of  the  table  referred  to  as  0,  and  the  nodal  line 
thereof  by  x;  and  the  brackets  (2;  5),  (9,  13)  denote  that,  instead  of  the  planes  2,  5, 
we  have  a  quadric  cone  (2,  5),  and  instead  of  the  planes  9,  13,  a  quadric  cone  (9,  13); 
which  cones  are  in  the  body  of  the  table  referred  to  as  D,  D'  respectively.  And  it 
is  to  be  understood  that  each  vacant  square  of  the  table  should  contain  the  symbol 
(D,  jD7),  this  being  omitted  only  for  the  purpose  of  better  exhibiting  the  form  of  the 
table. 

170.    The  equation  of  the  surface  may  be  presented  in  the  irrational  form 


-w)  -  y'a"£"  (F  - 


In  fact  the  norm  of  the  left-hand  side  is 


[£  - 
+  C  }. 

To  partially  verify  this,  ohserve  that,  writing  the  equation  under  the  form 
on  writing  therein  w  =  0,  we  ought  to  have 

(R  -  S)2  =  (ft  -  ft)2  (»  -  ®)2  (aafeCyg  +  ppp'ta  +  r/  V 
But  writing  w  =  0,  we  have 

E  -  S  =     (P-  PlP")  W 


=      0>2  -  Pi)  fr"  OSy« 

-  7' 
which  is  easily  found  to  be 


and  .thus  (  R  —  £)*  has  the  value  in  question. 

171.    In  further  verification,  ohserve   that,  writing  x,  y,  z  =  a'a",  {?{?',  y'«y",  and 
therefore  F  =  0,  P"  =  0,  we  ought  to  have 


+^  =  (ft-^ 
observing  that,  for  the  values  in  question,  B,  X,  F,  G  all  vanish. 
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This  is 

Oh  -  p2)2  (wpy  (^2  +  -jn^  (v'yj  =  <«  -  *)3  K«  -  ^  +  w  (  w  +  p*  V  -  w/r,  > 

which  is  in  fact  the  value  of  fa  -  p»)2  obtained  from  the  equation  in  p. 


TJie  IS(a)-nodal  Surface  3(4.,  1,  1)+1(S,  1,  1,  l)  +  9(8l,  2,  1). 

172.    The  equation,  node-form  (43,  1,  1),  is 

4>  (kyz  +  pzx  +  vxy)  —  4  (pvsf  +  i 


+  2w  {5  -  2  (Xy^Z  4-  j»0a?7  +  vssyZ)} 
+        (7  =  0; 
viz.,  for  the  circumscribed  cone  we  have 

{4+4  (\yz+pzx  +  pxy)  -  4  (/^z/533  +  vX^2  +  \p&)}  G 
-  {B  -  2  (Xy^Z  +IJUWY+  vasyZ)}* 
=  4 


where,  on  the  right-hand  side,  the  first  factor,  equated  to  zero,  represents  a  trinodal 
quartic  cone,  the  nodal  lines  whereof  are  (y  =  0,  z  —  0),  (z  =  0,  #  =  0),  (x  =  0,  y  =  0). 

173.    As  regards  the  second  factor,  it  is  to  be  observed  that,  writing  as  above 

w-tr-jSy'-jSY,    =7«''-y"a',    - a^' - 
we  have  identically 

G>  — «r    Z 


B'P'  —  ff'p"  =  ±. 

//p//__    o  — izr  ^^ 

Ct  Ot  kjf  tj  ty 

so  that  the  second  factor  is 


-  v 
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or,  what  is  the  same  thing, 


so  that,  equating  to  zero,  we  have  a  pair  of  planes,  each  passing  through  the  line 
P  =  0,  P"  =  0,  and  which  it  is  clear  must  be  the  tangent  planes  from  this  line  to  the 
quadric  cone  A'  —  Q.  I  will  presently  return  to  this,  but  I  consider  first  the  foregoing 
identical  equation  in  regard  to  the  circumscribed  cone. 

174.    In  verification  hereof,  observe  first  that,  if  #=0,  the  equation  becomes 
{(y  -  zf  +  4>\yz  -  4>\  (vf  +  fufy  (aa'a")2  fz*  -  {aa'a"  (fz  -  y*)  -  2\yza.  (j'<y"y  -  /S'/S"*)}2 

=  4\yV  {-  Xa=(7y  V  -  PF*?  -  (aa'a")2  (vf  +  pf)  - 
viz.,  omitting  terms  which  destroy  each  other,  this  is 
[(y  -  zf  +  4Xy*]  (oa'«7  f#  -  [aa'a"  (fz  -  y#)  - 


Or  again,  this  is 

47iy^  (aafa'yyW  +  4hyz  ohfcf  (fz  -  p2)  (7  y  y 

= 

viz.,  this  is 


which  is  at  once  seen  to  be  true, 

175.    Again,  compare  the  terms  which  contain  cctyz.     On  the  right-hand  side,  we 
have 

4fr4fyf  x  term  in  of  of       x-M- 
viz.,  the  coefficient  is 


On  the  left-hand  side,  that  is  in    A'G  —  .B'2,  the    only  terms  which  give  rise  to  the 
terms  in  question  are 


in  A',  (i-  v)*;  in  a, 

and  in  ff 


whence  the  coefficient  is 


454]  A   THIRD   MEMOIR   ON   QTJARTIC  SURFACES.  295 

which  is  in  fact 

=  4/3y  {-  p  (y'y'J  -  v  (PPJ  +  #8VA 

•which  is  right;  and  the  verification  may  be  completed  without  difficulty. 

176.     The  singular  planes  are 

w  =  0,  (4) 

P'-PlP"  =  0,  (12) 

P'-p2P"=0,  (16); 

and  the  nodes  are 

(0,  0,  0,  1),  (8)  p) 

(1,  0,  0,  0),  (5)  (5) 

(0,  1,  0,  0),  (6)  (« 

(0,  0,  1,  0),  (1)  (7) 


__ 

'  (     } 


(     a'a"     ,        pp      ,         y'7"     ,     0),  (4)      (« 

three  nodes  in  P'-plP"  =  0          (13,  14,  15)       (8,9,10) 
P'-p.,P"=Q  (9,  10,  11)     ;u,i2,is); 


where  the  small  numbers  are  those  used  by  Kummer,  the  large  ones  are  those 
referring  to  the  16-nodal  surface,  and  are  here  adopted.  In  the  foregoing  formulae 
PI,  p2  are  the  roots  of 


'y?  +  r  (/"O1  +  v 
+  !>.  GSY  )•  +  A*  (7  «'  )a  +  v  («'  /S'  J\  («"/s"r'7 

-  2  [X/SY/3'V'  +  /"/«  V'«"  +  vof^a"ff"  +  i  (a)  - 
177.     We  have  the  square  diagram  in  the  following  page  : 
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where  for  greater  clearness  I  have  omitted  the  symbol  (7(7,  which  is  to  be  understood 
as  occupying  each  of  the  vacant  squares. 

The  arrangement  is  the  same  as  before;  the  right-hand  margin  shows  the  sextic 
cone;  viz.,  for  the  node  4  this  is  made  up  of  the  singular  planes  4,  12,  16  and  of 
a  cubic  cone  represented  by  (5,  6,  7)  (as  replacing  the  planes  5,  6,  7  in  the  case  of 
the  16-nodal  surface).  Similarly  for  the  node  5,  the  sextic  cone  is  made  up  of  the 
singular  plane  4,  the  nodal  cubic  cone  (2,  3;  5),  and  the  quadric  cone  (9,  13)  (the 
numbers  in  these  last  symbols  indicating  the  planes  in  the  case  of  the  16-nodal 
surface,  which  are  here  replaced  by  cones).  So  for  the  node  8,  the  sextic  cone  is 
made  up  of  the  singular  planes  12,  16  and  of  the  trinodal  quartic  cone  (8;  1,  2,  3). 
As  regards  a  nodal  cubic  cone,  for  example  (2,  3;  5),  the  semicolon  is  used  to  indicate 
that  the  nodal  line  replaces  the  intersection  of  the  planes  2,  3;  the  other  intersections 
2,  5  and  3,  5  having  disappeared.  And  so  for  a  trinodal  quartic  cone  (S;  1,  2,  3), 
the  semicolon  is  used  to  indicate  that  the  nodal  lines  replace  the  intersection  (1,  2), 
the  intersection  (1,  3),  and  the  intersection  (2,  S)  respectively;  the  other  intersections 
1,  2 ;  2,  8 ;  and  3,  8  having  disappeared.  Finally,  in  the  body  of  the  table,  0  is  used 
to  denote  the  cubic  or  the  quartic  cone  (as  the  case  may  be);  x  to  denote  a  nodal 
line  of  either  of  these  cones;  and  G'  the  quadric  cone;  as  already  mentioned,  the 
vacant  places  are  considered  to  be  CO'. 

The  reading  of  the  table  is  then  as  follows;  viz.,  for  the  node  4,  the  remaining 
twelve  nodes  lie  on  the  nodal  lines  of  the  sextic  cone  4,  12,  16,  (5,  6,  7),  as  shown ; 
viz.,  5,  6,  7  are  each  of  them  on  the  intersection  of  the  cubic  cone  with  the  plane  4: 
8  is  on  the  intersection  of  the  planes  12  and  16 ;  and  so  on. 

I  reserve  for  another  Memoir  the  discussion  of  the  13  ($)-nodal  surface,  and  the 
surfaces  with  less  than  13  nodes. 


a  VIL  38 


298 


455. 

ON    PLUCKER'S   MODELS   OF    CERTAIN    QUAETIC    SURFACES. 

[From  the  Proceedings  of  the  London  Mathematical  Society,  vol.  m.  (1869 — 1871), 
pp.  281—285.    Read  June  8,  1871.] 

THE  Society  possesses  a  series  of  14  wooden  models  of  surfaces,  constructed  under 
the  direction  of  the  late  Pro£  Pliicker,  in  illustration  of  the  theory  developed  in  his 
posthumous  work,  "Neue  Geometrie  des  Raumes  gegriindet  auf  die  Betrachtung  der 
geraden  Linie  als  Raumelemente,"  Leipzig,  1869.  These  all  of  them  represent,  I  believe, 
Equatorial  Surfaces ;  viz.,  models  1  to  8  represent  cases  of  the  78  forms  of  equatorial 
surfaces  "  deren  Breiten-Curven  eine  feste  Axenrichtung  besitzen,"  voL  n.  pp.  352 — 363, 
the  remaining  models,  Nos.  9 — 14,  I  have  not  completely  identified.  I  propose  to  go 
into  the  theory  only  so  far  as  is  required  for  the  explanation  of  the  models. 

In  a  "  Complex,"  or  triply  infinite  system  of  lines,  there  is  in  any  plane  whatever 
a  singly  infinite  system  of  lines  enveloping  a  curve;  and  if  we  attend  only  to  the 
curves  the  planes  of  which  pass  through  a  given  fixed  line,  the  locus  of  these  curves 
is  a  "complex  surface."  Similarly,  there  is  through  any  point  whatever  a  single  infinite 
series  of  lines  generating  a  cone;  and  if  we  attend  only  to  the  cones  which  have 
their  vertices  in  the  given  fixed  line,  then  the  envelope  of  these  cones  is  the  same 
complex  surface.  In  the  case  considered  of  a  complex  of  the  second  degree,  the  curves 
and  cones  are  each  of  them  of  the  second  order;  the  fixed  line  is  a  double  line  on 
the  surface,  so  that  (attending  to  the  first  mode  of  generation)  the  complete  section 
by  any  plane  through  the  fixed  line  is  made  up  of  this  line  twice,  and  of  a  conic; 
the  surface  is  thus  of  the  order  4:  it  is  also  of  the  class  4;  the  surface  has,  in 
fact,  the  nodal  line,  and  also  8  nodes  (conical  points),  and  we  have  thus  a  reduction 
=  32  in  the  class  of  the  surface. 

In  the  particular  case  where  the  nodal  line  is  at  infinity,  the  complex  surface 
becomes  an  equatorial  surface ;  viz.,  (attending  to  the  first  mode  of  generation)  we  have 
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here  a  series  of  parallel  planes  each  containing  a  conic,  and  the  locus  of  these  conies 
is  the  equatorial  surface. 

It  is  convenient  to  remark  that,  taking  a,  b,  k  to  be  homogeneous  functions  of 
(#,  w)  of  the  order  2 ;  /,  g  of  the  order  1 ;  and  c  of  the  order  0  (a  constant) ;  then 
the  equation  of  a  complex  surface  (see  vol.  I.  p.  162)  is 

y,    *,    1  -  =  0; 

y.   a,   h,  g  I 

*,    h,    b,   f 
1,   g.  f,  o 

and  that,  -writing  w=l,  or  considering  a,  A,  &;  /,  gr;  c  as  functions  of  0  of  the  orders 
2,  1,  0  respectively,  we  have  an  equatorial  surface. 

A  particular  form  of  equatorial  surface  is  thus  bey*  4-  caz* -f  ab  =  0,  or  taking  c  =  l, 
this  is  &y2  +  c&£2  +  06  =  0,  where  a,  b  are  quadric  functions  of  #. 

The  surface  is  still,  in  general,  of  the  fourth  order:  it  may  however  degenerate 
into  a  cubic  surface,  or  even  into  a  quadric  surface ;  the  last  case  is  however  excluded 
from  the  enumeration.  The  section  by  any  plane  parallel  to  that  of  yz  is  a  conic; 
the  section  by  the  plane  y  =  0  is  made  up  of  the  pair  of  lines  a  =  0,  and  of  the  conic 
#2  _|_  j  —  o ;  that  by  the  plane  z  ~  0  is  made  up  of  the  pair  of  lines  6  =  0,  and  of  the 
conic  2/2-|-a  =  0;  the  last-mentioned  planes  may  be  called  the  principal  planes,  and  the 
conies  contained  in  them  principal  conies.  The  surface  is  thus  the  locus  of  a  variable 
conic,  the  plane  of  which  is  parallel  to  that  of  yz,  and  which  has  for  its  vertices  the 
intersections  of  its  plane  with  the  two  principal  conies  respectively.  And  we  have  thus 
the  particular  equatorial  surfaces  considered  by  Plticker,  vol.  H.  pp.  346—363  (as  already 
mentioned),  under  the  form 


and  of  which  he  enumerates  78  kinds ;  viz.,  these  are 

1  to  17  Principal  conies  each  proper. 

18  „  29  One  of  them  a  line-pair. 

30  „  32  Each  a  line-pair. 

33  „  39  Principal  conies,  each  proper,  but  having  a  common  point 

40  „  43  One  of  them  a  line-pair,  its  centre  on  the  other  principal  conic. 

44  „  61  One  principal  conic  a  parabola. 

62  „  73  One  principal  conic  a  pair  of  parallel  lines. 

74  „  76  Principal  conies  each  a  parabola. 

77  and  78    Principal  conies,  one  of  them  a  parabo^  the  other  a  pair  of  parallel  lines. 

38—2 
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The  models  1  to  8  correspond  hereto,  as  follows: 

Mod  1  is  13,   i.e.    2  is  Mod.  5 

,,     6 

.     7 

n  2 
„  1 

„  8 
»  4 
„  3. 

Mod.  5  is  2 :  the  form  of  the  equation  is  here 

f  * 


2 

9 

3 

3 

40 

4 

4 

34 

9 

5 

2 

13 

6 

3 

32 

7 

4 

34 

8 

32 

40 

viz.,  the  principal  conies  are  one  of  them  a  hyperbola,  the  other  imaginary;  hence  the 
generating  conic  has  always  two,  and  only  two,  real  vertices,  viz.,  it  is  always  a  hyperbola : 
there  are  no  real  lines. 

Mod.  6  is  3 :  the  form  of  the  equation  is 

f                           #  -i 
£ i —  i  • 


viz.,  the  principal  conies  are  each  of  them  a  hyperbola;  the  generating  conic  has  four 
real  vertices,  viz.,  it  is  always  an  ellipse:  there  are  no  real  lines. 

Mod.  7  is  4 :  the  form  of  the  equation  is 

c*T    i    7/0  n  TTo    !     TJTnn    »    ^  "~  *•'• 


The  principal  conies  are  one  of  them  an  ellipse,  the  other  imaginary;  for  values 
of  x  between  7  and  8,  the  variable  conic  has  two  real  vertices  or  it  is  a  hyperbola ; 
for  any  other  values  it  is  imaginary,  so  that  the  surface  lies  wholly  between  the  planes 
a?  =  7,  #=S:  the  surface  contains  the  real  lines  y  — 0,  #  =  7  and  y  =  0,  #  =  8. 

Mod.  2  is  9 :  the  form  of  the  equation  is 


where,  say  the  values  7,  8  lie  between  the  values  7',  8':  the  principal  conies  are  each 
of  them  an  ellipse,  the  vertices  (on  the  axis  or  line  y  =  0,  z  =  0)  of  the  one  ellipse 
lying  between  those  of  the  other  ellipse.  The  variable  conic  for  values  of  x  between 
7,  8  has  four  real  vertices,  or  it  is  an  ellipse;  for  values  beyond  these  limits,  but 
within  the  limits  7',  87 — say  from  7  to  7',  and  from  8  to  8' — there  are  two  real  vertices, 
or  the  conic  is  a  hyperbola;  and  for  values  beyond  the  limits  7',  S',  the  variable  conic 
is  imaginary. 


455]  ON  PLUCKER'S  MODELS  OF  CERTAIN  QUARTIC  SURFACES.  301 

There  are  four  real  lines  (2/  =  0,  #  =  7),  (y  =  Q,  #=S),  (z  —  O,  #=7'),  (-^  =  0,  #  =  8'). 
The  surface  consists  of  a  central  pillow-like  portion,  joined  on  by  two  conical  points 
to  an  upper  portion,  and  by  two  conical  points  to  an  under  portion,  the  whole  being 
included  between  the  planes  x  =  7',  x  =  8'. 

Mod.  1  is  13  :  the  form  of  the  equation  is 

~ 


the  values  7',  8'  lying  between  7,  8;  the  principal  conies  are  one  of  them  a  hyperbola, 
the  other  an  ellipse,  the  vertices  (on  the  axis  or  line  y  =  0,  #=0)  of  the  hyperbola 
lying  between  those  of  the  ellipse. 

The  variable  conic,  for  values  of  x  between  7',  8',  has  two  real  vertices,  or  it  is 
a  hyperbola  ;  for  the  values,  say,  from  7'  to  7,  and  8'  to  S,  there  are  four  real  vertices, 
or  the  conic  is  an  ellipse  ;  for  values  beyond  the  limits  7,  S,  there  are  two  real  vertices, 
and  the  conic  is  a  hyperbola.  There  are  the  four  real  lines  (y  =  0,  x  =  7),  (y  -  0,  #  =  8), 
and  (5=0,  #  =  7'),  (*  =  0,  #  =  S')-  The  surface  consists  of  8  portions  joined  to  each 
other  by  8  conical  points,  but  the  form  can  scarcely  be  explained  by  a  description. 


Mod.  8  is  32  :  the  form  of  the  equation  is 

f  z 


' 


viz.,  the  principal  conies  are  each  of  them  a  line-pair,  the  variable  conie  is  always  an 
ellipse. 

There  are  the  two  real  nodal  lines  (y  =  0,  #  =  7)  and  (#  =  0,  #  =  7'),  each  of  these 
being  in  the  neighbourhood  of  the  axis  crunodal,  and  beyond  certain  limits  acnodal; 
the  surface  is  a  scroll,  being,  in  fact,  the  well-known  surface  which  is  the  boundary 
of  a  small  circular  pencil  of  rays  obliquely  reflected,  and  consequently  passing  through 
two  focal  lines. 


Mod.  4  is  34:  the  equation  is 


z* 

\  *T   7/0  /  ..  /\  /_ 5\  T"  •*•  ^  ' 


where  x  =  8  is  not  intermediate  between  the  values  x  —  7  and  #  =  7' ;  say  the  order  is 
8,  7,  7'.  The  surface  is  thus  a  cubic  surface;  the  principal  conies  are  ellipses  having 
on  the  axis  a  common  vertex  at  the  point  x  =  8,  and  the  remaining  two  vertices  on 
the  same  side  of  the  last-mentioned  one.  The  variable  conic  for  values  between  8  and 
7  has  four  real  vertices,  or  it  is  an  ellipse;  for  values  between  7  and  7'  two  real 
vertices,  or  it  is  a  hyperbola;  and  for  values  beyond  the  limits  8,  7'  it  is  imaginary. 
There  are  on  the  surface  the  two  real  lines  (y  =  0,  #  =  7)  and  (£  =  0,  #  =  7')-  The  surface 
consists  of  a  finite  portion  joined  on  by  two  conical  points  to  the  remaining  portion. 
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Mod.  3  is  40 :  the  form  of  equation  is 

y-  &       ,  i  _A 


The  surface  is  thus  a  cubic  surface;  the  principal  conies  are,  one  of  them  an  ellipse, 
the  other  a  pair  of  imaginary  lines  intersecting  on  the  ellipse;  for  values  of  x  between 
7  and  S,  the  variable  conic  has  thus  two  real  vertices,  and  it  is  a  hyperbola;  for  values 
beyond  these  limits  it  is  imaginary,  and  the  whole  surface  is  thus  included  between 
the  planes  x  =  7  and  a  =  8.  There  are  the  two  real  lines  (y  =  0,  x  =  7)  and  (z  =  0,  sc  =  S). 

Taking  Z2  =  Z'2  =  1,  the  surface  is 


which  is  a  particular  case  of  the  parabolic  cyclide. 

As  already  mentioned,  I  have  not  completely  identified  the  remaining  models  9  to 
14,  but  I  will  say  a  few  words  about  them. 

The  equatorial  surfaces,  not  included  in  the  preceding  78  cases,  Pliicker  distinguishes 
(vol.  II.  p.  363)  as  "gedrehte"  or  "tordirte,"  say  as  twisted  equatorial  surfaces;  the 
equation  of  such  a  surface  is 

where 


h  =  Kx*  —    Ox-G-  (or  in  particular  =  —  Ox  -  0). 
Mod.  13  is  such  a  surface,  being  a  twisted  form  of  model  2. 

Mod.  9  and  Mod.  14  belong,  I  think,  to  the  case  a=0;  viz.,  the  form  of  the 
equation  is  by*  4-  2hyz  —  A2  =  0.  The  variable  conic  is  a  hyperbola,  the  direction  of  one 
of  the  asymptotes  being  constant  (vol.  IL  p.  368). 

There  are  moreover  (p.  372)  equatorial  surfaces  in  which  the  variable  conic  is 
always  a  parabola,  and  where  there  are  on  the  surface  four  real  or  imaginary  lines. 

Mods.  10,  11,  and  12  seem  to  represent  such  surfaces. 
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NOTE    ON    THE   DISCRIMINANT   OF   A   BINARY   QUANTIC. 

[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  s.  (1870),  p,  23.] 

IT  is  well  known  that  the  discriminant  of  a  binary  quantic  (a,  6,  c,  d,  .,,$£,  1)*  is 
of  the  form 

Ma  +  NIP, 

but  it  is  further  to  be  remarked  that  if  6  =  0,  then  the  form  is 

a  (j 
if  6  ss  0,  c  —  0,  the  form  is 

a*( 

and  so  on,  until  only  the  lowest  two  coefficients  are  not  put  =0.  Or,  what  is  the 
same  thing,  if  in  the  discriminant  of  the  original  function  we  put  a  =  0,  then  the 
discriminant  divides  by  62;  if  6  =  0,  the  discriminant  divides  by  a,  and,  omitting  this 
factor,  if  we  then  write  a=0,  it  divides  by  c8;  if  6  =  0,  c  =  0,  the  discriminant  divides 
by  aa,  and  omitting  this  factor,  if  we  then  write  a  =  0,  it  divides  by  d4;  and  so  on, 
until  as  before. 

Thus  if  6  =  0,  the  discriminant  of  (a,  0,  c,  d,  e$t>  I)4,  divides  by  a,  and  omitting 
this  factor  it  is 


+  54  acdfe 
-  27  ad4 


which  for  a  =  0  has  the  factor  c3;  if  6  =  0,  c  =  0,  the  discriminant  of  (a,  0,  0,  d,  e$t,  1)* 
has  the  factor  a\  and  omitting  this  factor  it  is 


which  for  a  =  0  has  the  factor  d4;   the  series  of  theorems  here  terminates,  since 
lowest  two  coefficients  d,  e  are  not  to  be  put  =  0, 
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ON    THE    QUARTIC    SURFACES    (#$£/;  F,  1*7  =  0. 

[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  x.  (1870), 

pp.  24-34.] 

I    PBOPOSE    to   myself   for    investigation    the    quartic    surfaces    represented    by  an 
equation 


7,  V, 
where  U)  V,  W  are  quadric  functions  of  the  coordinates. 

Such  a  surface  has  8  nodes  (conical  points),  viz.,  these  are  the  points  of  inter- 
section of  the  quadric  surfaces  27-0,  F  =  0,  TF  =  0.  It  is  to  be  observed,  that  not 
every  quartic  surface  with  8  nodes  is  included  under  the  above  form;  in  fact  the 
equation  of  a  quartic  surface  contains  (homogeneously)  35  coefficients,  or  say  34  arbitrary 
parameters;  in  order  that  a  given  point  may  be  a  node,  4  conditions  must  be  satisfied, 
and  it  is  consequently  possible  to  find  a  quartic  surface  having  8  given  points  as 
nodes  (and  having  in  its  equation  (34-8.4=)  2  arbitrary  parameters):  but  8  given 
points  are  not  in  general  the  intersections  of  three  quadric  surfaces,  and  such  a  qnartic 
surface  is  therefore  not  in  general  included  under  the  above  form.  I  think,  however, 
that  it  may  be  assumed  that  the  above  form  includes  all  the  quartic  surfaces  having 
8  nodes,  points  of  intersection  of  three  quadric  surfaces*  It  will  presently  appear  that, 
included  in  the  form,  we  have  surfaces  where  (instead  of  the  8  nodes)  there  is  a  nodal 
or  cuspidal  conic;  and  that  these  are  the  most  general  forms  of  such  quartic  surfaces. 
A  quartic  surface  has  at  most  16  nodes,  and  the  general  form  with  8  nodes  must 
admit  of  being  particularised  so  that  the  surface  shall  acquire  any  number  not  exceeding 
8  of  additional  nodes.  This  does  not  show,  but  it  is  probable,  that  the  above  special 
form  with  8  nodes  can  be  particularised  so  that  the  surface  shall  in  like  manner 
acquire  any  number  not  exceeding  8  of  additional  nodes.  Similarly,  a  quartic  surface 
with  a  nodal  conic  may  have  besides  1,  2,  3,  or  4  nodes ;  and  it  will  be  shown  in  the 
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sequel  how  the  form,  particularised  so  as  to  give  a  nodal  conic,  may  be  further 
particularised  so  as  to  give  the  1,  2,  3,  or  4  nodes.  So  a  quartic  surface  with  a  cuspidal 
conic  may  besides  have  1  node,  and  it  will  be  shown  how  the  form,  particularised  so 
as  to  give  a  cuspidal  conic,  may  be  further  particularised  so  as  to  give  1  node. 

Starting  from  the  equation  (*][U}  F,  TF)2  =  0,  we  may,  by  substituting  for  U,  F,  F 
linear  ^  functions  of  these  expressions,  transform  the  equation  precisely  in  the  manner  of 
a  conic,  and  therefore  into  any  of  the  forms  under  which  the  equation  of  a  conic  can 
be  exhibited;  for  instance,  in  the  forms  aU"3-f-6F2-hcF2  =  0,  /FF-f  gWU+  ACT=0, 
UW~  F2  =  0,  &c.  I  attend  at  present  only  to  the  last-mentioned  form  J7TT-F2  =  0,' 
which,  it  thus  appears,  is  equally  general  with  the  original  form  (*$J7,  F,  F)2  =  0. 

The  quartic  surface 


where  U,  F,  W  are  any  quadric  functions  of  the  coordinates,  may  be  considered  as 
the  envelope  of  the  quadric  surface 

(IT,  F,  F£0,  iy-0, 

where  6  is  an  arbitrary  parameter.  And  it  thus  appears  that  it  is  very  easy  to 
reciprocate  (in  regard  to  any  given  quadric  surface)  the  quartie  surface.  For  the 
reciprocal  of  the  quartic  surface  is  clearly  the  envelope  of  the  reciprocal  of  the  variable 
quadric  surface;  this  reciprocal  is  itself  a  quadric  surface,  and  the  reciprocal  of  the 
quartic  surface  is  thus  given  in  the  same  form  as  the  original  surface,  viz.,  as  the 
envelope  of  a  quadric  surface  the  equation  whereof  contains  rationally  the  variable 
parameter  0;  the  equation  of  the  reciprocal  surface  is  consequently  obtained  by  equating 
to  zero  the  discriminant  in  regard  to  6,  of  the  equation  of  the  reciprocal  quadric 
surface. 

It  is  to  be  observed  that,  inasmuch  as  the  equation  of  the  reciprocal  quadric 
surface  is  of  the  third  degree  in  the  coefficients  of  the  original  quadric,  it  is  in 
general  of  the  degree  6  in  the  parameter  0;  we  have  thus  a  sextic  function  of  6, 
the  coefficients  whereof  are  quadric  functions  of  the  coordinates;  and  the  discriminant 
is  a  function  of  the  order  10  in  these  coefficients,  that  is,  of  the  order  20  in  the  coordi- 
nates. The  reciprocal  of  the  quartic  surface  is  thus  a  surface  of  the  order  20;  this  is 
right,  for  in  a  general  quartic  surface  the  order  of  the  reciprocal  surface  is  =  36,  and 
the  8  nodes  reduce  the  order  by  16  ;  36  -  16  -  20. 

In  the  equation  UW~  Fa  =  0,  or  say  F2-  GTF^O;  if  U  reduce  itself  to  the  square 
of  a  linear  function,  ET^P3,  the  equation  becomes  F2-P*F=0,  which  is  the  general 
form  of  the  quartic  surface  having  the  nodal  conic  F=0,  P=Q.  And  if,  moreover, 
W  be  the  product  of  this  same  linear  function  P  by  another  linear  function  Q,  F=PQ, 
then  the  form  is  F2  —  P3Q  =  0>  which  is  the  general  form  of  the  quartic  surface  having 
the  cuspidal  conic  F=0,  P  =  0. 

Writing  for  greater  convenience  #,  y  in  the  place  of  P,  Q  respectively,  we  have 
the  quartic 

(A  A)        F>-afy=:0, 
o.  VIL  39 
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having  the  cuspidal  conic  F  =  0,  a-0;  and  which  has  besides  the  conic  of  plane  con- 
tact F=0,  y  =  Q.  In  virtue  of  the  cuspidal  conic  the  reciprocal  surface  should  be  of 
the  order  6  ;  and  by  the  foregoing  method  of  obtaining  the  equation  of  the  reciprocal 
surface,  I  will  verify  that  this  is  so.  To  effect  this  as  simply  as  possible,  I  fix  the 
remaining  coordinates  z,  w  as  follows.  The  line  #  -  0,  y  =  0  is  not  in  general  a  tangent 
to  the  surface  7=0;  it  therefore  meets  this  surface  in  two  points,  and  we  may  take 
z=.Qy  w==0  t0  be  the  equations  of  the  tangent  planes  at  these  two  points  respectively; 
we  have  thus  V=aa?  +  %hxy  +  by*  +  Znzw.  Introducing  for  convenience  the  numerical 
factor  2,  and  taking  the  equation  of  the  surface  to  be 


2  -  2afy  =  0, 
this  is  the  envelope  of  the  quadric  surface 

frtf  +  26  (ofl2  +  2hscy  +  ty*  +  Znzw)  +  2®y  =  0, 

which  is  a  surface  (a,  6,  c,  d,  f,  g,  h,  I,  m,  n§n,  y,  z>  w)9  =  0,  where  a 
&  =  20A-f  1,  n=20ft,  and  where  all  the  other  coefficients  vanish.  Assuming,  as  usual, 
that  the  reciprocation  is  effected  in  regard  to  the  surface  ^-f^  +  ^  +  w^O,  the  general 
equation  is 

tf.dtyc  -/2)  -  eytf-ln*  +  2fmn 


+amn-hnl  -glm 
-flm-hmn 
—gmn—fnl 

-Ig)-m(fg-cK) 
-g*)-l  (fg  -ch)-n  (gh~af) 
.-n  (ab-h*)~m(gh-af)-l  (hf  -lg\ 

(I  write  down  this  general  result  as  it  will   be  useful   for  reference  in  other  cases); 
in  the  present  case  this  becomes  simply 

a?.  -Zwis+2/2.  -an*  +  Zxy.  nh?  +  2zw  (-  7106  +  ?iA2)  =  0, 


where  a,  &,  n,  h  have  the  foregoing  values;  the  equation  is  thus  only  of  the  order  4 
in  regard  to  6]  but  it  in  feet  divides  by  n(=28ri)  and  thus  reduces  itself  to  the 
third  order,  viz.  it  becomes 


af)  -  %h?xy  +  2(a6  -  h3)  zw  =  Q, 
or,  substituting  for  a,  6,  n,  h  their  values,  this  is 
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say  this  is 


(A,  B,  G, 

where  -4,  S,  C,  D  are  each  of  them  a  quadric  function  of  the  coordinates;  it  being 
observed  that  G  and  D  are  respectively  numerical  multiples  of  the  same  function 
scy  +  zw.  Hence  equating  the  discriminant  to  zero,  we  have 

-  QABOD  =  0, 


which  equation,  inasmuch  as  every  term  contains  either  C  or  D  as  a  factor,  divides 
by  xy  +  zw,  and  thus  becomes  an  equation  of  the  order  6  in  the  coordinates  :  that 
is  the  order  of  the  reciprocal  surface  is  =6.  Multiplying  by  f  to  avoid  fractions,  the 
actual  values  of  A,  B,  G,  D  are 

=     3   (nf  +2&ro), 

B  =     2   [bna?  +  any"  +  %abzw  -  2A2  (wy  +  zw)}, 
G  -  -  4h  (xy    +  zw), 

=  -3    (xy   +  zw\ 

or  say  J.  =  3a,  B  =  2/3,  £7  =  -  4/17,  D  =  -  87  ;  where  y  =  xy  +  zw;  substituting  these  values 
and  omitting  the  factor  87,  the  equation  is 

0, 


which  is  an  equation  of  the  form  (*$>,  jg,  7)2  =  0.  The  sextic  surface  has  thus  singular 
points  a  =  0,  ft  =  0,  7  =  0,  viz.  these  are  the  two  points  (a;  =  0,  y  =  0,  z  =  0),  (#  =  0,  y  =0,  w=0) 
each  four  times.  The  farther  discussion  of  the  sextic  surface  is  reserved  for  another 


occasion. 


I  do  not  at  present  attempt  to  enumerate  the  particular  cases  of  the  surface 
72  -  a?y  =  o,  but  content  myself  with  the  discussion  of  a  particular  case  in  which  the 
order  of  the  reciprocal  surface  is  =3.  Suppose  that  7=0  is  a  cone,  y  =  0  a  tangent 
plane  to  the  cone  (so  that  the  conic  y  =  0,  F=0  breaks  up  into  a  line  twice  repeated), 
#  =  0  an  arbitrary  plane  (so  that  we  have  still  the  proper  cuspidal  conic  #  =  0,  F=0). 
Any  other  tangent  plane  of  the  cone  may  be  taken  for  the  plane  z  =  Q;  the  plane 
containing  the  lines  of  contact  of  the  two  tangent  planes  for  the  plane  w  =  0;  the 
equation  of  the  conic  then  is  F=dt0*+2/y*=0;  and  the  equation  of  the  surface  is 

(AS)  (diuf  +  Ifyzf  -  afy  «  0. 

For  convenience  of  comparison,  I  change  0,  y,  w,  z  into  y,  w9  z,  x,  and  assign  numerical 
values  to  the  coefficients,  writing  the  equation  under  the  form 

(AB)       27  (40t0  +  iff  -  6tyw  -  0. 
The  quartic  is  here  the  envelope  of  the  quadric  surface 


viz.,  comparing  with  the  general  form 

(a,  6,  c,  A>  /,  g,  h,  I,  m,  n 


39—2 
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we  have  6  =  12,  c  =  90,  1  =  180,  w  =  202,  all  the  other  coefficients  vanishing.  The 
reciprocal  equation  is 

a&  (_  cms)  +  f  (_  cl*)  +  32  (-  6?)  +  2xy  .  dm  -f-  Zscw  (-  Z&c)  =  0, 
or  substituting  for  Z>,  c,  I,  in  their  values,  this  is  found  to  be 

6  (6x  -  9y)z  +  108  (s2  +  aw)  =  0. 

Representing  this  by  (A,  B,  G,  D\6,  1)3  =  0,  the  discriminant  in  regard  to  0  would,  in 
virtue  of  the  values  of  A,  B,  C,  contain  D  as  a  factor;  the  reason  of  this  appears 
from  the  original  form;  in  fact,  forming  the  derived  equation  in  regard  to  0,  this  is 
found  to  be  (ftc  —  9y)(ft&—  3y)  =  0;  the  value  dec  —  9y-0  gives  as  a  factor  of  the 
discriminant  <z2-f  sew;  the  value  0#-3y  =  0  gives  3y  (-6y)3-J-  108#  (&  +  xw),  that  is  the 
factor  yt  +  o?(js?  +  dw0);  the  complete  value  of  the  discriminant  as  obtained  by  sub- 
stitution of  the  values  of  A,  B,  C,  D  being  tf(z*  +  ay}{f  +  x(z*  +  ccw}}  ;  the  equation 
of  the  reciprocal  surface  is 


viz.  this  is  a  cubic  surface,  Prof.  Schlafli's  Case  xx.,  having  a  uniplanar  point 
#=0,  y  =  Q,  2  =  0  reducing  the  class  by  8,  and  so  giving  a  reciprocal  surface  of  the 
order  (12  -8=)  4,  viz.  the  surface  27  (4&w  +  £2)2  -  6  tofw  =  0.  See  the  Memoir,  Schlafli, 
"On  the  distribution  of  surfaces  of  the  third  order  into  species  in  reference  to  the 
absence  or  presence  of  singular  points  and  the  reality  of  their  lines/'  Phil.  Trans., 
vol.  CLIII.  (1853),  pp.  193—241. 

I  pass  to  the  case  of  a  surface 


having  a  nodal  conic  F=0,  P  =  0,  but  not  having  in  general  any  nodes.  And  I  pro- 
pose to  show  how  the  constants  may  be  determined  so  that  the  surface  shall  have 
1,  2,  3,  or  4  nodes.  It  is  to  be  remarked  that  in  the  above  equation  the  plane  P  =  0 
is  a  determinate  plane,  but  the  quadric  surface  7=0  is  not  a  determinate  quadric, 
we  may  in  feet  substitute  for  it  the  quadric  7-fXP2  =  0,  writing  the  equation  under 
the  form 


so  that  we  may  without  loss  of  generality,  by  means  of  the  disposable  constant  \, 
subject  the  surface  F=0  to  any  single  condition;  for  instance,  take  it  to  be  a  cone, 
or  to  pass  through  a  given  point,  &c. 

Taking  the  planes  #  =  0,  y  =  0,  0  =  0,  w  =  0  to  be  arbitrary  planes,  the  implicit 
constant  factors  in  these  equations  may  be  determined  in  such  wise  that  the  equation 
of  the  given  plane  P=0  shall  be  ®+y  +  z  +  w  =  Q.  The  equation  of  the  surface  will 
then  be 

{(a,  &,  c,  d,  /  ff,  h,  Z,  m,  nfo,  y,  z,  wj}* 

P.(rf,  V,  c',  d',f,  J,  h',  V,  m',  iiffo  y,  z,  w?, 
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and  we  may  assume  that  the  node  or  nodes  (if  any)  lie  at  a  vertex  or  vertices  of 
the  tetrahedron  #  =  0,  y  =  Q,  z-0,  w  =  0,  say  at  the  points  A,  *B,  C,  D.  The  conditions 
for  a  node  at  each  of  these  points  are  at  once  found  to  be 


Node  at  A, 
a?  =a' 


Node  at  5, 
2ta=A'  -f  V 


Node  at  (7, 


2c/=/' 
2C2  =c'  - 


Node  at  D, 
Ul  =Z'  +df 


+  d' 


The  first  set  of  equations  gives 


If  the  first  and  second  sets  are  satisfied  simultaneously,  we  have  2(a—  &)A  =  as  —  fr8, 
that  is  a  =  6,  or  else  A  =  ^(a-f6);  that  is,  the  two  sets  may  be  satisfied  in  two 
different  ways  according  as  a  and  b  are  equal  or  unequal.  Similarly  the  first,  second,  and 
third  sets  may  be  satisfied  in  three  different  ways  and  the  four  sets  in  five  different 
ways  according  as  there  are  or  are  not  any  equalities  between  a,  &,  c,  and  between 
a,  6,  c  and  d  respectively.  The  several  solutions  are  shown  in  the  annexed  table,  viz., 
in  the  line  I  no  set  is  satisfied;  in  the  line  II  only  the  first  set;  in  the  lines  III 
and  IY  the  first  and  second  sets;  in  the  lines  V  to  VII  the  first,  second,  and  third 
sets;  and  in  the  lines  VIH  to  ^TT  the  four  sets. 


[See  next  page  for  this  Table,  which  should  come  in  here.] 

I  is  the  general  case,  F2  =  P2Z7,  of  a  quartic  and  a  nodal  conic  but  without  nodes. 
(AC). 

II  is  the  case  of   a  single  node;  writing,  as  without  loss  of  generality  we  may 
do,  c&  =  0,  the  equation  is 


[(0,  6,  c,  d,/,  g,  h,  I,  m,  n$ss,  y,  z,  wy^^ty  +  y  +  z  +  wy.tf,  c,  d,  n,  m,/}&,  z,  wf, 

viz.  the  quadric  £7=0  is  here  a  cone  having  its  vertex  on  the  quadric  F=0.    (AD). 

in  and  IVj  are  two  cases  each  of  them  with  two  nodes,  viz.  HE,  the  equation  is 


{(o#  +  by)  (®  +  y)  +  czz  +  Znzw  +  dw2  +  2x(gz 


(AE) 


4-  2y  {(»/  -  6s)  *  +  (26m-  6s)  w}], 

where  it  is  to  be  observed  that  the  line  z  =  0,  w  =  0  joining  the  two  nodes  (y  =  0,  z  =  0,  w  =  0) 
and  (w  =  0,  #  =  0,  #  =  0)  is  a  line  on  the  surface.  Writing,  as  we  may  do,  a-0,  the 
equation  assumes  the  more  simple  form 

(AE) 
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In  IV  the  equation  is 
{a  (of  +  f)  +  2hxy  +  cz*  +  dw*  +  2nzw  +  2x(gz  +  Ivj)  +  2y  (fz  +  mw)}* 

(AF) 


-  a?)  z+(2am  -  a2)  w}], 


where  it  will  be  observed  that  the  line  *=0,  w=0  joining  the  two  nodes  is  not  a 
line  on  the  surface. 

Writing,  as  we  may  do,  a  =  0,  the  equation  becomes 


dV),       (AF) 

viz.  the  form  is  V*  =  P*QR,  the  quadric  surface  Z7=0  breaking  up  into  the  two  planes 
Q  =  0,  JJ  =  0;  and  the  nodes  being  situate  at  the  intersections  of  the  line  Q  =  0,  .2  =  0 
with  the  surface  F=0. 

V,  VI,    VII  are  apparently  cases  with   three  nodes,  but   in  fact  VI  is   the   only 
case  of  a  proper  quartic  surface  with  three  nodes.    For  in  V  the  equation  is 

)  +  dw*  +  2w  (1%  +  my  4-  nz)}* 


which  is  satisfied  by  w  =  0,  and  the  surface  thus  breaks  up  into  the  plane  w  =  0  and 
a  cubic  surface. 

And  in  VII  the  equation  is 

{a  (tf  +  y*+  z*)  +  dvf  +  2fyz  +  Zgzx  +  ^kxy  +  Zlane  +  Zmyw  +  Znzw}* 


+  2  {(2a/-  a?)  yz  +  (2og  -  a2)  zx  4-  (Zah  -  of)  scy 
+     (2al  -a?)a?w  +  (2am  -a?)yw  +  (2an  -  a2)  zw} 
which  putting  a  =  0  is 


viz.  this  is  a  pair  of  quadric  surfaces. 

In  the  remaining  case  VI  the  equation  is 

(AG) 

+  2w  {(2oZ-  <za)  x  +  (2am-a?)y  +  (2an  -  &*)$}]> 
which  putting  therein  a=0  is 


(AG) 
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which   is  a  surface  having  the  nodes  A,  B,  C\  and  it  is  to  be  observed  that  the  lines 
CA,  CB,  but  not  the  line  AB,  are  lines  on  the  surface, 

IX,  X,  XI,  XII  are  apparently  cases  with  four  nodes,  but  it  is  only  XI  which  is 
a  proper  quartic  with  four  nodes.    In  fact  IX  is 


{(ax  +  ay  +  cz  +  dw)  (x  +  y  +  z  +  w)  +  2  (h  —  a) 

=  (v  +  y  +  z  +  w)*  {(ax  +  ay  +  cz  +  dw)*  +  4a  (h  -  a)  xy], 

which   is  satisfied  if  #  =  0  or  if  y  =  0;    that  is,  the  surface  breaks    up  into   the    two 
planes  #=0,  2/  =  0,  and  a  quadric  surface. 

X  is 


(a 

=  (0  +  y  +  ^  -h 

+  2  (2a/-  a2)  ye  +  2  (Sag  -  a2)  «c  +  2  (2a/-  a2)  ^y  +  2ad  (xw  +  yw  +zw)}> 
which  putting  therein  a  =  0  is 


and  thus  breaks  up  into  two  quadrics. 

And  XII  is 

(a2  (Aa  +  y2  +  s3  +  ^  +  2/y*+2^ 

-a?)zx 


which  putting  a  =  0  is 

(Zfyz  +  %gzx  +  2A^  +  2lxw  +  2myw  +  Znswf  =  0, 
and  is  thus  a  quadric  surface  twice  repeated. 

There  remains  XI,  and  here  the  equation  is 
{(o0  +  ay  +  aar  +  cttO(0  +  y  +  *4^ 

=  (x  +  y  +  z  +  wJ{(ax  +  ay  +  Gz  +  wJ  +  ^ 
or  writing  h+a,  n  +  c  in  place  of  a,  c  respectively,  this  is 


(AH) 
or  putting  herein  a=0  it  is 

^ 
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which  may  also  be  written 

c(®  +  y+z  +  w)  (hxy  (z  +  w)  -  nzw  (x  +  y)}  +  (hxy  4-  nzwf  =  0,        (AH) 

the  equation  of  a  quartic  surface  with  the  four  nodes  A,  B,  C,  D;  it  is  to  be  observed 
that  the  lines  AC,  AD,  £0,  BD  are,  the  lines  AB  and  CD  are  not,  lines  on  the 
surface. 

A  more  simple  form  may  be  given  to  the  equation  as  follows;  using  the  second 
of  the  above  forms,  multiplying  the  equation  by  4,  and  writing  therein 


q,  r,  and  st  t  being  the  linear  factors  of  the  two  quadric  functions  respectively,  we  have 

qr  -  st  =  c  (x  +  y  +  z  4-  w)  (-  x-  y  +  z  4-  w)  4- 
and  thence 

wherefore  the  equation  is 

(p  +  qr-  st)^  =  4>p*qr,  (AH) 

or,  what  is  the  same  thing, 


where  p,  y,  r,  5,  t  are  any  linear  functions  of  the  coordinates;  this  is  the  equation  of 

a    quartic    surface    having  the    nodal    conic    p  =  0,    qr  —  $£=0;    and    the    four    nodes 

(q  =  0,  r  =  0,  p2  -  st  =  0)  and  (s  =  0,  «  =  0,  f  -  <JT  =  0),    It  includes  the  Cyclide,  the  equation 
of  which  may  be  written 


62  =  V{(a#  -  ek)z  4- 

I  remark  that  Pro£  Kummer  in  his  most  valuable  Memoir,  "Ueber  die  Flachen 
vierten  Grades  auf  welchen  Schaaren  von  Kegelschnitten  liegen,"  Crelle,  t.  LXVI.  (1864), 
pp.  66  —  76,  has  considered  several  of  the  cases  of  a  quartic  surface  with  a  nodal  conic, 
viz.  no  node,  (AC)}  a  single  node,  (AD);  two  nodes  (the  case  AF)]  and  four  nodes, 
(AH);  but  he  has  not  considered  two  nodes,  the  case  (AE)\  nor  three  nodes,  (AG). 

In  reference  to  the  general  case  of  a  quartic  surface  with  a  nodal  conic,  some 
most  interesting  properties  have  recently  been  obtained  by  Prof.  Clebsch,  see  BerL 
Monatsb.,  April  30,  1868,  where  it  is  shown  that  there  are  on  the  surface  16  right 
lines  forming  20  systems  of  double-fours,  analogous  in  some  respect  to  the  27  lines 
and  36  systems  of  double-sixes  of  a  cubic  surface. 


c.  WL  40 
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458. 
ON   THE   ANHABMONIC-RATIO   SEXTIC. 

[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  voL  x.  (1870), 

pp.  56,  57.] 

ME  WALKER'S  equation  is  A(\2-\  +  l)s+/8(X2-\)2  =  0;  changing  the  sign  of  \ 
and  also  the  numerical  multipliers  of  /,  A  (so  as  to  convert  the  discriminant  equation 
into  its  standard  form  A  =  J3—  27  J3),  the  equation  is 

4A  (X,2  +  \  +  1)8  -  27I3  (\=  +  X)2  =  0. 

I  remark  that  this  is  most  readily  obtained  as  follows  ;  writing 

A=(a-d)(b-c), 


C  =  (c-d)(a-b), 
then  we  have  A  +B+C=Q, 


J=MB-C)(C-A)(A-E), 
^  ABO, 


see  my  Fifth  Memoir  on  Quantics,  PM.  Trans.,  vol.  CXLVIIL  (1858),  pp.  429—460,  [156]. 
And  observe  also,  that  in  virtue  of  the  relation  A  +  B  +0=0,  we  have 

,121  =  A3  +  AB  +  &  =  A1  +  AO+  0s  =  &  +  BG  +  G\ 
Hence  writing 


458]  OX   THE   ANHARMONIC-RATIO   SEXTIC.  315 

A  ID  A  O         JS          G 

when   X  has  any   one  of  the   values  ^  ,—,    -^,    _,.£,_,   we   see  that    u 
only  the  values  A,  B,  C,  and  it  is  thus  determined  by  the  equation 

243 

Eliminating  u,  we  obtain 


or,  what  is  the  same  thing, 

4 
that  is 

the  required  equation. 
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459. 


ON    THE   DOUBLE-SIXERS    OF   A    CUBIC    SUBFACE. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  s.  (1870), 

pp.  58—71.] 

THE  27  lines  on  a  cubic  surface  include,  and  that  in  36  different  ways,  a  d&iible- 
sixer;  viz.  a  system  of  two  sets  of  six  lines  1,  2,  3,  4,  5,  6 ;  1',  2',  3',  4',  5',  6',  such 
that  every  line  of  the  one  set  intersects  all  the  non-corresponding  lines  of  the  other 
set,  thus 

123456 


r 

2' 
3' 
4' 
5' 
6' 
there  being  in  all  30  intersections. 

Any  line  say  4,  of  the  one  set,  intersects  five  lines  1',  2',  3',  5',  6'  of  the  other 
set;  and  these  six  lines  being  given  the  double-sixer  may  be  constructed;  viz.  (besides 
the  line  4)  we  have  a  line  1  meeting  the  lines  27,  3',  5',  67;  a  line  2  meeting  the 
lines  3',  5',  6',  I7;  a  line  3  meeting  the  lines  57,  6',  I7,  2/;  a  line  5  meeting  the  lines 
6',  I7,  2',  37;  and  a  line  6'  meeting  the  lines  I7,  2',  3',  57;  and  then  the  lines  1,  2,  3,  5,  6 
are  all  of  them  met  by  a  single  line  4';  which  completes  the  system. 

We  may,  if  we  please,  consider  the  lines  4,  2  as  given,  and  then  I7,  3',  57,  67  will 
be  any  four  lines  each  of  them  meeting  the  two  given  lines  4,  2;  %  will  be  any 
line  meeting  4;  and  we  have  to  determine  a  line  47  meeting  2,  such  that  there  may 
exist  the  lines  1,  3,  5,  6,  completing  the  system  as  above.  Or  what  is  the  same 
thing,  we  have  a  skew  quadrilateral  I7,  2,  3',  4;  57  and  67  meet  2  and  4;  2/  meets 


815 
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4,  and  4'  meets  2:  5   and  6  meet  1'  and  3';    1  meets  3'  and  3  meets  1';  and  the 
two  sets  2',  4',  5',  6'  and  1,  3,  5,  6  meet  thus 

1356 


2' 

4'     .... 

5' 

6' 


Hence,  starting  with  the  skew  quadrilateral  1'23'4,  and  taking  ®  =  0,  y  =  0,  2  =  0,  to=0 
for  the  equations  of  the  four  planes  41',  1'2,  23',  3'4  respectively;  or  what  is  the  same 
thing  a  =  0,  ^  =  0  for  the  equations  of  the  line  1';  y  =  0,  z  =  0  for  those  of  the  line  2: 
z  =  Q,  w  =  0  for  those  of  the  line  3';  and  w  =  0,  ss  =  Q  for  those  of  the  line  4;  the 
several  lines  may  be  determined,  each  of  them  by  means  of  its  six  coordinates,  as 
follows : 

a b      c     f     g     li 


1' 
2 


2' 
4' 
5' 
6' 

1 
3 

5 
6 


0      0 

0 

0 

0 

I 

0      0 

0 

1 

0 

0 

0     0 

1 

0 

0 

0 

1      0 

0 

0 

0 

0 

<u.n        JLJn 

02 

0 

G, 

ES 

0     J54 

c* 

F, 

G* 

Et 

0     J?5 

0. 

0 

Gs 

E, 

0     J?6 

o. 

0 

Ge 

E9 

*     b 

* 

/I 

9i 

0 

Ok      &3 

0 

/. 

g* 

*. 

as    k 

0 

/• 

9* 

0 

Ck        &6 

0 

/* 

9* 

0 

where 


4  =  o, 


+   ^^a  =  0, 

a*f*  +  kg*  =  0. 
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The  conditions  in  regard  to  the  intersections  of  the  lines  2',  4f,  5',  &  and  1,  3,  5,  6, 
are  formed  by  means  of  the  diagram 


9\ 


8    /, 


ft    0    a5 
ft    0    a, 


viz.  we  have  the  equations 
first  set, 


second  set, 


third  set, 


fourth  set, 


0 


A,   B,    C,    0     <?a    H«  \  2', 

i 

/\        ~n         /Y         Tjf         /~v          TT      i  4/ 

v       ^4  4       **•  1        ^*  4       A*  4    !  *  j 

0    53    0,     0     0,    JETS  5', 
0    £0    0,     0     <?.    fl 


+  t^Fi  +  &j<?4  +  C^fi,  =  0, 


=  0, 
t  =  0, 


+  6,68=0, 


and  it  is  to  be  shown,  that  taking  as  given  the  coordinates  of  2',  5',  6',  that  is 
(At,  Bs,  Ot,  03,  H3),  (Bs>  Cs,  0,,  H,)  and  (B,,  C,,  &t>  Ht),  we  can  find  the  coordinates 
of  the  remaining  lines  4',  1,  3,  5,  6. 


The  first  set  of  equations  gives 

ffn   &u 


»    E, 
t,    H, 


viz.  #i,  &!,  GI  are  proportional,  but  as  only  the  ratios  are  material,  they  may  be  taken 
equal,  to  the  determinants  G,He—GtHs,  HsBe  —  HtB,,  BsGt-BsG,.  And  then  retaining 
<7i>  &i»  <k  *°  signify  these  values  respectively,  the  first  equation  gives  /i-4s,  and  the 
second  equation  gives  aJPi',  multiplying  together  these  values,  and  writing  0^1  =  —  b^, 
•we  find 


4)  G&,  HJSt,  GtH< 
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Proceeding  in  a  similar  manner  with  the  second  set  of  equations,  we  have  first 

TT    _         j)          /t          /"Y      ; 
y$>    ihi    03  —        ASJ        ^5>        ^"5     j» 

56,      (7Sf      ff.    i 

(observe  A3  =  (?556  -  GGB5,  =  —  Ci). 
and  then 


The  third  set  gives  more  simply 

Sr52B254  +  y 
or  since 

this  is 


and  similarly,  the  fourth  set  gives 

gQ*R&+g 
or  since  g6  :  b6=G5  :  —Bs,  this  is 


and  these  last  two  results  lead  to  the  values  of  the  ratios  of  BJB±,  B^+B^G^A^F^  Gr*GA  : 
viz.  these  are  proportional  to  expressions  containing  the  common  factor  BS06^B9G^ 
and  omitting  this  common  factor,  and  taking  them  equal  instead  of  merely  proportional 
to  the  resulting  expressions  (which  is  allowable,  since  the  absolute  values  are  not 
material),  we  have 


Returning  to  the  result  obtained  from  the  first  set  of  equations,  this  now  becomes 


but  the  terms  containing  gl9  ^  are  (Bsg1  +  Gsbl)(B6gl  +  Gsb1),viz.  this  is  =--5^.-  J?ttclr 
that  is  HsHBdzi    the  whole  equation  is  thus  divisible  by  c^  and  omitting  this  factor, 

it  becomes 

g,  (E,B,  +  H4BJ  +  6,  (G,H.  +  G,H,)  +  c,  (H,H,  +  HSH,)=Q. 

Proceeding  in  like  manner  with  the  result  obtained  from  the  second  set  of  equations. 
this  becomes 


where  the  terms  containing^,  68  are  (Bgs+Gols)(Bg$+GJ>),  viz.  this  is  -h^Cs.—k^C^h^G^: 
the  whole  equation  divides  by  A»,  and  it  then  becomes 

3    =0. 


Considering  J343  #4,  F*  as  given  by  the  equations 
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the  equations  last  obtained  determine  the  values  of  E^  and  04,  viz.  these  equations  may 

be  written 

&  -1-  b&)  +  c^H.H.  =  0, 

&  +  W  +  h3C-JJs  =  0; 


but  in  order  that  the  values  (Bt,  Glt  F^,  (?4,  Ht)  given  by  these  five  equations  may 
belong  to  a  line  (0,  54,  G,,  F4,  Gt,  -ff4),  they  must  satisfy  the  equation 


viz.  in  order  to  the  existence  of  the  line  4,  this  equation  must  be  satisfied  identically 
by  the  foregoing  values  ;  and  I  proceed  to  show  that  it  is  in  fact  thus  satisfied. 
Multiplying  the  values  of  C4,  H*,  and  writing  GiHi  =  —  BiG4,  the  identity  to  be  verified  is 


i  (3  A  +  b&)  +  A,a.aj  =  0. 
The  first  line  includes  the  terms 


which,  writing  CSH3  =  -BSG3  and  BsBt  =  BsBSi  (?2<?4=  GS66,  are 

=  ff&B»Q&B»  +  W 
The  second  line  includes  the  terms 

O&faBi+kG 

which,  reducing  in  like  manner,  are 
=  -gi9*G*BtB5Bt  -  k 
and  these  are  together 


The  remaining  terms  from  the  first  line  are  at  once  reduced  to 

(ffAO,Gt  +  WH&)  B,Be  +  (bMBt  +  c,&3ir354)  GsGt, 
and  those  from  the  second  line  are 
Ha  (gM 


Hence,  attending  to  the  relation  cl=  —  AS,  and  collecting  and  arranging,  the  equation  to 
be  verified  is 
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But  we  have 
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fflBsBt  -  b3HsHe  =  BeB,  (GsH6  -  G6HS)  - 


and  similarly 


b1G,Gls-g3HsHt  =  0, 


Moreover,  writing  giB6Be  =  b3HsHe,  we  have 


and   the    five    terms   of   the    equation    in    question   thus   separately  vanish;    and   the 
equation  is  consequently  verified. 

We  may  collect  the  results  as  follows: 
Data  are  lines  1',  2,  3',  4,  2',  5',  6'; 

and  then,  for  the  remaining  lines,  1,  3,  5,  6,  4'  the  coordinates  are  as  follows  : 
For  4', 


Bs,  <?„  Hs 

Bs,  Ge,  He 

Bs,  Gz ,  Gz 

Bs,  Os>  Gs 

Be,  Gf ,  Ga 


Bs,  &s,          H, 

Be,        Ge,        He 


B,,        Gf,        G, 

^6>  CB,  G* 

=  0,  identity). 


=  0, 


=  0, 


For  1, 
(ffi,  &i,  c 


B63    GS)   Hs 
Bs,    Gs>    H6 


J52,    (ra,    HS 


=  0,  identity). 


For  3, 


0.,    ft 
0.,    ft 


7        -0.2/3  —  — 


Ct,    G 

0,  identity). 


•84.    GI,   Ht 

Bs,     Gs,    Hs 

Be>   Gt,   Bf 


Bt,  04I 
Bs,  Cs, 
BS,  Gt, 


a  vn. 


41 
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For  5, 


For  6, 


and,  for  actual  calculation,  it  is  convenient  to  remark  that  as  only  the  ratios  are 
material,  a  set  of  six  coordinates  may  be  multiplied  or  divided  by  any  common  number 
at  pleasure. 

But  these  results  may  be  further  reduced.    Writing 


(9s,  ^s> 


'„    C.,    & 

'„    Ot,    Ge 


we  have 


But 


^+k^}+kC,Ce=^(g*BsB&+kGsGsB2)+}hCsC,. 

£3  ^2     /  -02^2 


= 
*  * 


since 


Gs,    Hs 
G9,    He 


the  equation  obtained  is  thus 


"We  then  have 


0,0.  t 


that  is 


fl, 
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and  in  like  manner 

=        .  for,  GZBSB,  +  hB&Gj 


&*• 


B3GsGe (HSBS -  HeGs)l  ~  l+B^H, (B,  <?, - 


=  HsHe  {B2  (0,0,  =  0,0.)  +  G2  (B&  -  BtC,)} 
=  H, 

the  equation  obtained  is  thus 

glB 

and  then 

(Ha  (B,g3 


that  is 

j  ^  ^Se  gs 
4       Ci     g 

which  values  of  (74,  -5"4  satisfy,  as  they  should  do,  the  relation 
We  have  also 


_ 
sr6    -  -Oes  --  ^  ---  g  — 

Cr2  & 


which  gives  ^4. 

Moreover 

4-  A3<7a 


which  combined  with  the  foregoing  value  of  J^,  gives  a,. 

41—2 
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Again, 


which  combined  with  the  foregoing  value  of  F*  gives 

Write 

a,  =  Bs 

•we  have 


that  is 

and  similarly 


G, 


-  H?Bt  Ge  -  HfBt  G, 


s  =  OsCe  a>, 


+  B,  Gs) 


[459 


which  last  value  is  to  be  substituted  for  the  left-hand  function  in  the  formulae  for 
and  a»  respectively. 

Whence,  finally  recollecting  that 


and 
we  have 


For  1  H 


s+BaGg, 
1 
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B,,    Cs,    Ge   \ 
Bt,    Ce,    Ge   \ 


where  observe  that 


For  5 


_ 
1 


'-i 


A,SsGe 


For  6 


=0  , 


0, 


For  4'  4 


^4=0, 


C& 


= 
4 


I  have  thought  it  worth  while  to  effect  the  numerical  calculations  for  enabling 
the  construction  of  a  drawing  or  model.  For  this  purpose  taking  X,  T,  Z  as  ordinary 
rectangular  coordinates,  I  write 

7+Z-10, 


«,= 


7, 


that  is,  I  take  1'  and  2  to  be  lines  in  the  plane  of  XT,  defined  by  the  equations 
X+Y=IQ  and  X—  T=—  10  respectively,  and  3'  and  4  to  be  lines  in  the  plane  of 
XZ  defined  by  the  equations  X-Z=-10,  X+Z=1Q  respectively.  And  I  take  5'  to 
be  the  line  joining  the  points  (2,  0,  8)  and  (—9,  1,  0);  6'  the  line  joining  the  points 
(3,  0,  7)  and  (-8,  2,  0);  2'  the  line  joining  the  points  (9,  0,  1)  and  (-3,  7,  4).  We 
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calculate  then  for  each  of  the  lines  the  scyziv  coordinates  of  two  points  thereof;  and 
thence  the  six  coordinates  of  the  line,  viz. : 


x   y 


w 


reduced 
yaw     A    B      CFG      H        A    B    C  F  G      H 


5'  : 

0,8, 

-   4,  0      -  18, 

0,  0,  1 

0,72, 

144,  0, 

8,-    4       0, 

18,  36, 

0,2, 

-    1 

6'j 

0,  7, 

-   6,0 

-16, 

0,  0,  2 

0,  96, 

112,  0, 

14,  -  12 

o, 

48,  56, 

0,  7, 

-     6 

2'! 

0,1, 

-18,  0 

-   2, 

4,  4,  7 

76,  36, 

2,0, 

7,  -126 

76, 

36,    2, 

0,  7, 

-126 

and  effecting  the  calculations  for  the  remaining  lines,  we  have 

A         B  OF          G       H 


4' 

0 

24 

-944 

9 
38 

2 

3  ! 
59 

1 

380 
59 

60 

30 

385 
19 

-  5 

0 

3 

127680 

-720 

0 

15 

140 

-30 

19 

5 

304 

-  48 

0 

21 

1 

0 

1 

19 

6 

152 
3 

-  18 

0 

27 
38 

0 

0 

1 

a  b  c 

or  reducing  to  integers,  the  values  are 

ABC 


f 


G 


H 


5' 

0 

18 

36 

0 

2 

-  1 

6' 

0 

48 

56 

0 

7 

-  6 

2' 

76 

36 

2 

0 

7 

-126 

4' 

0 

53808 

-2116448 

-531 

4484 

114 

1 

1444 

13452 

6726 

10443 

-1121 

0 

3 

485184 

-  2736 

0 

3 

532 

-114 

5 

5776 

-  912 

0 

21 

133 

0 

6 

5776 

-  2052 

0 

81 

228 

0 
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The  line  (a,  &,  c,  /,  g,  h)  is  given  as  the  intersection  of  any  two  of  the  four  planes 

(  h,    -g>    <*>  $0,  y>  z,  w)  =  0, 

-A,  /    &  ' 

-a,    -&;    -c,       I 

or  substituting  for  as,  y,  z,  w  the  values  X  +  7+ £-10,  Z,  -Z+  F+Z-10,  7,  these 
become 

(        fir,  a-0     ,  h-g     ,  g      ^X,  F,  ^  10)  =0, 

-/-A,  &+/-A,  /-A     ,  A-0 

5^   »  o+flr    ,  g-f     ,  -gr 

c-a,  -c—  e&  ,  — c  — a~&,  c-fa 

or,  what  is  the  same  thing, 

(           •         ,          2flr-a  +  c        ,         2j7-/-A     ,  -2^r     $X,  F,  ^,  10)  =  0. 

—  2^  +  ^  —  0,                .               ,    a  +  &-fc-!-/—A,  -a— c  j 

-2g+f+h,    -a-6-c-/+A,              .            ,  »/+*! 

-/+*        ,  •        ' 


And  substituting,  we  have  the  equations  of  the  several  lines,  viz.  : 


(2)        -Z+7=10,    ^  =  0, 
(3')        -Z  +  Z=W,    7=0, 


(4)  « 


(50        ( 


40, 


(60 


-40, 

•    9 

55, 

-36 

-   5, 

-55,' 

•     3 

1 

4, 

36, 

-    1, 

• 

»       j 

-35, 

10, 

f 

-35, 

.    , 

55, 

-28 

-10, 

-55, 

.  , 

3 

r, 

28, 

—  3 

. 

',  7,2,  10)  =  0, 


',  7,  2,  10)  =  0, 


7,  Z,  10)  =  0, 
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(20    (   .  ,  -  80,  70,  -  7  £X,  F,  Z,  10)  =  0, 

30,    .  ,  120,  -39 

-70,  -120,  .  ,   63 

7,    39,  -  63, 

(40    (     .  ,  -2107480,  9385,  -8968 

2107480,  .    ,  -2063285,  2116448 

-  9385,  2063285,  .    ,  -  645 
8968,  -2116448,  645, 

(!)(.,  3040,  -  12685,    2242  $X,  F,  Z,  10)  =  0, 

-  3040,  .  ,  32065,  -  8170  ' 
12685,  -32065,  .  ,    10443 

-  2242,  8170,  -10443, 

(3)    (   .   ,  -484120,  1175,  -  1064  £X,  F,  Z,  10)  =  0, 

484120,  .   ,  482565,  -485184 

-1175,  -482565,  .   ,      117 

1064,  485184,  -117, 
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(5)         ( 


5510, 

245, 

-   266  ' 

-  5510, 

i 

4885, 

-5776 

-    245, 

-4885, 

*        > 

21 

266, 

5776, 

-     21, 

% 

-   266  $Z,  T,  Z,  10)  =  0, 


(6) 


> 

-  5320, 

375, 

-   456 

5320, 

> 

3805, 

-5776 

-3751, 

-3805, 

•          f 

81 

456, 

5776, 

-     81, 

, 

-   456  $X,  Y,  Z,  10)  =  0. 
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The  several    lines  intersect  as  they  should  do,  the   coordinates  of  the  points   of 
intersection  being  as  follows: 


r 

2' 

3' 

4' 

5' 

6' 

621j 

-3541 

424171 

-4931 

* 

1239U  305 

0  1-5-43 

-mU-  5098 

59  U  78 

354  U  253 

836J 

76J 

8968J 

152J 

I 
532J 

0 

-10 

-4721 

-9 

-8 

10 

* 

0 

-3U      47 

1 

2 

0 

0 

o) 

0 

0 

9121 

96931 

-2484] 

8071 

367^1 

-21-5-91 

-  21  U  1073 

* 

66U24727 

-lU398 

-eUisis 

oj 

1064J 

251464J 

3192) 

8512J 

10 

9 

0 

2 

3 

0 

0 

0 

* 

0 

0 

0 

1 

10 

8 

7 

3041 

4591 

6) 

47521 

1080) 

-14U-29 

-2lU    47 

oUr 

42  U-  6521 

* 

-42U-  283 

oj 

38j 

76J 

71744J 

2128J 

76] 

242n 

541 

14791 

1 

-6  -,7 

-189U  233 

oU-25 

9U    727 

-3U  16 

* 

o) 

152J 

304J 

8968J 

154J 

i 

viz.  the  coordinates  of  12'  (intersection  of  lines  1  and  20  are  (fjfj,  ^,  fgf),  and  so 
in  other  cases;  where  there  is  no  divisor  the  coordinates  are  integers.  I  find  however, 
on  laying  down  the  figure,  that  the  lines  3  and  4,  3'  and  4'  come  so  close  together, 
that  the  figure  cannot  be  obtained  with  any  accuracy. 


c.  vn.  42 
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NOTE  ON  MR  FROST'S  PAPER  ON  THE  DIRECTION  OF 
LINES  OF  CURVATURE  IN  THE  NEIGHBOURHOOD  OF 
AN  UMBILICUS. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  vol.  x.  (1870), 

pp.  Ill— 113.] 

I  REMARK  as  follows : 

1,  In  regard  to   a   quadric   surface,  it  is  not,  I   think,  correct  to   say  that   the 
generatrices  through  an  umbilic  are  curves  of  curvature ;  notwithstanding  that,  as  shown 
p.  80,  the  normals  at  every  point  of  such  generatrix  lie  in  one  plane  and  consequently 
intersect    The  way  in  which  these  generatrices  as  ^asi-curves-of-curvature  present  them- 
selves is  as  follows: 

The  curves  of  curvature  satisfy  a  certain  differential  equation,  the  complete  integral 
of  which  gives  these  curves  as  the  intersections  of  the  given  quadric  surface  by  the 

9?  if  Z* 

series  of  confocal  surfaces  ^j-j-g  +  ^-^  +  — r  =  1,  h  being  the  constant  of  integration 

of  the  differential  equation.    The  singular  solution  of  the  differential  equation,  or  envelope 
of  the  curves  of  curvature  determined  as  above,  gives  the  umbilicar  generatrices. 

2.  In  regard  to   a  surface  in  general,  I  think   it  must  be   considered,  not  that 
there  pass  through  the  umbilic  three  distinct  curves,  but  that  the  umbilicar  curve  of 
curvature  is  a  curve  having  at  the  umbilic  a  triple  point,  or  rather  a  point  at  which 
there  are  in  general  three  distinct  directions  of  the   curve.     The   umbilicar  curve  of 
curvature  in  fact  presents  itself  as  the   curve   belonging   to   a  certain   value   of  the 
constant  of  integration  A;  in  order  that  the  curve  of  curvature  may  pass  through    a 
given  point  on  the  surface,  h  must  satisfy  a  certain  quadratic  equation,  that  is  for  a 
given  point   of  the  surface  there  are  two  values  of   A,  aoid  therefore   two   curves  of 
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curvature;    but  an  umbilic  is  a  point  for  which    (as   in   effect  shown,  p.  81,  for  the 
particular  case  of  a  quadric  surface)  the  two  values  of  h  become  equal;  that  is,  there 

is  through  the  umbilic  only  a  singular  curve  of  curvature  ;  but  ~  is  determined  by  a 

cubic  equation,  and  the  umbilic  is  thus  (as  just  mentioned)  a  point  at  which  there  are 
in  general  three  distinct  directions  of  the  curve. 

3.  Some  researches  on  the  subject  are  contained  in  my  paper  "On  Differential  Equations 
and  Umbilici/'  Phil  Mag.,  vol.  XXVL  (1863),  pp.  373—379  and  441—452,  [330].    It  is 
noticeable  that  in  the  integral  equations  which  I  have  there  obtained  for  the  differential 
equations  cy(j)3-l)+(a-c)#p=0,  and  the  more  general  form  (&#  +  cy)(p2-l)4-2(/#4-##)=0, 
which  belong  to  the  neighbourhood  of  an  umbilic,  the  curve  through  the  umbilic  does 
break  up  into  three  distinct  curves;  and  the  same  is  the  case  with  the  umbilic  on  the 
surface  an/0  —  I  presently  referred  to. 

4.  In  the  paper  "M&noire  sur  les   surfaces    orthogonales,"  Liouv.,  t.  xii.   (1847), 
pp.  241  —  254,  M.  Serret  has  given  two  very  remarkable  cases  of  three  systems  of  surfaces 
intersecting  each  other  at  right  angles,  and  consequently  in  the  curves  of  curvature  of 
the  surfaces  of  each  system.    It  was  only  on  referring  to  this  paper,  in  connexion  with 
that   of   Mr  Frost,  that   I  perceived  an   obvious   enough    simplification   of  M.   Serret's 
formulae,   whereby  it  appears  that  the  curves  of  curvature  on  the  surface   xyz  =  \   are 
given  as  the  intersection  of  this  surface  with  the  series  of  surfaces 

h  =  (a3  -f  o>y2  -f  tfzrf  -h  (tf  +  ury-  -f  oxs?)-, 


where  ©  is  an  imaginary  cube  root  of  unity;  the  rationalised  equation  is  of  the 
twelfth  order  in  (#,  y,  z),  and  for  the  particular  value  £  =  0,  reduces  itself  as  is  easily 
seen  to  0  =  (y2  —  z^f(&—  a?)2  (as2—  y2)2.  The  point  #  =  y  =  #  =  l  is  obviously  an  umbilic 
on  the  surface  ®yz  =  1,  and  the  corresponding  value  of  h  being  h  =  0,  the  equation  just 
obtained  determines  the  umbilicar  curves  of  curvature,  viz.  combining  therewith  the 
equation  xyz  =  1  of  the  surface,  we  have  the  three  hyperbolic  curves 
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461. 


ON  THE  GEOMETRICAL  INTERPRETATION  OF  THE  CO  VARIANTS 

OF  A  BINARY  CUBIC. 


[From  the  Quarterly  Journal  of  Pure  and  Applied  Mathematics,  voL  x.  (1870), 

pp.  148—149.] 

CONSIDER  the  binary  cubic   Z7=(a,  6,  c,  d$x,  yf,  and  its  covariants,  viz.  the  dis- 
criminant (invariant) 

V  =  a?d*  -  Qdbcd  +  40C8  +  tifd  -  3BV, 
the  Hessian 

H  =  (ao 
and  the  cubicovariant 


-  (-  Sabd  +  6ac?  - 
+  (-  Sacd 


connected  by  the  identical  equation 


Then  if  we  regard  (a,  &,  c,  d)  as  the  coordinates  of  a  point  in  space,  but  (x,  y) 
as  variable  parameters,  the  equation 

V=0 

represents   a  quartic   torse,  having  for  its   cuspidal   curve   the   skew   cubic  00-^  =  0, 
od-&c  =  0,  faZ-tf  =  0;  the  equation 
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is  that  of  the  tangent  plane  to  the  torse  along  the  line  asp  -f  2bscy  +  of  =  Oy 
bo?  4-  Zcxy  -f-  dy2  =  0  :  this  line  meets  the  cuspidal  curve  in  the  point  whose  coordinates  are 
a  :  b  :  c  :  d  =  y*  :  —  ccy*  :  ah/  :  —  y3.  The  equation 


is   that   of  a  quadric   cone   having  the  last   mentioned   point   for  its   vertex,  and  passing 
through  the  cuspidal  curve:   and  the  equation 


is   that   of  the   cubic   surface   which   is   the   first   polar  of  the   same   point   in   regard  to 
the  torse. 

The  equation  <1>2  —  V  Z72  =  —  4ff3,  writing  therein  £T=0,  gives  ^>2  =  —  4ZP,  a  result 
which  implies  that  £7=  0,  .S"=0  is  a  certain  curve  repeated  twice,  and  that  CT=0, 
<£  =  0  is  the  same  curve  repeated  three  times.  The  curve  in  question  is  at  once 
seen  to  be  the  line  of  contact  SXU=Q,  SyJ7=0;  it  thus  appears  that  the  tangent 
plane  27  =  0  meets  the  cubic  surface  4?  =  0  in  this  line  taken  three  times.  This  can 
only  be  the  case  if  the  equation  &  —  0  be  expressible  in  the  form  MU  +  (SaJ27)3  =  0,  ory 
what  is  the  same  thing, 


must  be   equal  to 


Seeking   for  this   expression  of  O,  and   writing  the  symbols   out   at   length,  I  find  that 
the  required  identical  equation  is 


+  2  { 


a   and   ft   constants,  M  a  quadric  function   of  (a,  &,  c,  d)  ;  that   is, 
a  function  of  the  form 


—  (—  3abd  -h  Sac2  - 

+  (-  Bacd  4-  Qbd*  -  3&C2)  xy* 


(a,  6,  c, 


6a6 
662 


606  ,       G62  , 

^ac-f-GJ2    ,       3ad  +  I5bc> 
Sad  +  156c,     126^  +    60*, 


6cd 


(where  the  *f*  indicates  that  the  binomial  coefficients  are  not  to  be  inserted,  VIZL  the 
function  on  the  right  hand  is  {2a9^+  Gabafy  +  6&xy*  +  (— ad  +  Sbc)  y*}  &*-}-&c.).  As  a 
verification  remark  that  for  #  =  0,  y  =  £,  the  equation  becomes  simply  2Z7*=  U.ZU*. 
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A   NINTH   MEMOIR   ON    QUANTICS. 


[From  the  Philosophical  Transactions  of  the  Royal  Society  of  London,  vol.  CLXI.  (for  the 
year  1871),  pp.  17—50.    Received  April  7,— Read  May  19,  1870.] 

IT  was  shown  not  long  ago  by  Professor  Gordan  that  the  number  of  the 
irreducible  covariants  of  a  binary  quantic  of  any  order  is  finite  (see  his  memoir 
"Beweis  dass  jede  Covariante  und  Invariante  einer  binaren  Fonn  eine  ganze  Function 
mit  numerischen  Coefficienten  einer  endlichen  Anzahl  solcher  Formen  ist,"  Crelle, 
t.  LXIX.  (1869),  Memoir  dated  8  June  1868),  and  in  particular  that  for  a  binary  quintic 
the  number  of  irreducible  covariants  (including  the  quintic  and  the  invariants)  is  =23, 
and  that  for  a  binary  sextic  the  number  is  —26.  From  the  theory  given  in  my 
"  Second  Memoir  on  Quantics,"  Phil  Trans.,  1856,  [141],  I  derived  the  conclusion,  which, 
as  it  now  appears,  was  erroneous,  that  for  a  binary  quintic  the  number  of  irreducible 
covariants  was  infinite.  The  theory  requires,  in  fact,  a  modification,  by  reason  that 
certain  linear  relations,  which  I  had  assumed  to  be  independent,  are  really  not 
independent,  but,  on  the  contrary,  linearly  connected  together:  the  interconnexion  in 
question  does  not  occur  in  regard  to  the  quadric,  cubic,  or  quartic;  and  for  these  cases 
respectively  the  theory  is  true  as  it  stands;  for  the  quintic  the  interconnexion  first 
presents  itself  in  regard  to  the  degree  8  in  the  coefficients  and  order  14  in  the 
variables,  viz.  the  theory  gives  correctly  the  number  of  covariants  of  any  degree  not 
exceeding  7,  and  also  those  of  the  degree  8  and  order  less  than  14;  but  for  the 
order  14  the  theory  as  it  stands  gives  a  non-existent  irreducible  covariant  (a, .  .)*  (#,  y)14, 
viz.  we  have,  according  to  the  theory,  5  =  (10  -  6)  + 1,  that  is,  of  the  form  in  question 
there  are  10  composite  covariants  connected  by  6  syzygies,  and  therefore  equivalent  to 
10  —  6,  =4  asyzygetic  covariants;  but  the  number  of  asyzygetic  covariants  being  —5, 
there  is  left,  according  to  the  theory,  1  irreducible  covariant  of  the  form  in  question. 
The  feet  is  that  the  6  syzygies  being  interconnected  and  equivalent  to  5  independent 
syzygies  only,  the  composite  covariants  are  equivalent  to  10  — 5,  =5,  the  fall  number 
of  the  asyzygetic  covariants.  And  similarly  the  theory  as  it  stands  gives  a  non-existent 
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irreducible  covariant  (o,..)8(0,  y)20.  The  theory  being  thus  in  error,  by  reason  that  it 
omits^  to  take  account  of  the  interconnexion  of  the  syzygies,  there  is  no  difficulty  in 
conceiving  that  ^  the  effect  is  the  introduction  of  an  infinite  series  of  non-existent 
irreducible  covenants,  which,  when  the  error  is  corrected,  will  disappear,  and  there  will 
be  left  only  a  finite  series  of  irreducible  covariants. 

Although  I  am  not  able  to  make  this  correction  in  a  general  manner  so  as  to 
show  from  the  theory  that  the  number  of  the  irreducible  covariants  is  finite,  and  so 
to  present  the  theory  in  a  complete  form,  it  nevertheless  appears  that  the  theory  can 
be  made  to  accord  with  the  facts;  and  I  reproduce  the  theory,  as  well  to  show  that 
this  is  so  as  to  exhibit  certain  new  formulae  which  appear  to  me  to  place  the  theory 
in  its  true  light.  I  remark  that  although  I  have  in  my  Second  Memoir  considered 
the  question  of  finding  the  number  of  irreducible  covariants  of  a  given  degree  6  in 
the  coefficients  but  of  any  order  whatever  in  the  variables,  the  better  course  is  to 
separate  these  according  to  their  order  in  the  variables,  and  so  consider  the  question 
of  finding  the  number  of  the  irreducible  covariants  of  a  given  degree  9  in  the 
coefficients,  and  of  a  given  order  /JL  in  the  variables.  (This  is,  of  course,  what  has  to 
be  done  for  the  enumeration  of  the  irreducible  covariants  of  a  given  quantic;  and 
what  is  done  completely  for  the  quadrie,  the  cubic,  and  the  quartic,  and  for  the  quintic 
up  to  the  degree  6  in  my  Eighth  Memoir,  Phil.  Trans.  1867,  [405].)  The  new  formulae 
exhibit  this  separation;  thus  (Second  Memoir,  No.  49),  writing  a  instead  of  %,  we 

have  for  the  quadrie  the  expression  T  -  ^  -  ~,  showing  that  we  have  irreducible 

(L-a)(L—a) 

covariants  of  the  degrees  1   and   2   respectively,  viz.  the  quadrie  itself  and  the  dis- 
criminant:  the   new    expression   is    ^  -  -^jz  -  ~,  showing   that    the    covariants   in 

\  JL  —  Q&J  )  ^1  •—  Or  ) 

question  are  of  the  actual  forms  (a,  ..$57,  yf  and  (a,..)2  respectively.     Similarly  for 

j  _  a« 
the  cubic,  instead   of  the  expression  No.   55,  (        ..        aw-i       »wi—  fi«v  we  ^ave 

'  the  ^ducible  covariants   of  the  forms 


(a,..$#,  y)3,  (a,.yfa  y)\  (a..y(a,  y)3,  and  (a,  ..)*>  connected  by  a  syzygy  of  the  form 
(a,  .  .)*(0,  y)6;  and  the  like  for  quantics  of  a  higher  order. 

In  the  present  Ninth  Memoir  I  give  the  last-mentioned  formulae;  I  carry  on  the 
theory  of  the  quintic,  extending  the  Table  No.  82  of  the  Eighth  Memoir  up  to  the 
degree  8,  calculating  all  the  syzygies,  and  thus  establishing  the  interconnexions  in 
virtue  of  which  it  appears  that  there  are  really  no  irreducible  covariants  of  the  forms 
(a,  ..)8(#,  y^*,  and  (a,  ..8$#,  y)30.  I  reproduce  in  part  Gordan's  theory  so  far  as  it 
applies  to  the  quintic,  and  I  give  the  expressions  of  such  of  the  23  covariants 
as  are  not  given  in  my  former  memoirs;  these  last  were  calculated  for  me  by 
Mr  W.  Barrett  Davis,  by  the  aid  of  a  grant  from  the  Donation  Fund  at  the  disposal 
of  the  Royal  Society.  [The  expressions  referred  to  are  in  fact  printed,  143.]  The 
paragraphs  of  the  present  memoir  are  numbered  consecutively  with  those  of  the  former 
memoirs  on  Quantics. 
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Article  Nos.  328   to  332.    Reproduction   of  my  original  Theory  as  to  the  Number  of 

the  Irreducible  Covariants. 

328.  I   reproduce   to  some   extent  the   considerations   by   which,  in  my   Second 
Memoir  on  Quanties,  I  endeavoured  to  obtain  the  number  of  the  irreducible  covariants 
of  a  given  binary  quantic  (a,  b,  ...$#,  y)n. 

Considering  in  the  first  instance  the  covariants  as  functions  of  the  coefficients 
(a,  b,  c,  .  .),  without  regarding  the  variables  (x,  y\  and  attending  only  to  the  following 
properties—  1°,  a  covariant  is  a  rational  and  integral  homogeneous  function  of  the 
coefficients;  2°,  if  P,  Q,  It,...  are  covariants,  any  rational  and  integral  function 
F(P,  Q,  .&,...),  homogeneous  in  regard  to  the  coefficients,  is  also  a  covariant,—  we  say 
that  the  covariants  I,  7,...  of  the  same  degree  in  regard  to  the  coefficients,  and 
not  connected  by  any  identical  equation  «Z  +  #F...  =  0  (where  a,  ft,...  are  quantities 
independent  of  the  coefficients  (a,  b,  c,  ...)),  are  asyzygetic  covariants,  and  that  a  covariant 
not  expressible  as  a  rational  and  integral  function  of  covariants  of  lower  degrees  is  an 
irreducible  covariant  ;  and  it  is  assumed  that  we  know  the  number  of  the  asyzygetic 
covariants  of  the  degrees  1,  2,  3,....;  say,  these  are  A1}  As>  A,,...,  or,  what  is  the 
same  thing,  that  the  number  of  the  asyzygetic  covariants  of  the  degree  9,  or  form 
(a,  b,  ...)*,  is  equal  to  the  coefficient  of  a8  in  a  given  function 

<f>  (a)  =  1  +  A&  +  A&  ...  +  A&°+  ..., 

where  I  have  purposely  written  a,  as  a  representative  of  the  coefficients  (a,  b,  c,...), 
in  place  of  the  x  of  my  Second  Memoir. 

329.  The  theory  was,  that  determining  a.1}  %,...  by  the  conditions 


03, 

2)  +  4%  +  a,, 

that  is,  throwing 

.  .    A    .  l+A&  +  A0*+Aj?+... 

into  the  form 

(1  -  a)--i  (I  -  flj*)ri  (1  -  a»)-«,  ...  > 

the  index  a,  would  express  the  number  of  irreducible  covariants  of  the  degree  r  less 
the  number  of  the  (irreducible)  linear  relations,  or  syzygies,  between  the  composite  or 
non-ureducible  covariants  of  the  same  degree.  Thus  A^a,,  there  would  be  a, 
covariante  of  the  degree  1C);  these  give  rise  to  fc.fe  +  1)  composite  covariants  of 
the  degree  2;  or,  assuming  that  these  are  connected  by  fc  syzygies,  the  number  of 
asyzygetic  composite  eovariants  of  the  degree  2  would  be  fc,(«  +  l)-fe;  and  thence 
there  would  be  -4,-Hfc  +  l)+*i,  that  is,  «,+&,  irreducible  covariants  of  the  same 
degree;  so  that  (irreducible  invariants  less  syzygies)  (0,+^)-^  is  =<^. 


«bJ  ^°r  ***  !*"!/  °OT?ri'UIt8'  «!  «  «f  oonm  =  1  ;  bat  in  the  mention  the  tern  ocmriant 
stands  for  way  function  satisfying  the  conditions  1«  and  2«. 
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330.  The  k2  syzygies  are  here  irreducible  syzygies;    for,  calling  P,   Q,  JR, ...  the 
covariants  of  the  degree   1,  there  is   no  identical  relations  between  the  terms  P2,  Q% 
PQ,...:    imagine  for   a  moment   that   we    could   have  \   such  identical   relations  (viz. 
this  might  very  well  be  the  case  if  instead  of  the  ^(aj-hl)  functions  P2,  Q2,  PQ, ...? 
we  were  dealing  with  the  same  number  of  other  quadric  functions  of  these  quantities), 
that  is,  relations  not  establishing  any  relation  between  P2,  Q%  PQ, ...,  and  besides  these 
&2  non-identical  relations  as  above;    then   the  number  of   irreducible   invariants  would 
be  Os-f  &2  +  Z2,  and  the  number  of  irreducible  syzygies  being  as  before  &2,  the  difference 
would  be   not    a2   but   o> -{-£>.     The    l»    identical   relations    are   here   relations   between 
composite    covariants,   and    the    effect  (if   any  such  relation    could    subsist)  would,    it 
appears,  be  to  increase  o^\    between  syzygies  such  identical  relations  do  actually  exist, 
and    the    effect    is    contrariwise    to    diminish    the    a ;    we    may,  for   instance,  for   the 
degree  s  have  irreducible  covariants  less  irreducible  syzygies  =a5  —  ls. 

331.  Assume  for  a  moment  that,  for  a  given  value  of  s,  ag  is  positive;  but  for 
the  term    ls  it    would  of  course  follow    that  there   was  for  the  degree  in  question  a 
certain  number  of  irreducible  covariants;  and  it  was  in  this  manner  that  I  was  led  to 
infer  that  the  number  of  the  covariants  of  a  quintic  was  infinite — viz.  the  transformed 
expression  for  the  number  of  asyzygetic  covariants  is 

=  coeff.  a9  in  (1  -  a4)"1  (1  -  a8)-3  (1  -  a12)-*  (1  -  a14)-4 

a  product  which   does   not    terminate,  and   as  to   which   it  is   also    assumed   that  the 
series  of  negative  indices  does  not  terminate. 

332.  The   principle   is   the    same,  but   the   discussion   as   to   the   number   of  the 
irreducible  covariants  becomes  more  precise,  if  we  attend  to  the  covariants  as  involving 
not  only  the  coefficients  (&,  6,...)  but  also  the  variables  (&,  y);  we  have  then  to  con- 
sider the  covariants  of  the  form  (a,  6,  ...)*(#>  yY*  or,  say,  of  the  form  aftf  (degree  6 
and  order  /t),  and  the  number  of  the  asyzygetic  covariants  of  this  form  is  given  as 
the  coefficient  of  a^  in  a  given  function  of   (a,  #),  (I  write  a  instead  of  the  z  of 
my  Second  Memoir  in  the  formulae  which  contain  sc  and  z)i  by  taking  account  of  the 
composite  covariants  and  syzygies,  we  successively  determine,  from  the  given  number  of 
asyzygetic    covariants    for   each   value    of    0    and    p,   the    number    of   the    irreducible 
covariants  for  the  same  values  of  6  and  p.    This  is,  in  fact,  done  for  the  quintic  in 
my  Eighth  Memoir   up  to  the  covariants   and  syzygies  of   the    degree  6.    But  before 
resuming  the    discussion   for   the    quintic,  I  will    consider  the   preceding   cases  of  the 
quadric,  the  cubic,  and  the  quartic. 

Article  Nos.  333  to  336.    New  formulas  for  the  number  of  Asyzygetic  Comriants. 

333.  For  the  quadric  (a,  6,  cfa,  y}\  the  number  of  asyzygetic  covariants 

i  _«. 
=  coeff.  of  of"**  in 


X/1  , 

(1  —  a)  (1  —  ax)  (1  — 

(see  Second  Memoir,  No.  35,  observing   that  q   is   there  =  0  —  ^p,  and  that  the  sub- 
traction   of   successive    coefficients   is    effected   by   means    of  the   factor   1— a?  in  the 
c.  yn.  43 


338 
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numerator.    See    also   Eighth    Memoir,  No.    251,  where   a  like   form   is   used   for    the 
quintic).    Writing  as?  for  a,  and  —  for  $,  this  is 


in 


The  development  is 
1 


which  is 
where 


and,  since  ~A  f-j  contains  on]y  negative  powers,  the  required  number  is 

1 


=  coef£  aPtxP'  in 


indicating  that  the  covariants  are  powers  and  products  of  (as?  and  a?\  the  quadric 
itself,  and  the  discriminant.  Compare  Second  Memoir,  No.  49,  according  to  which, 
writing  therein  a  for  #,  the  number  of  asyzygetic  covariants  is 


=  coeff.  aa  in 


1 


334    For  the  cubic  (a,  6,  c,  d$>,  yf  the  number  of  asyzygetic  covariants  aQtfL  is 

=  coeff  afaf-to'  in  ^ 

or  transforming  as  before,  this  is 


=  coeffi  a?af  in 


(1  -  a«»)(l  -  as?)  (1  -  oar1)  (1  -  oar8) ' 
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the  function  is  here 


where 

1- 


(that  this  is  so  may  be  easily  verified);  and  since  the  second  term  contains  only 
negative  powers,  the  required  number  is  —  coeff.  a V-  in  A  (#).  The  formula,  in  fact, 
indicates  that  the  covariants  are  made  up  of  (owr*,  aW,  c&V,  a4),  the  cubic  itself,  the 
Hessian,  the  cubicovariant,  and  the  discriminant,  these  being  connected  by  a  syzygy 
(aV)  of  the  degree  6  and  order  6.  Compare  Second  Memoir,  No.  50,  according  to 
which  the  number  of  covariants  of  degree  d  is 

*     «  •                       l-a« 
=  coeff.  a6  in  -^ ^ ^T^ ^~x ^  • 


335.    For  the  quartic  (a,  b,  c,  d,  e$x,  y)4  the  number  of  asyzygetic  covariants  afa  is 
=  coeff.  cfxH**  in  \n_ — wT^ — ^ 

or  transforming  as  before,  this  is 

*     *     •  l-«^ 

=  coeft  crop  in  /r- 


oa?)(l  -a)(l  -aar°)(l  - 

the  fanction  is  here 


where 


and  the  second  term  containing  only  negative  powers,  the  required  number  is  —coeff. 
in  A  (#).  The  formula  indicates  that  the  covariants  are  made  up  of  (oar1,  aV,  a3,  a8,  aW), 
the  quartic  itself,  the  Hessian,  the  quadrinvariant,  the  cubinvariant,  and  the  cubi- 
covariant, these  being  connected  by  a  syzygy  (afaP)  of  the  degree  6  and  order  12. 
Compare  Second  Memoir,  No.  51,  according  to  which  the  number  of  covariants  of  degree 
6  is 


=  coeff-  a*  k  (l-a)(l- 

336.    For  the  quintic  (a,  6,  c,  d,  e,  /$>,  y)5  the  number  of  asyzygetic  covariants 
a  V-  is 


=  coeff.  ad^^  in 


43—2 
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or  transforming  as  before,  this  is 
=  coeff.  o&i^  in 


[462 


I -or* 


(1  -  caf)  (1  -  oaf)  (1  -  cu)  (I  -  oar1)  (I  -  oarj)  (1  - 
The  developed  expression  is 

-i 


T)ut  here  there  is  not  any  jZnite  functioa  J.  (x)  such  that  this  development  is 


The  numerical  coefficients  are  of  course  the  same  as  those  in  the  development  of 
the  untransformed  function;  viz.  they  are  the  numbers  given  in  the  third  column  of 
Table  No.  82  (Eighth  Memoir),  and  also  (carried  further)  in  the  third  column  of  the 
following  Table,  No.  87.  And  we  can,  from  the  discussion  of  these  coefficients,  deduce 
the  form  of  A  (#),  viz.  this  is 


l-a'aP 

1  —  flftb™ 

1  —  aV 

(1  -  a8ar-)3 

... 

14 

13 

(10f 

12 

11 

(  8)2 

10 

(9)3 

(  6)a 

8 

7 

6 

l-orf 

1-oW 

l-tfaf 

1-flW 

l-a5af 

1-aV 

1-aV 

l-a8a? 

1-a18     ... 

2 

5 

4 

3 

2 

1 

0 

3 

0 

1 

20 

14 

where,  for  shortness,  I  have  written  1  — aW  to  stand  for  (1  —  a?sf}  (1  —  a2^2),  and  so  in 

2 

other  cases:  moreover  in  the  third  column  of  the  numerator  the  (9)8  shows  that  the 
factor  is  (1  —  oWy,  and  so  in  other  cases:  this  will  be  further  explained  presently. 
Compare  herewith  the  form,  Second  Memoir,  No.  52,  viz.  the  number  of  asyzygetic 
covariants  of  the  degree  6  is 

=  coeff.  tfm(l-^(l-a?)^(l-a?Y*^ 

each  index  being,  it  will  be  observed,  equal  to  the  number  of  factors  in  the  numerator, 
less  the  number  of  factors  in  the  denominator,  in  the  corresponding  column  of  the 
new  formula. 
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Article  Nos,  337  to  346.    The  23  Fundamental  Covariants. 

337.  Gordan's  result  is  that  the  entire  number  of  the  irreducible  covariants  of 
the  binary  quintic  is  =23.  I  represent  these  by  the  letters  A,  S,  (7,...,  IF,  identifying 
such  of  them  as  were  given  in  my  former  Memoirs  on  Quantics  with  the  Tables  of 
these  Memoirs,  and  the  new  ones,  0,  P,  R,  S,  T,  7,  with  the  Tables  Nos.  90,  91,  92, 
93,  94,  95  of  the  present  Memoir. 

Table  No.  87.    Identification  of  the  23  irreducible  covariants  of  the  binary  quintic. 
A  (a,  6,  c,  d,  e,  f  ][  #, 


E=    \(A,  E)  (  )3  ( 

(?=-, 


JT=-(jB,  D) 
L  =- 


0=-(3,  J) 
Q  = 


S  =-96(D, 
T  ==-(/,  M) 


=  -J(0,  T) 


Table  So. 

ff 

/                    13 

)2 

<  =(//>*    14 

y 

£  =  (//?         15 

y 

j  =(/t)2         16 

y 

(/«)                ir 

y 

(/^»)               18 

y 

(«  t)5                19 

Y 

p-(4>tf         20 

y 

(^i)                21 

\i 

a  =  (  j  t)2          22 

\3 

0'*)                23 

y 

(/?)                24 

y 

T=(pi)2           83 

y 

(pt)                 84 

y 

(«)                *90 

y 

(/r)               »91 

y 

(tr)5                 25 

y 

(rt)                *92 

y 

(JT)               *93 

y 

7  =  (ra)         *94 

y 

((w),  a)          29 

y 

(47)               *95 

y 

((«),  </)          29A 
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338.  The  Table  exhibits  the  generation  of  the  several  co  variants;  viz.  (A,  B) 
denotes  dxA  .3yB-dyA  .3aB,  (A,  Bf  denotes  djA.dfB-ZdJdyA  .dJ&yB  +  dy*A.ds*B,  &c. 
(see  post,  No.  348).  The  column  /,  t>  =(//)*,  &c.  shows  Gordan's  notation,  and  the 
generation  of  his  23  forms  ((//)4  written  as  with  him  for  (/,  /)*,  &c.):  it  will  be 
observed  that  the  forms  are  not  identical  ;  if  the  calculations  had  been  made  de  novo, 
I  should  have  adopted  his  values,  simply  omitting  numerical  factors  of  the  several 
forms  (thus  every  term  of  i,  =(//)*  contains  the  factor  2.(120)2,  =28800):  of  course 
the  presence  of  these  numerical  factors  renders  the  /,  i,  <£,  &c.  as  they  '  stand 
inconvenient  for  the  expression  of  results;  and  the  numerical  fixation  of  the  values 
was  no  part  of  Gordan's  object.  But  by  reason  of  the  existing  Tables  the  change  of 
notation  is  in  fact  more  than  this;  thus  H  instead  of  being  a  submultiple  of  (B,  (7)3, 
that  is,  of  p,  is  in  fact  =  —  £(£,  C^  +  fJ?2;  and  so  in  other  cases.  If  the  occasion  for 
it  arises,  there  is  no  difficulty  in  expressing  any  one  of  the  forms  /,  i,  <£,  &c.  in  terms 
of  the  (A,  B}  (7..  F,  W)\  thus  in  the  instance  just  referred  to,  p~(<f>Cf,  we  have 


and 

t  =  (ffY  =  (A,  AY  =  28800  B, 


whence  p  =  2304000  (B,  0)2;  also  (B,  <7)2  =  -  5H+  2J33;  and  therefore,  finally, 

p  =  -  11520000  H  +  4608000  &. 

339.  I    remark    upon    the    value    S  =  -96(_D,   Jf)-f  IQBO-VGK,   that    S   is    the 
complete  value  of  a  covariant  (     )9  (     )s,  the  leading  coefficient   of   which  is  given  in 
Table  No.   86   of   my  Eighth   Memoir;    the  form  (_D,  M),  omitting  a  numerical  factor 
(if   any),    would    have    had    smaller   numerical    coefficients,    but    there    is    in    the    form 
actually  adopted   the    advantage   that   it    vanishes   for   a  =  0,  6  =  0,  that   is,  when    the 
quintic  has  two  equal  roots,  [see  post,  No.  346]. 

340.  I  now  form  the  following  Table  No.   88,  viz.  this  is   the  Table  No.  82  of 
my  Eighth   Memoir,  carried  as  far  as  a8,  but  with  the  composite  covariants  expressed 
by  means   of  the  foregoing  letters  A,  B,  (/,.,»,   TT;  instead  of  giving  the   syzygies  as 
in  Table  No.  82,  I  transfer  them  to  a  separate  Table,  No.  89.    In  all  other  respects 
the  arrangement  is  as  explained,  Eighth  Memoir,  No.  253;  but  in  place  of  N3  S,  S' 
I    have    written    *,    S,    S'    to    denote    new    covariant,    new    syzygy,    derived    syzygy, 
respectively;    and  I  have,  as  to   the  terms  aW4,  cftr30  respectively,  introduced  the  new 
symbol  <r  to  denote  an  interconnexion  of  syzygies,  as  appearing  by  the  Table  No.  89, 
and  as  will  be  further  explained 
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Table  No.  88. 

[In  this  Table  and  the  subsequent  Table  89,  I  have  for  convenience  used,  instead 

of  capitals,  the  small  italic  letters  a,  6,  c, ...  w  to  denote  the  23  irreducible  co variants  of 
the  quintic.] 


Ind.  a. 

Ind.  x. 

Coeff. 

1                  ; 

1 

5 
3 

1 
0 

«                                                                                                                             *           i 

i 

1 

0 

i 

2 

10 

1 

fl2 

8 

0 

• 

6 

1 

c                                                                                        •     '    * 

4 

0 

. 

•2 

1 

6                                                                                         -         * 

0 

0 

• 

3 

15 

1 

^ 

13 

0 

• 

11 

1 

ac 

9 

1 

f                                               •  '.  *     ' 

7 

1          ab                                                                                                           j 

5 

1 

e                                                                                            •         # 

3 

1 

d                                                                                             •     ,     *         i 

1 

0 

i 

;                           1 

4 

20 

1 

0? 

18 

0 

• 

16 

1 

02C 

H 

1 

a/                                            •  ; 

12 

2 

a*bt  c2 

10 

1 

ae 

8 

2 

ad,  be                                                                                  •                   j 

6 

1 

i                                                                    *      ! 

4 

2 

62,  /i                                                                                •        * 

2 

0 

• 

0 

1 

g                                                                     •       * 
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Table  No.  88  (continued). 


Ind.  a. 

Ind.  x. 

Coeff.   j 

5 

25 

1 

a5 

23 

0 

. 

I 

21 

1 

a3c 

t 

19 

1 

a2/ 

17     ! 

2 

a36,  acr 

i 
i 
i 

15 

2      ! 

are,  cf 

13 

2 

c&d,  abc 

11 

2 

ai,  bf,  ee 

2 

9 

3 

abz,  ah,  cd 

7 

2 

be,  I 

^. 

5 

2 

ag,  bd 

3 

1 

k 

* 

1 

1 

3 

* 

6 

30 

1 

a6 

28 

0 

. 

26 

1 

a4c 

24 

1 

a3/ 

22 

2 

a45,  aV 

20 

2 

a3e,  ac/* 

18 

3 

a?d,  a2bc,  c3,  /2 

2 

16 

2 

tt-i.  etc?/  .  CLce                                                                                  • 

2' 

14 

4 

a262,  &2/&,  ac^,  Sc2,  e/* 

2 

12 

3 

o6e,  aZ,  c^,  c^" 

2 

10 

4 

a2^  <^^  &<*,  cA,  e2 

2         ' 

8 

•^ 

a^,  5z,  cfe 

2 

6 

4 

cy,  63,  &A,  c^r,  d* 

2 

4 

1 

n 

* 

2 

2 

bg,  m 

•* 

0 

0 

• 

7 

35 

1 

a7 

33 

0 

a 

31 

1 

asc 

29 

1 

«4/ 

27 

2 

a56,  tfc* 

25 

2 

a*e,  azcf 

23 

3 

O>  fl<»   QtOC     CbCi*    Gif  "* 

2' 

21 

3 

a3i,  a26^  a2ce,  c2/ 

2' 

19 

4 

«3*2,  a3/*,  aW,  abcz,  aef 

2' 

17 

4 

a*be,  a%  aci,  adf,  bcf,  c*e 

22' 

15 

5 

ag,  €ibd,  affic,  etch,  a^^  cPd,  fii                                                . 

2;,  2 

13 

4 

d*k,  obi,  ode,  63/,  bee,  d,  fh> 

2 

11 

5 

a?j,  a6s,  abh,  acg,  ad?,  bed,  ei 

2 

9 

4 

an,  b\  bl,  ck,  di,  eJi,  fg 

32 

7 

4 

dbg,  am,  b*d,  cj,  dh 

2 

5 

3 

bk,    p,     eg 

* 

3 

2 

fyy      <%9 

1 

1 

o 

* 
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Ind.  «. 

ImL  x. 

Coeff. 

8 

40 

1 

a8 

38 

0 

. 

36 

1 

a6c 

34 

1 

a5/ 

32     1      2      i     asb>  «4c* 

i         ' 

30 

2 

«5e,  a^c/1 

28          3 

rt5^,  «4fo,  aV,  a?f2 

2' 

26 

3 

a*i,  cfibf,  a?ce,  ac~f 

2' 

24 

5 

a*b3,  afft,  a-W,  arbc\  cfrj\  cf*,  c* 

2' 

22 

4 

«36e,  a3?,  a*ci,  ardf,  abcf,  cure 

22' 

20 

6 

cfyi  ct?bd,  ctrb-c,  arch,  aV,  «cV,  afi,  br,  bf2,  cef 

<r 

18 

5 

a*k,  a?bi,  a?de,  alrf,  abce,  act,  trf/t,  c*i,  cdf 

42' 

16 

7 

a*j,  arb\   a?bh,  arcy,  a2dr,  abed,  aei,  b*c2,  bef,  c"-A,  <:e3,  fl     . 

52' 

14 

5 

a?n,  alre,  abl,  ack,  adi,  aeJt,  afy,  bci,  bdf,  cde 

or 

12 

7 

ctrbg,  arm,  ab'd,  acj,  adh,  We,  bch.  b£,  c2g,  cd'2,  el  fk,  i-    . 

32 

10 

5 

abk,  aeg,  ap,  IH,  bde,  en,  dl,  fj,  hi 

32 

8 

6 

abj,  adg,  b\  b*h,  beg,  bd?,  cm,  ek,  tf 

22 

6 

3 

ao,  bn,  dk,  ej,  gi 

22 

4 

4 

tfg,  bm,  dj,  yh 

2 

1 

r 

* 

0 

8 

f,   q 

•» 

341.    The  syzygies  and  interconnexions  of  syzygies  are  given  in 

Table  No.  89. 
[See  ante  Table  No.  88.1 


(5,  11)     i     ai  +  6/-ce  =  0 


(6, 
(6, 
(6, 
(6, 
(6, 
(6, 


18)         a?d 

14)         o%  -  6ocd  -4&fl*-e/ 

12)  i     at     - 
10)         «V 

8)  '     dk 


=  0 
=  0 
=  0 
=  0 
=  0 


6) 


-     b* 


(7, 
(7, 
(7, 
(7, 


13) 

11) 

9) 


(7,     7) 


a3*  - 


-   b*e  - 


-fg 

+    fff 

-fg 


am 


=o 
=o 

=  0 

=  0 
=  0 


c.  vn. 
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«r,  (8,  20) 

O.a>30  -IZabd-Wc  -  e2) 

+  c  (a2A     -   Gacd  -  ibc*  -   ef) 
-f  (ai      +     If    -  ce) 

supra  (6,  10) 
A")                „      (7,  15) 
„      (6,  18) 
„      (6,  U) 
=  0        „      (5,  11) 

T,  (8,  14) 

0  .  a  (an  —  bze  —   6di  +  2ek  —fg) 
+    a(        2W  +   Qdi-  eh+fg) 
+   a  (        2c&  —  I2di  +  eh  —fg) 

-  2c  (dk  +  2Si  -  3cfe) 
+  6«?  (ai  +  J/1  —     ce) 

suprfo  (7,     9) 
»       \    >»    / 
"       \    »    / 
»      (6,  12) 
*      (6,    8) 
=  0        „      (5,  11) 

(8,  12) 

el+fi 

fc  -  212  =  0 
fc  -  2'i2  =  0 

(8,  10) 

SI2c«I3l+^-2^  =  0 

(8,    8) 

S^lSI-iS^-S-SiS 

(8,    6) 

ZlJSi8?!^! 

342,    In    illustration   take   any  one    of   the   lines   of   Table    No.   88,  for   instance 
[resuming  the  notation  by  capital  letters]  the  line 

(7,  17)  |  4  |     A*BE,  A*L,  ACI,  ADF,  EOF,  &E     \  22X  | 

there  are  here  6  composite  covariants,  but  the  number  of  asyzygetic  covariants  is  =4: 
there  must  therefore  be  6  —  4,  =  2  syzygies  ;  we  have  however  (see  Table  No.  89)  two 
derived  syzygies  of  the  right  form,  viz.  these  are 


C(AI+  BF- 

which  are  designated  as  2S',  and  there  is  consequently  no  new  syzygy  2. 
But  in  the  line 

(7,  15)  |  5  |     A*Q,  A*£D,  A&C,  AGE,  A&,  £W),  FI     \  2',  2  | 

there   are    7    composite   covariants,   but   the  number   of  asyzygetic   covariants   is   =5; 
there  must  therefore  be  7-5,  =2  syzygies.    One  of  these  is  the  derived  syzygy 

A  (A*G  -  J^-  12^BD  -  45*0)  =  0, 
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which  is  designated  by  2';  the  other  is  a  new  syzygy  (see  Table  No.  89), 


designated  by  2. 

343.    Take  now  the  line 
(8,  20)  |  6  |     A*G,  A*B$,  A*B*C,  A*dH9  A*$\  A&D,  All,  BG\  BF*,  CEF     \  52',  <r 


there  are  here  10  composite  covariants,  but  the  number  of  irreducible  covariants  is 
=  6;  there  should  therefore  be  10-6,  =4  syzygies.  There  are,  however,  the  5  derived 

syzygies 

A*(A*&-lZABD-4&a-E*)  =  0,  &c.  (see  Table  No.  89) 

designated  by  52';  since  these  are  equivalent  to  4  syzygies  only  there  must  be 
1  identical  relation  between  them  (designated  by  c-),  viz.  this  is  the  equation  0  =  0 
obtained  by  adding  the  several  syzygies,  multiplied  each  by  the  proper  numerical  factor 
as  shown  Table  No.  89. 

344.  Again,  for  the  line 

(8,  14)  |  5  |     A*N,  A&E,  ABL,  ACK,  ADI,  AEH,  AFG,  BOI,  BDF,  CDE    \  62',  *  \ 

there  are  here  10  composite  covariants,  but  only  5  irreducible  covariants;  there  should 
therefore  be  10  —  5,  =5  syzygies;  we  have  in  fact  the  6  derived  syzygies 

A(AN-&E-6DI  +  2EH-FG)-0  &c.  (see  Table  No.  89) 

designated  by  62';  these  must  therefore  be  connected  by  1  identical  relation  (designated 
by  cr\  viz.  this  is  the  equation  0  =  0  obtained  by  adding  the  several  syzygies,  each 
multiplied  by  the  proper  numerical  factor  as  shown  Table  No.  89. 

345.  These  two  cases  (<j)  are  in  fact  the  instances  which  present  themselves  where 
a  correction  is  required  to  my  original  theory.    The  two  identical  relations  in  question 
were  disregarded  in  my  original  theory,  and  this  accordingly  gave  the  two  non-existent 
irreducible   covariants  (a,..)8  (a?,  y)u  and  (a,..)8  (a?,  yj*.    And  reverting  to  No.  336,  these 
give  in   the   denominator   of  A  (#)  the   factors  (1  —  afaP*)  (1  —  as#").     In  virtue  hereof, 

(1  —  a8)10 

writing   a  =  1,  we   have    in   A  (x)  the   factor  ~  -  —  ,  =  (1  —  a-8)6,   agreeing   with  the 

(1  —a) 

function  (1  —  )"x(l  —  a)""2...  (1  —  a8)6....  And  we  thus  see  that  the  denominator  factors 
of  A  (x)  do  not  all  of  them  refer  to  irreducible  covariants  ;  viz.  we  have 


,  ctfte*  aV,  aW,  aW,  aW,  aW,  aW,  a4,  aW,  aW,  ate,  a  V,  ctfte2,  tfst?,  a?x,  aW,  a?, 


each  referring  to  an  irreducible  covariant,  but  a8^30  and  a?&*  each  referring  to  an 
identical  relation  (<r)  or  interconnexion  of  syzygies.  And  we  thus  understand  how, 
consistently  with  the  number  of  the  irreducible  covariants  being  finite,  the  expression 
for  A  (a)  may  be  as  above  the  quotient  of  two  infinite  products;  viz.  there  will  be 
in  the  denominator  a  finite  number  of  factors  each  referring  to  aa  irreducible  covariant, 
but  the  remaining  infinite  series  of  denominator  factors  will  refer  each  factor  to  aa 

44—2 


348  A  NINTH  MEMOIR  ON  QUANTICS.  [462 

identical  relation  or  interconnexion  of  syzygies.  But  I  do  not  see  how  we  can  by 
the  theory  distinguish  between  the  two  classes  of  factors,  so  as  to  determine  the 
number  of  the  irreducible  covariants,  or  even  to  make  out  affirmatively  that  the 
number  of  them  is  finite. 

346.    The  new  covariants  0,  P,  R,  S,  T,  V  are  as  follows : 

[Table  No.  90  (Covariant  0\ 
Table  No.  91  (Covariant  P), 
Table  No.  92  (Covariant  R), 
Table  No.  93  (Covariant  8), 
Table  No.  94  (Covariant  7), 

printed  in  the  paper  143,  "Tables  of  the  Covariants  M  to  W  of  the  Binary  Quintic: 
from  the  second,  third,  fifth,  eighth,  ninth  and  tenth  Memoirs  on  Quantics"  with  the 
insertion  as  therein  mentioned  of  the  terms  with  zero  coefficients.  The  covariant 
S,  =-96  (D,  M)  +  16BO-1GK,  of  the  present  Memoir  is  there  called  £',  and  there  is 
given  the  more  simple  form  S  =  (D,  M),  of  this  covariant.] 


Article  Nos.  347  to  365.    Sketch  of  Professor  GORDAN'S  proof  for  the  finite  Number, 
=  23,  of  the  Covariants  of  a  Binary  Quintic. 

347.  I  propose  to  reproduce  the  leading  points  of  Professor  Gordan's  proof  that 
the  binary  quintic  (a,  6,  c,  d,  e,  /$#,  yf  has  a  finite  system  of  23  covariants,  viz.  a 
system  such  that  every  other  covariant  whatever  is  a   rational   and   integral   function 
of  these  23  covariants. 

348.  DERIVATION.    Consider  for  a  moment  any  two  binary  quantics  <£,  ty  of  the 
same  or  different  orders,  and  which  may  be  either  independent  quantics,  or  they  may 
be  both  or  one  of  them  covariants,  or  a  covariant,  of  a  binary  quantic  /.    We  may 
form  the  series  of  derivatives 


where,  however,  there  is  no  occasion  to  use  the  notation  (<j>,  -^)°  (as  this  is  simply  the 
product  ^r),  and  the  succeeding  derivatives  may  (when  there  is  no  risk  of  ambiguity) 
be  written  more  shortly  (<j»fr),  (dnfr)2,  (<f>^  &c.;  in  all  that  Mows  the  word 
"derivative"  (Gordan's  Uefaeiwnderschiebmg)  is  to  be  understood  in  this  special  sense. 


349.  The  degree  of  the  derivative  (<^)*  is  the  sum  of  the  degrees  of  the  con- 
stituents $,  ijr;  the  order  of  the  derivative  is  the  sum  of  the  orders  less  2k;  it 
being  understood  throughout  that  the  word  degree  refers  to  the  coefficients,  and  the 
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word  order  to  the  variables.  In  speaking  generally  of  the  covariants  or  of  all  the 
covanants  of  a  quantic  /,  or  of  the  covariants  or  all  the  covariants  of  a  given  degree 
or  order,  we  of  course  exclude  from  consideration  covariaats  linearly  connected  with 
other  covariants  (for  otherwise  the  number  of  terms  would  be  infinite);  but  unless  it 
is  expressly  so  stated,  we  do  not  carry  this  out  rigorously  so  as  to  make  the  system 
to  consist  of  asyzygetic  covariants;  viz.  it  is  assumed  that  the  system  is  complete,  but 
not  that  it  is  divested  of  superfluous  terms. 

350.  THEOREM  A.    The  covariants  of  a  quantic  /  of  a  given  degree  TO  can  be  all 
of  them  obtained  by  derivation  from  /  and  the  covariants  of  the  next  inferior  degree 
(m-l). 

In  particular  for  the  degree  1  the  only  covariant  is  the  quantic  /  itself-  for  the 
degree  2  the  covariants  are  (//)•>,  (//)=,  (//)<,...:  using  for  a  moment  $  to  denote 
each  of  these  in  succession,  the  covariants  of  the  third  degree  are  (£/)«,  (Qfy,  (fiff,..,; 
and  so  on. 

351.  Suppose  that  the  covariants  of  the  second  degree  (//)°,  (ff'f,  (//)*...  are 
in  this  order  represented  by  &,  fa,  &...,   then  the   covariants  of  the  'third  degree 
written  in  the  order 


may  be  represented  by  7l,  Ta,  73,...,  the  covariants  of  the  fourth  degree  written  in 
h 


may  be  represented  by  Sx,  S2,  &,..,,  and  so  on:  we  thus  obtain  in  a  definite  order 
the  covaiiants  of  a  given  degree  m;  say,  these  are  ^,  &,  ^  ^4,...:  any  term  ^  is 
said  to  be  a  later  term  than  the  preceding  terms  ^  #,,  and  an  earlier  term  than 
the  following  ones,  ^,  jj*,  &c. 

Observe  that  each  term  f^  is  a  derivative  (Xg/)*  the  derivatives  of  an  earlier  X 
are  earlier,  than  those  of  a  later  X;  and  as  regards  the  derivatives  of  the  same  X, 
the  derivative  with  a  less  index  of  derivation  is  earlier  than  that  with  a  greater 
index  of  derivation,  or,  what  is  the  same  thing,  those  are  earlier  which  are  of  the 
higher  order. 

352.  The  series  /^  ^,  ^  ^...  is  not  asyzygetic;  we  make  it  so,  by  considering 
in  succession  whether  the  several  terms  ^  ^,  ...  respectively  are  expressible  as  linear 
functions  of  the  earlier  terms,  and  by  omitting  every  term  which  is  so  expressible. 
The  reduced  series  thus  obtained  is  called  Tlt  T+,  T»  ....  Observe  that  not  every  p 
is  a  jP,  but  that  every  T  is  a  /*;  every  T  therefore  arises  from  a  derivation  upon  / 
and  a  certain  term  X;  which  term  X  (supposing  the  X  series  reduced  in  like  manner 
to  Si,  Ss,  Sz,...)  is  a  linear  function  of  certain  of  the  8s.  Each  later  T  is  derived 
from  later  jSCs,  or  it  may  be  from  the  same  S*s  as  an  earlier  T;  viz.  if  the  later  T  is 
derived  from  OS1}  /S2,...$,),  then  the  earlier  T  is  derived,  it  may  be,  from  ($,  $,...&), 
or  from  (fii,  $2,  ...  $a_fc),  but  so  that  there  is  not  in  the  series  any  term  later  than  89. 


350  A  NINTH  MEMOIR  ON  QUANTICS.  [462 

And  if,  considering  any  T  as  thus  derived  from  certain  of  the  S's,  and  in  like 
manner  each  of  these  S*s  as  derived  from  certain  of  the  JJ's,  and  so  on,  we  descend 
to  any  preceding  series, 

Tlf  TUT  H  t 

M19  Ms,  M*... 


it  will  appear  that  the  T  is  derived  from  a  certain  number  (Ml9  MZ)...M^)  of  the 
terms  of  this  series. 

353.  The  quadricovariants  (//)°,  (ff)\  (//)4,---  are  of  different  orders,  and  con- 
sequently asyzygetic.  They  form  therefore  a  series  such  as  the  T-series,  and  they  may 
he  represented  by 

7?      7?      7? 

jDu  -D3,  .D3,  ...  . 

Supposing  /  to  be  of  the  order  n,  B1  is  of  the  order  2?z.,  Bz  of  the  order  2?i  —  4, 
J?,  of  the  order  2n  —  8,  and  so  on.  Those  terms  which  are  of  an  order  greater  than  n, 
.are  said  to  be  of  the  form  W  (agreeing  with  a  subsequent  more  general  definition 
of  TF);  those  which  are  of  an  order  equal  to  or  less  than  n,  are  said  to  be  of  the 
form  %;  so  that  the  earlier  terms  of  the  £  series  are  TF,  and  the  later  terms  are  %; 
viz.  the  %  terms  taken  in  order,  beginning  with  the  earliest,  are  fa,  %2,  x3,.... 

354  By  what  precedes  any  particular  T  is  derived  from  certain  terms  Bl9  52,  •••  Be, 
of  the  B  series.  This  series,  Blt  J52,  ...5fl,  may  stop  short  of  the  terms  %,  or  it  may 
include  a  certain  number  of  them,  say  ^,  %2>  •••%/•  The  terms  derived  from  the  %'s 
.are  in  the  sequel  denoted  by  Px. 

Soo.    Every  covariant  whatever  is  a  form  or  sum  of  forms  such  as 

IF  13*2?  ...AA,  .../„; 


writing  in  regard  to  any  such  expression 

2  ini  Isai,  2  ind.  2=j,  ... 

•(viz,  i  is  the  sum  of  all  those  indices  a,  ft,  &c.  which  belong  to  a  term  containing 
the  symbolic  number  1,  j  the  sum  of  all  the  indices  a,  <y,  &c.  which  belong  to  a  term 
•containing  the  symbolic  number  2,  and  so  on)  then  each  of  the  numbers  i,  j,  ...  is  at 
most  =w,  that  is  n  —  i,  n—j>...  may  be  any  of  them  =0,  but  they  cannot  be  any  of 
them  negative;  the  degree  of  the  function  is  =m,  and  its  order  is  =mn  —  i—  j  ...  It 
is  to  be  further  observed  that  the  form  is  a  function  of  the  differential  coefficients 
of/  of  the  orders  n  —  i,  w—j,  &c.  respectively.  It  follows  that  if  n  —  i,  n—  j,  ...  are 
none  of  them  =0,  the  form  in  question  may  be  obtained  from  a  like  form  belonging 
to  a  quantic  /'  of  the  next  inferior  order  n  —  1  by  replacing  therein  the  coefficients 
#',  V,...  by  aa  +  by,  b$+cy9  &c.  respectively:  for  example,  if  /denote  the  cubic  function 

(a,  &,  c,  d$x,  yf,  then  the  Hessian  hereof  is  12  /a/2;  the  like  form  in  regard  to  the 
quadric  /  =  «  V,  c7$>,  yf  is  12*/1//2/3  which  is  ^a'c'-fe'1;  and  substituting  herein 

off-f&y,  &c  +  cy,  cv  +  dy  for  a',  V9  c'  respectively,  we  have  the  Hessian  12/!/s  of  the 
cubic.  A  covariant  of  /  derivable  in  this  manner  from  a  covariant  of  the  next  inferior 
quantic  /'  is  said  to  be  a  special  covariant 
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356.    Reverting  to  the  form 


if,  as  before,  ra-1,  w-j,  &c.  are  each  of  them  >0;  if  there  is  at  least  one  index  i 
which  is  =  or  <%n  (that  is,  for  which  n-i>fyi),  and  if  the  order  mn-i—j...  be 
>n,  then  the  form,  or  any  sum  of  such  forms,  is  said  to  be  a  form  or  covariant  TF. 
Every  covariant  W  is  thus  a  special  covariant,  but  not  conversely.  In  the  particular 
case  m  a=  2,  the  form  is 


which  will  be  a  form  F  if  n-cL>$n)  or,  what  is  the  same  thing,  2n-2a>n,  that 
is  if  the  order  be  >n.  Hence,  as  already  mentioned,  the  covariants  T  of  the  degree  2 
are  W,  or  else  %,  according  as  the  order  is  greater  than  n,  or  as  it  is  equal  to  or 
less  than  n. 

357.  Theorem  B.  If  any  covariant  T  be  expressible  as  the  sum  of  a  form  TT 
and  of  earlier  ^s  than  itself,  then  forming  the  derivative  (Tff,  either  this  is  not  a 
form  T,  or  being  a  form  T,  it  is  expressible  as  the  sum  of  a  form  W  and  of  earlier 
T's  than  itself;  or,  what  is  the  same  thing,  (Tff,  if  it  be  a  form  T,  is  (like  the 
original  T)  the  sum  of  a  form  W  and  of  earlier  !Ts  than  itself. 

Hence  also  every  form  T  is  the  sum  of  a  form  W,  and  of  forms  derived  from 
the  functions  %l>  #,...,  say 


or,  what  is  the  same  thing,  every  covariant  whatever  is  of  the  form  W  4-  Px. 

358.  The  proof   that  for  a  form  /  of  the  order  n  the  number  of   covariants  is 
finite,  depends  on  the  assumption  that  the  number  is  finite  for  a  form  /'  of  the  nest 
inferior  order  n  —  1  :  this  being  so,  the  number  of  the  special  covariants  of  /  will  be 
finite;  say  these  are  Alt  A*,  -A3,...  (/  is  itself  one  of  the  series,  but  we  may  separate 
it,  and  speak  of  the  form  /  and  its  special  covariants):    the  forms   W  are  functions 
of  the  special   covariants,  and   hence   every  covariant   whatever   of  /  is  of   the  form 
F(A)  +  PXj  but  it  requires  still  a  long  investigation  to  pass  from  this  to  the  theorem 
of  the  existence  of  a  finite  number  of  forms  F  such  that  every  covariant  whatever 
is  JF(F).    I  pass  this  over,  and  reproduce  only  the  investigation  for  the  case  of  the 
quintic. 

359.  Starting  from  the  assumed  system  of  forms, 
/,  *-(//*  *  =  ( 

(M  <M  W,  (to 


(At  ),  (vy>  (n)*,  ((m),  a),  (tr)»,  ((«),  y), 

say,  the  23  forms   17,  it  is  to  be  shown  that  every  other  covariant  whatever  of  the 
quintic  is  of  the  form  F(U). 
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The  special  covariants  are  /,  <£,  (/<£),  i,  j,  which  are  forms    Z7;   the  only  form  % 
is  i,  so  that  instead  of  Px  writing  Pi,  every  co  variant  whatever  of/  is 


and  it  remains  to  show  that  every  form  Pi  is  F(U);  or,  what  is  the  same  thing, 
that  if  H  be  any  form  F(U)  whatever,  then  that  (Hi)  and  (Hi)*  are  each  of  them 
F(U). 

360.  In  order  to  show  that  every  covariant  of  a  degree  not  exceeding  m  is 
F  (U),  it  will  be  sufficient  to  show  that  the  several  forms  (Hi)  and  (Hi)-  of  a  degree 
not  exceeding  m  are  each  of  them  F(U):  and  if  for  this  purpose  we  assume  that 
it  is  shown  that  every  covariant  of  a  degree  not  exceeding  m  —  1  is  F(U),  then  in 
regard  to  the  forms  (Hi)  and  (Hi)*  of  the  degree  m,  it  will  be  sufficient  to  show  that 
any  such  form  is  a  function  of  covariants  of  a  degree  inferior  to  m. 


361.  First  for  the  form  (Hi):  we  have  (PQ,  i)  =  P(Qi)  +  Q(Pi)]  and  hence  we 
see  that  (Hi)  will  be  F(U)  if  only  (Ui)  is  always  F(U). 

In  forming  the  derivative  of  i  with  the  several  covariants  Ut  we  may  omit  i 
itself,  and  also  the  four  invariants  (iif,  (ir)\  ((ia),  a),  ((ia)3  y),  since  in  each  of  these 
cases  the  derivative  is  =  0.  We  have  therefore  to  consider  the  derivative  of  i  with 


/,  *,  j,  *,  p,  T,  %  (M  (Jp),  (/T),  (jr),  (/*),  (#),  (JQ,  (p),  (n),  (id),  (iy), 

respectively:  the  first  seven  of  these  are  each  of  them  Z7;  the  remaining  eleven  are  each 
of  them  of  the  form  ((PQ),  i).  Now  ((PQ),  i)  is  a  linear  function  of  P(Qi)2,  Q(Pif, 
and  i  (PQ)a,  that  is  ((PQ),  i)  is  a  function  of  covariants  of  a  lower  degree  than  itsel£ 

362.  Next  for  the  form  (Hi)*,  we  have  (PQ,  i)2,  a  linear  function  of  P(Qi)*, 
Q(Piy,  i(PQ)2l  and  we  hence  see  that  (Hi)*  will  be  F(  U)  if  only  (K)2  is  always 
F(U). 

In  forming  the  second  derivative  of  i  with  the  several  covariants  U,  we  may 
omit  as  before  the  four  invariants,  and  also  omit  the  four  linear  covariants  a,  ia,  y,  iy; 
we  have  therefore  to  consider  the  second  derivatives  of  i  with 

/>  *,  i  j,  JP,  T,  (/<£),  (#),  (/r),  (jr),  (/O,  (#X  (/Q,  (p),  (ri), 

respectively:  the  first  six  of  these  are  each  of  them  Z7;  the  remaining  nine  are  each 
of  the  form  ((PQ),  t)»  Now  ((PQ),  {)*  is  a  linear  function  of  ((Pif,  Q),  (($)»,  p), 
P(Qi)8,  and  Q(PiJt.  The  first  two  of  these  are  terms  of  the  same  form;  ^7,  as  a 
covariant  of  a  lower  degree  than  ((PQ),  i)3,  is  F(U)>  and  hence  ((Pi)*,  Q)  will  be 
F(U)  if  only  (F,  Q)  is  F(U);  Q  being  here  any  one  of  the  functions/,  &  i,  j,  p,  T, 
and  !7  being  any  one  of  the  functions 

,  (/t), 
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363.  For  U  equal  to  any  one  of  the  last  eleven  values,  the  form  is  (Q,  S)  R 
which  is  =  R  (QS)  +  S  (QR),  and  is  thus  a  function  of  covariants  of  a  lower  degree: 
there  remains  only  the  derivatives  formed  with  two  of  the  functions  /,  <j>,  i,  j,  p,  T,  or 
of  one  of  these  with  a  or  <y.  But  these  are  all  U  other  than  the  derivatives 


(ffr  (#X  (*P),  (<H,  (PT);  (fa),  (<£*)>  OX>>  <jw);  (M  (M  0V),  (Pi),  (77), 

and  since  ^^=(TOL\  the  derivatives  containing  y  will  depend  upon  covariants  of  a  lower 
degree;  there  remain  therefore  only  (fj)  (#),  (<&>),  (<£T),  (pr)\  (fa),  ($a),  (ja),  (»: 
each  of  these  can  be  actually  calculated  in  the  form  F(U). 

Hence  finally,  assuming  that  every  co  variant  of  a  degree  inferior  to  m  is  F(U), 
it  follows  that  every  co  variant  of  the  degree  m  is  F(U);  whence  every  covariant 
whatever  is  F(U),  viz.  it  is  a  rational  and  integral  function  of  the  23  covariants  U. 

364.  It  will  be  observed  that,  writing  A,  B,  G  for  P,  Q,  i,  the  proof  depends  on 
the  theorems 

((AB),  (7),  a  linear  function  of  A  (5C)2,  B(CA)\  C(AB)*, 
(AB,  O)2  „  „  do.          do.  do. 

((AS),  0)*        „  „  ((AC?,  B},  ((BG)\  A\  B(AOy,  C(ABf, 

which  are  theorems  relating  to  any  three  functions  A}  B9  G  whatever. 

365.  I  remark  upon  the  proof  that  the  really  fundamental  theorem  seems  to  be 
that   which   I    have    called    theorem    A.     As    to   the    forms    W  it    is   difficult   to   see 
A  priori  why  such  forms  are  to  be  considered,  or  what  the  essential  property  involved 
in  their  definition  is;  and  in  fact  in  a  more  recent  paper,  "Die   simultanen  Systeme 
binaren    Formen"    (Math.   Annalen,   t.    II.    (1869),   see    p.    256),  Professor   Gordan    has 
modified  the  definition  of  the  forms    W  by  omitting  the  condition  that  the  order  of 
the  function  shall  exceed  n;    if  it  were  possible  further  to  omit  the  condition  of  at 
least  one  index  being  =  or  <%n,  and  so  only  retain  the  conditions  n  —  {,  n—j,  &c., 
each  of  them   >0,  then  the    essential   property  of  the  forms    W  would   be   that  any 
such  form  was  a   rational   and   integral   function  of  the  special  covariants   formed,  as 
above,  by  means  of  the  quantic  of  the  next  inferior  order.    And  moreover,  as  regards 
the  theorem  B,  there    seems   something   indirect    and   artificial  in  the    employment  of 
such  a  property;  one  sees  no  reason  why,  when  a  system  of  irreducible  covariants  is 
once  written  down,  it  should  not  be  possible    to  show  that  the  derivatives  of  F(U) 
with  the  original  quantic  f  are  each  of  them  F(JJ\  instead  of  having  to  show  this 
in  regard  to  the  derivatives  of  F(U)  with  the  several  covariants  ^:    as  regards  the 
quintic,  where  there  is  a  single  covariant  ^,  the  quadric  function  t,  there  is  obviously 
a   great    abbreviation   in   this    employment   of   i  in   place   of  /;   but   for   the   higher 
orders,  assuming  that  the  proof  could  be  conducted  by  means  of  the  quantic  /  itself, 
it  does  not  appear  that  there  would  be  even  an  abbreviation  In  the  employment  in 
its  stead  of  the  several  covariants  %.     The   like  remarks  apply  to  the  proof  in  the 
last-mentioned    paper.     I    cannot    but    hope    that    a    more    simple    proof  of  Professor 
Gordan's  theorem  will  be  obtained  —  a  theorem  the  importance  of  which,  in  reference 
to  the  whole  theory  of  forms,  it  is  impossible  to  estimate  too  highly. 

a  yn.  45 
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463. 

NOTE   ON   A   DIFFERENTIAL   EQUATION. 


[From  the  Memoirs  of  the  Literary  and  Philosophical  Society  of  Manchester, 
vol.  n.  (1865),  pp.  111—114    Read  February  18,  1862.] 

THE  following  investigation  was  suggested  to  me  by  Mr  Harley's  "Remarks  on 
the  Theory  of  the  Transcendental  Solution  of  Algebraic  Equations,"  communicated  tc 
the  Society  at  the  Meeting  of  the  4th  of  February. 

Mr  Harley's  equation 

f 
may  be  written 

__n 
n 

or  putting 

n-I  1 

n       ~~   *  n       ' 

it  becomes 

y  =  u  +  ay*, 

which  equation  may  be  considered  instead  of  the  original  equation;  and  it  is  to  b< 
shown  that  y,  regarded  as  a  function  of  u,  satisfies  a  certain  linear  differential  equatioi 
of  the  order  n  —  1.  In  fact,  expanding  y  by  Lagrange's  theorem,  we  have 


71-1        .    1 


- 1)  u*"  +  &&, 
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the    law    whereof    is    obvious,    and     using    the    ordinary    notation    of    factorials,    viz. 
[n]r  =  n  (n  —  1)  .  ..  (n  —  r  +  1),  we  may  write 


where  6  extends  from  0  to  oo. 

It  is  now  very  easy  to  show  that  y  satisfies  the  differential  equation 

f    dl71'1  f   n         d      2?i-l>-1   n  _ 

\u  —        y  =  na  \  -  r  u  -5  ---  —        w71"1  y. 
L   du]      y          [n-1     du      7i-  1J  y 

In  fact,  using  on  the  left-hand  side  the  foregoing  value  of  y,  and  on  the  right-hand 
side  the  following  value  of  un~ly,  obtained  from  that  of  y  by  writing  0  —  1  in  the 
place  of  0,  viz. 


J 

and  observing  that  in  general  the  symbol  ^-y->  as  regards  umt  is  =m,  the  equation 
in  question  will  be  satisfied,  if  only 


where  the  right-hand  side  is 
and  the  equation  may  be  written 


-          f  g      -.^ 
p  _1-)9_l    L«»    1J     » 

that  is, 

[n«  -  I]9-3  [(n  -  1)  (9  +  1]"'1  =  [«0  -  1]"-1  [nd  -  n]6^, 

which,  since  each  side  of  the  equation  is  =  \n9  —  I]8**-*,  is  obviously  trae. 
The  foregoing  differential  equation  is  developable  in-  the  form 


but  to  find  the  coefficients  o^  0^,  ...  fl^j,  I  start  from  this  form,  and  proceed  to  sub- 
stitute in  the  equation  the  value  of  y,  which  on  the  left-hand  side  I  use  in  the 
original  form,  and  on  the  right-hand  side  in  the  form  obtained  by  writing  6  +  1  in 
the  place  of  0,  viz. 


45-2 
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The  equation  to  be  satisfied  is 

[l^|p  («„  +  4  [(»  -  1)  0  +  1?  +  a,  [(B  -  1)  6  +  If  .  ..  +  an_,  [(»  -1)5 

_l[«(fl  +  l)]« 
n    [0  +1]«+1  U 

or,  what  is  the  same  thing, 


Observing  that  the  right-hand  side  may  be  written 


the  equation  becomes 

«0  [nff]6-1  +«!  [720]*  +  02  [nfl]"*  .  .  .  +  «„.,  [/i<9]9+w-^  =  \nO  +  n  - 

or,  what  is  the  same  thing, 


so  that  &Q,  G&!,  ...«„_!  are  the  coefficients  of  the  expansion  of  \nO  +  n  —  I]71-1  (which  is 
a  rational  and  integral  function  of  6,  of  the  degree  n  —  1)  in  a  factorial  series,  as 
shown  by  the  left-hand  side  of  the  equation. 

To  determine  the  actual  values,  write 

(72 

this  gives 

~  T 

7204-  ft—  1  =  = 

71-1 

and  we  have  therefore 


and  thus  the  general  expression  is 


where    A    denotes    the    difiference    in   regard    to    (f>  (  A  U+  =  D^+1  -  Z7^),    and,    after    the 
operation  A*  is  performed,  <£  is  to  be  put  equal  to  zero. 
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464. 

NOTE    ON    PLANA'S    LTJNAB    THEORY. 

[From    the   Monthly  Notices   of  the  Royal  Astronomical  Society,  vol.   xxni.  (1862  —  1863), 

pp.  211—215.] 

I   HAVE   been   much    surprised   to    find    that    there   is   an   error   of    the   order   mr-y4, 
arising    from   the    omission    of    a    factor   (1  +  T2)^1,   in   the    expression    for    -,—  +  Sw,   as 

given  by  the  equation  (II.)'  (Thforie  de  la  Lime,  t.  L,  p.  267),  being  the  equation 
made  use  of  in  the  theory  for  the  determination  of  Sw,  the  perturbation  of  the 
reciprocal  of  the  radius  vector.  This  error  may  probably  be  the  cause  of  some  of  the 
discrepancies  in  the  terms  of  the  fourth  and  higher  orders,  between  Plana's  results 
and  those  of  Pont^coulant  and  Delaunay. 

Plana's  equation  (6),  t.  I.,  p.  260,  is 

a*" 
+f(e,  7)  Q'e  cos  (cv  —  / 


if  for  shortness 

©  =  |73~.(l4-^7s)  co$(2gv-2J0dv)  +  £7*  cos  (4#v-4    Gdi). 

R"  (p.  256)  should  be 

^       du  u*dv 
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but,  by  an  error  which  is  implicitly  corrected,  the  or  which  multiplies  (1  -i-s2)"^  2  I  Udv 
is  omitted.    Hence  the  equation  (6)  becomes 


,.      . 
a*,  -^  (e,  7) 

+  (1  +  2  [  Udv)f(e,  7)  Q'e  cos  (w  - 


+  (i  +  2  J  oifo)/(«i  7)  jv  (i  +  s,2r*  ©, 

in  whicli  equation 


P-  261. 

But  retaining  for  greater  convenience  the  function  f(e,  7)  in  two  of  the   terms, 
we  have 


u  ds 
+  (1  +  2  1  Udv)f(e,  7)  Q'e  cos  (w  -  f  «fo) 

-  (1  +  2  J  Mt))  x?  (l  +  7f  |(i  +  5;)-i  _  i  (i  +  f)  -il 
+  (1  +  2    Udv)f(e,  '7)  P72  (1  +  s/r1  @ 


)-*  2  J  Udv 
+  (1  +  2  J  Kfo)/fe  7)  Q'e  cos  (ov  - 


(1  +  2  J 
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which  is 

-s      —  xJn-j-   o\4  ftjP  *  s  ^ 
opa./  \  du     u  dv 

rr  dfi 

-&U-J- 

dv 


-  J  rf  (1  +T2)*  (1  +  sT5  2  [  Udv  (destroyed  by  terra  infra) 


-  x*  (i  -t-72)*  (i  +  a/)-*  s 

+  -  Xf  (1  +  T2)*  (1  +  s2)  -|  2  [  Udv  (destroyed  by  term  supra) 
ay  j 

+  (1  +  2  J"  Z7(fo)/(^  7)  Pf  (1  +  s,8)  -«  0  ; 


or,  putting  u=-(u/  +  8u'),  this  becomes 


«,«>-  f  2 

+  (1  +  2  J  Udv)f(e,  y)  Q'e  cos  (<?y  -jvrdv) 


+  (1  +  2  J  Udv)f(e,  7)  PT»  (1  +  sf)~*  Q, 

agreeing  with  the  Formula  II.  p.  265,  except  that  in  Plana's  last  term,  instead  of 
the  factor  /(e,  y)(=^(l  +  7!)i),  ^e  have  the  factor  ^(l  +  y*)*.  That  is,  the  last 
term,  as  given  by  Plana,  should  be  divided  by  1  +  y*.  And  this  error  is  introduced 
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from    the    formula    (II.)    into    the    formula    (II.)',    p.    267,    viz.    the    incorrect    factor 
X.§(l4-ry2)$  £3  there  replaced  by  its  value  q;  whereas,  the  true  value  being 

the  factor  in  (II.)'  should  be  = 
The  corrected  formula  (II.)7  is 


cos  (2v  -  2 


-  4  J 


Observing  that  P  is  of  the  order  m2,  and  that  q  is  approximately  equal  to  unity, 
the  error  in   -7-77  4-  Su  is    of   the    order   mV?   as  noticed  above.     It  may  be  right   to 

mention    that    I    obtained    the    correction  in   the   first    instance  by  starting    from    the 

fundamental  equations,   and   not    as   here  from   the  intermediate  equation  (6),   so  that 

there  is  not  in  that    equation   any   error  afterwards  implicitly  corrected  in   the  trans- 
formation to  (Il.y. 
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NOTE  ON  THE  LUNAR  THEORY. 

[From  the  Monthly  Notices  of  the  Royal  Astronomical  Society,  voL  sxv.  (1864—1865). 

pp.  182—189.] 

I  ATTEND,  in  the  expressions  for  the  lunar  coordinates,  only  to  the  coefficients 
independent  of  m.  Plana's  values,  taken  to  the  fourth  order  only,  are  as  follows;  for 
greater  simpEcity  I  write  a  =  1  ;  and,  instead  of  nt  +  constant,  ant  +  constant,  gnt  +  con- 
stant, I  write  I,  c,  g  respectively  ;  viz.,  I  is  the  mean  longitude,  c  the  mean  anomaly, 
g  the  mean  distance  from  node  :  this  heing  so,  then  r,  v,  y,  denoting  the  radius  vector 
longitude  and  latitude  respectively,  we  have 

-(Plana)  = 
r 

e  —  $  &  —  J  rfe  cos  c 

+      d'-is'-i-yV      ,,  2c 

+  f  6s  „  3c 

+  I  «*  „  4c 

-  I  *?#  „  % 

-  f  72e  „  c-fy 

(hut  I  omit  Plana's  term        +  £  «yV  cos     2c  +  2^r  which  should  be  =0). 


+  2e  —  Je*—  $7%      sin      c 
+  I  ^-M^-^T8*3       »      2c 


-  i  -/- 
+  f  7^  e-20 

c.  rn.  46 
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20-20 


7    — 
+    ye  -  f  -ye3 
+     ye  -  f  ye3  - 
+  f  7e2 
+  1  76s 


-f 


sm 


+ 
-AT3 


9 

c-  g 

c+  g 
So-  g 
2o+  g 
So-  g 
g 


c+Sg. 


Plana,  mth  Elliptic  e,  y 


To  compare  these  with  the  elliptic  values,  it  is  necessary  to  write  ^(l-f-i'y2)  in 
place  of  e.  Making  this  change,  or  say  reducing  Plana's  (e,  <y)  to  the  elliptic  (e,  7), 
I  write  down  in  a  first  column  the  transformed  coefficients,  and  in  a  second  column 
the  elliptic  coefficients,  as  follows: 

Elliptic 
1 

T  "" 
1  1 

4.    $  —  £g3  -f    e—%&  cos       c 

+    e2— Je*  +    e2  — -Je4  „      2c 

3c 
4c 


Plana,  with  Elliptic  e,  7 


+  2   e  -Je» 


Elliptic 


I  I 

+  2  e  -: 


f 


sm 


c 

2c 
3c 
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Plana,  with  Elliptic  e,  y  Elliptic 

y  —    ye-  —  f  7s  +      ye  —    76s  —  f  7s 


sn 


+ 


c-  g 
2c-  g 
2c+  g 
So-  g 
3c+  g 
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-AT3 


—  £  T3^  |         n 

where,  for  greater  clearness,  I  remark  that  the  values  called  "elliptic"  of  e,  %  c,  g, 
refer  to  an  ellipse,  such  that  the  longitude  of  the  node,  and  the  longitude  (in  orbit) 
of  the  pericentre,  vary  uniformly  with  the  time, — viz.,  we  have  mean  distance  =  1, 
excentricity  =  et  tangent  of  inclination  =  7,  mean  longitude  =  19  mean  anomaly  =  c, 
distance  from  node  =<jr. 


We  have  therefore 


cos 


% 


sin     2e 


+  f 


2c 
3c 


viz.,  these  are  the  increments  to  be  added  to  the  elliptic  values  of  - ,  v,  y,  respectively, 

in  order  to  obtain  the  disturbed  values  of  -,  v,  y,  attending  only  to  the  coefficients 
independent  of  m ;  they  represent,  in  fact,  the  lunar  inequalities  which  rise  two  orders  ly 


The  elliptic  values  of  -  and  y  are  functions,  and  that  of  v,  is  equal  l+,  a  function, 

of  e,  <y,  c,  g,  and  the  foregoing  disturbed  values  may  be  obtained  by  affecting  each  of 

46—2 
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the  quantities  e,  7,  c,  g,  and  I,  with  an  inequality  depending  on  the  argument  2c  —  2^, 
viz.,  these  inequalities  are 

8e  =  -  £  ffe  cos  2c  -  2# 

Sc  =  f  T2  sin  2c  —  2$r 
&y  =  |  ye2  cos  2c  —  2# 
&JT  =  #  sin  2c  —  2 


The  verification  may  be  effected  without  difficulty;  thus,  for  instance,  starting  from 


the  elliptic  value  of  -  ,  we  have  to  the  fourth  order 

T 


c\      /—  e  sin   <f\         /        cos 
cos  2c/      V—  20s  sin  2c/         \-f  2e  cos  2oJ 

—  ^^(-sin  csin2c  — 2gr  — cos  ccos2c-2^r) 
-  sin  2csin  2c  -  2#  -cos  2ccos  2c  -  2g) 
cos  c  —  a 


which  is  right;  and  the  verification  of  the  values  of  $v,  &y,  may  be  effected  in  a 
similar  manner, 

I  have,  in  order  to  fix  the  ideas,  preferred  to  give  in  the  first  instance  the  fore- 
going &  posteriori  proof;  but  I  now  inquire  generally  as  to  the  form  of  the  values  of 

-,  v,  y,  or  say   of  r,  v,  y,  taking  account  only  of  coefficients  independent  of  m;    and 

I  proceed  to  show  that  these  may  be  obtained  from  the  elliptic  values  expressed  as 
above  in  terms  of  I,  e,  7,  c,  g,  by  affecting  Z,  e,  7,  c,  g,  each  with  an  inequality 
depending  on  the  multiple  sines  or  cosines  of  c—  g. 


Writing  for  greater  simplicity  n  =  l,  we  have  Z  =  i  +  £,  c=c£  +  #,  ff  =  gt  +  G,  where 
e  =  l-fm2+&c.,  g  =  l  +  £  ma  +  &a;  viz.,  c,  g,  axe  constants  which  differ  from  unity  by 
terms  involving  m3. 

The  required  values  of  r,  v,  y,  satisfy  the  undisturbed  equations  of  motion,  if  after 
the  differentiations  we  write  in  the  coefficients  (which  coefficients  are  functions  of  m 
through  c,  g)m=0;  that  is,  if  we  write  in  the  coefficients  c  =  l,  g=L  In  fact,  the 
required  values  of  r,  «,  y>  are  what  the  complete  values  become,  upon  writing  in'  the 
coefficients  of  the  complete  values  m=0;  that  is,  the  required  values  of  r,  v,  y,  differ 
from  the  complete  values  by  terms  the  coefficients  whereof  contain  m  as  a  factor;  and 
the  disturbed  equations  differ  from  the  undisturbed  equations  in  that  they  contaii  the 
differential  coefficients  of  the  disturbing  function;  that  is,  terms  the  coefficients  whereof 
have  the  fector  ml  Imagine  the  complete  values  of  r,  v,  y,  substituted  in  the  disturbed 
equations  of  motion;  the  resulting  equations  are  satisfied  identically;  and,  therefore, 
whatever  be  the  value  of  m;  that  is,  they  are  satisfied  if  in  these  equations  respectively 
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we  write  m  =  0:  it  requires  a  little  consideration  to  see  that  this  is  so,  if  in  the 
coefficients  only  we  write  m  =  0;  but  recollecting  that  c,  g,  stand  for  functions  ct  +  G, 
gt+G,  so  that,  for  example,  c-g,  =  (c-g)i  +  C-  (?,  upon  writing  therein  wi  =  0, 
becomes  equal,  not  to  zero,  but  to  the  constant  value  C-G,  the  identity  subsists  in 
regard  to  the  coefficient  of  the  sine  or  cosine  of  each  separate  argument  ac  +  @g, 
and,  consequently,  it  subsists  notwithstanding  that  in  the  arguments  c  and  g,  instead 
of  being  each  put  =1,  are  left  indeterminate.  And  granting  this  (viz.  that  the 
equations  are  satisfied  if  in  the  coefficients  only  we  write  m  =  0),  then  it  is  clear  that, 
as  above  stated,  the  required  values  of  r,  v,  y,  satisfy  the  undisturbed  equations  of 
motion,  if  after  the  differentiations  we  write  in  the  coefficients  c  =  1,  g  ==  1. 

The  required  values  of  r,  v,  y,  are  of  the  form  r  =  <j>(c,  g\  y-^(c,  g\  v  =  l  +  %(c,  g), 
but  writing  w  =  v  +  c  -  Z,  =  c  +  %  (c,  g),  the  last  mentioned  property  will  equally  subsist 
in  regard  to  the  functions  r,  iu,  y:  in  fact,  v  enters  into  the  differential  equations 

only  through  its  differential  coefficient  -£,  and  the  differential  coefficients  of  v  and  w, 

at 

that  is,  of  l  +  x(c>  g)  and  c  +  %(c,  g),  differ  only  by  the  quantity  c-1,  which  becomes 
=  0,  in  virtue  of  the  assumed  relations  c  =  1,  g  =  1. 

Hence  the  undisturbed  equations  are  satisfied  by  the  values  r  =  $  (c,  g),  y  =  ^  (c,  g)> 
w  =  c  +  X  (°>  #)>  when  after  the  differentiations  we  write  in  the  coefficients  c  =  1,  g  =  1  ; 
the  foregoing  values  contain  t  through  the  quantities  c,  g,  only;  and  we  have,  therefore, 
d  d  d 


Hence,  writing  in  the  coefficients  c=l,  g  =  l,  we  have  -r:  =  -T  +  -T-',    that  is,  the 

at     ac     dg 

values  r  =  <£(c,  g),  y  =  ^(c,  g),  w=x(c,  g),  regarding  r,  v,  y,  as  functions  of  c,  g, 
satisfy  the  partial  differential  equations  obtained  from  the  undisturbed  equations  of 

motion  by  writing  therein  -7-4-  -r-  in  place  of  -r  •  .  Hence  also,  considering  r,  w,  y,  as 
functions  of  c  and  c-g,  then  observing  that  (j-  +j-)(c-g')  is  =0,  the  values  of 
r,  v,  y,  satisfy  the  partial  differential  equations  obtained  by  writing  ^~  in  place  of  -^  ; 

and  inasmuch  as  these  partial  differential  equations   do    not   contain  j-  ,  they  axe   to 

be  integrated  as  ordinary  differential  equations  in  regard  to  c  as  the  independent 
variable,  the  constants  of  integration  being  replaced  by  arbitrary  functions  of  c  —  g. 

Consider  the  pure  elliptic  values  of  r,  v,  y,  in  an  elliptic  orbit  with  the  following 
elements:  A,  the  mean  distance;  JT,  the  mean  motion  (N*A*  =  1  ajad  therefore  4  =#"*); 
E,  the  excentricity  ;  Nt  +  D,  the  mean  anomaly;  Nt  +  H,  the  mean  distance  from  node; 
,  the  mean  longitude;  then  writing  c  in  place  of  t,  we  have 

=JT-*dqr(-B,  JTc  +  D), 

I-c  +  jyb  +  JBr+P^  F,  Nc  +  D,  Nc+H), 
y  = 
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where  N,  E>  T,  D,  H,  K,  are  arbitrary  functions  of  c-g:  P  and  Q  denote  given 
functional  expressions.  But,  in  order  that  r,  v,  y,  considered  as  functions  of  c  and  g 
may  be  of  the  proper  form,  it  is  necessary  as  regards  N  to  write  simply  N=*  1  ;  we 
have  then 

r  =  elqr  (E,  G  +  D), 

,  c  +  D,  c  +  H), 
Q(E,  r,  c  +  D, 


where  ^,  F,  D,  H,  E,  are  arbitrary  functions  of  c-#;  or,  what  is  the  same  thing, 
writing  for  these  quantities  respectively  e  +  Se,  y  +  Sy,  Sc,  #  —  c  4-  Sgr,  SI,  where  $e,  Sy, 
Be,  8<7,  SI  are  arbitrary  functions  of  c  —  #,  we  have 


y=  Q(e+Se,  7  +  87,  c  +  Sc,  g  +  Sg)t 

that  is,  the  values  of  r,  ^  y,  are  obtained  from  the  elliptic  values 
r  =  elqr(e,  c), 
v**l+P(e,  7,  c,  g), 
y=       Qfe  %  c,  JT), 

by  affecting  each  of  the  quantities  e,  7,  c,  g,  I,  with  an  inequality  which  is  a  function 
of  c-g. 
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SECOND    NOTE   ON    THE   LUNAR   THEORY. 

[From  the  Monthly  Notices  of  the  Eoyal  Astronomical  Society,  vol.  xxv.  (1864 — 1865), 

pp.  203—207.] 


functions  of 


THE  elliptic  values  of 

r,  the  radius  vector, 

fl,  the  longitude, 
y,  the  latitude, 

a,  the  mean  distance, 

e,  the  excentricity, 

«y,  the  tangent  of  the  inclination, 

I,  the  mean  longitude, 

c,  the  mean  anomaly, 

gr,  the  mean  distance  from  node; 

see  my  Note  in  the  last  Monthly  Notice,  p.  182,  [465],  where,  for  the  present  purpose,  - 

should   he    written   instead   of   -;   and   it  is  there  shown   that   the  disturbed  values, 

r  ' 

attending  only  to  the  coefficients  independent  of  m,  are  obtained  by  affecting  a,  e,  y,  c,  g,  I, 

with  the  inequalities 

Sa-    0 


cos 


8c=+f<y*        sm 


2c-2gr 
2C-20 
2C-20 
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or,  \vhat  is  the  same  thing,  adding  to  the  elliptic  values  the  inequalities 


COS 


-     <e  „         c- 


sin      2c 


sn        c— 


So- 


I  propose  to  show  how  these  results  may  be  obtained  by  the  method  of  the 
variation  of  the  elements.  For  this  purpose,  treating  a,  e,  7,  c,  g,  I,  as  elements,  the 
proper  formulae  are  obtained  very  readily  from  those  given  in  my  "Memoir  on  the  Pro- 
blem of  Disturbed  Elliptic  Motion/'  Mem.  R.  Ast.  Soa,  vol.  XXVIL  (1859),  pp.  1—29,  [212]; 
viz.,  writing  c  in  place  of  g,  the  formulae,  p.  25,  give  the  variations  of  a,  e,  c,  C,  0,  <f>  ; 
we  have  then 


7  —  tan  <j), 

and  therefore 

dg  =  dc  +  dC 

dl  =rfc+dC  +d8 


which  give  for  the  transformation  of  the  differential  coefficients  of  fl, 

dc      dc      dg      dl 

dfl_  dQ,     d& 

dC  dg      dl 

<2n  =  dft 

d0  ~  ~dl 


and  the  formulae  finally  become 

da_    ^2     dfl  ^  dQ,  2  dfi 

dt       na    dc  na  dg  na  dl  ' 


de  =l-&da     l-^-Vl-^dfl      i^-^-Vi-ea  dfl 
dt      na*e   dc  na?e  dg  na*e  dl  ' 
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dt 

dc 
dt 


dt 


g)  dfl 


nar^I-tfy     dg  rce^Vl-e2? 

1-02       dfi 


_        _ 

rca  da 

2  dn    i-^-VI 

raa  da 


e2  7 


Vl  — 


=« 

di~      na  da  iia?e  de 

The  disturbing  function  contains  the  term 

raW*  (+  H  ^T3)     cos     2c  -  2^. 
If  after  the  differentiations  we  write  for  greater  simplicity  a  =  1,  n  =  1,  we  have 

cos 


aC 


sn 


and  the  formulse  for  the  variations  give 


dt  \do      dg) 

I   da 
e    dc 


sn 


cos 


==- 

dt        y    dy 


but  this  value  of  ^  is,  as  will  preseniJy  be  seen,  incomplete. 
at 

c.  vn. 
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Writing  a+&&,  e+£e,  &c.,  in  place  of  re,  e,  &a,  and  observing  that  the  divisor  for 
the  integration  of  the  term  in  2c-2#  is  2(c-#),  =  -3m3,  the  first  five  equations 
give  respectively 

h=    0, 


cos 


So  =  +  1  <f       sin     2c  —  2gr, 
fy=  +  f<?        „     2c-2$r. 
The  constant  term  in  11  is 


and  this  gives  in 

dl  dft        dft 


a  term 


which  is 


Substituting  for  e,  7,  their  correct  values  e  +  8e,  7+^7,  it  appears  that  •=-  contains 

C/iv 

the  term 

iB'C-i^  +  fT&y), 
vhich  is 

cos     20-2 


and  joining  to  this  the  before-mentioned  term 
we  find 


whence,  writing  as  above  I  +  81  for  Z,  and  integrating,  we  have 

sin    2C- 


and  it  thus  appears  that  the  values  of  &s»  8e,  87,  8c,  8^,  Si,  agree  with  those  obtained 
in  my  former  ^Tote. 
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EXPRESSIONS  FOE  PLANA'S  e,  j  IN  TEEMS  OF  THE  ELLIPTIC  e,  y. 


[From  the  Moitfhly  Notices  of  the  Royal  Astronomical  Society,  vol.  xxv.  (1S64  —  1865), 

pp.  265—  2T1.] 

THE  coefficient  of  sin  cnt  in  Plana's  expression  for  the  true  longitude  v  (see 
Plana,  t.  L  p.  574),  putting  therein  E'  =  e'  =  d,  that  is,  neglecting  the  terms  which 
depend  on  the  variation  of  the  solar  excentricity,  is 

=     e       (     2-t-f  m'-  |J  m8- 


+  */  (-A) 


47_2 
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Taking   this   to  the   fifth   order   only,  and   comparing   it   with   the  coefficient  in   the 

elliptic  theory,  we  have 

Plana.  Elliptic. 

=     e     (     2-f7tf-£|m3-^OT*)     =     e  (     2) 


A)  +  e"(    A) 

i-tim2) 

ft) 

i) 
+  ee'3(~9m2). 

The  coefficient  of  sintjwi  in  Plana's  expression  for  the  latitude  (see  t.  I.  p.  704)  is 

-  7  ( 


But    according    to    the    calculation    of    Prof.    Adams    (quoted    by   M.    Delaunay, 
Oomptes  Bend/us,  t.  LIT.  (1862),  this  should  be 


+  T8  (- 

+  78e2( 

+  T5  (    «) 


Adopting  this  as  the  true  expression  according  to  Plana's  theory,  taking  it  to  the 
fifth  order  only,  and  comparing  with  the  elliptic  value  of  the  same  coefficient,  we  have 

Plana.  Elliptic. 

7    (     l+^^—sh^)        =7(1) 


+  7*   (-l  +  tfe™3)  +7*   (-1) 

+  7'e8(    M)  +7V(     |) 

+  T5   (    M)  +7"    (    M). 
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We  have  thus  two  equations  for   the   determination  of   Plana's  e,  7  in  terms  of 
the  elliptic  e,  7.    And  the  solution  of  these  equations  give 

Elliptic. 

e  (Piano.)  =    e    (    I  -  J  j»»  +  J&  HI'  + 


7(Plana)=     -y 


-t-75  (   -rfK» 
+  7S«2(       A) 
+  T5    (        t) 


I  annex  the  verification  of  these  expressions  ;  we  have 

Plana.  Elliptic. 


(9ms), 

+ 
-17m5) 


•/*(-!)  =   «/(-*) 

ee'»  (-  9ms)  -     «rf*  ( 
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whence,  adding,  we  have  the  first  equation. 
And,  moreover, 

»-ih»*)        =    7    (    l-^ 


+  7°  (      -i 
(&) 
(i) 


-i), 


T5    (    ti)  -     7s   ( 


whence,  adding,  we  have  the  second  equation. 

It  may  be  noticed  that,  taking  the  foregoing  expressions  only  as  far  as  the  third 
order,  we  have 

Plana.  Elliptic. 


And   moreover  that,  attending  only  to  the  terms  which  are  independent  of  m, 
we  have 


which  are  formulae  that  may  be  found  useful. 
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ADDITION    TO    SECOND    NOTE    ON    THE    LUNAR    THEORY. 

[From   the   Monthly  Notices  of  the  Royal  Astronomical  Society,  vol.  xxvn.  (1866 — 1867), 

pp.  267—269.] 

WRITING  as  in   my  Second  Note,  Monthly  Notices,   Yol.  xxv.,  pp.   203—207   (May 
1865),  [466],  for  the  Moon, 

a,  the  mean  distance, 

e,  the  excentricity, 

7,  the  tangent  of  the  inclination, 

Z,  the  mean  longitude, 

c,  the  mean  anomaly, 

gt  the  mean  distance  from  node, 

I  obtained  by  the  ordinary  method  of  the  variation  of  the  elements,  from  the  constant 
term  of  R  and  the  term  involving  cos  (2c  —  2$r),  the  following  expressions  of  the 
variations, 

8a=      0, 

$6  =  —  £  T2^       COS       2c  —  2$r, 
87  =  +    *    ry&  93          2C  — 20T, 

Sc  =  +  4  T3       sin      2c  —  2a5 


„       2c-2£, 

viz.  if  in  the  elliptic  expressions  of  the  radius  vector,  longitude,  and  latitude,  we 
apply  to  a,  e,  %  c,  g>  I,  the  foregoing  increments,  we  obtain  to  the  fourth  order  in 
(e,  7)  the  portions  independent  of  m  in  the  expressions  of  the  radius  vector,  latitude, 
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and  longitude.  I  wish  to  notice  that  the  results,  to  the  very  limited  extent  to  which 
they  go,  agree  with  those  obtained  by  M.  Delaunay  in  his  "Theorie  du  Mouvement 
de  la  Lome,"  from  his  49th  operation,  the  object  of  which  is  to  take  away  the  term 
(63)  of  &,  that  is  the  term  involving  cos  (2c  —  2*7).  The  formulae  (see  voL  I.  p.  788), 
taken  only  to  the  necessary  degree  of  approximation  are 

a    replaced  by  a, 

er  „  e2  —  5  yte3      cos      2#, 


I  „  I    —  §7=         sin 

„  h+g  +  l    -ffT2*2       » 

h  „  h    +  §e2  „ 

which,  observing  that 

7  (Del.)  =£7  (for  present  purpose), 

Z  =c, 

9  +  1        =g, 


and  therefore  g  =  —  (c  —  g\ 

become 

a    replaced  by  a, 

&  »  ez  -  f  r^2      cos      2c 

T2  -  72+f72e2        «        20 

c  „  c   +  |  T2        sin      2c 

I  „  I 


the  last  of  which  may  be  changed  into 

9  »  9  +  f  *  »        2<?  -  2^r, 

or  if  the  new  values  of  a,  e,  «y,  c,  ^r,  Z,  are  called  a  +  Sa,  e  +  Se,  y  +  By,  c  +  Sc,  ^  4-  S^r,  ^  4-  SI, 
then  the  increments  Sat  Be,  87,  Sc,  §gr,  Blt  have  the  values  given  above.  The  process  of 
my  Second  Note,  taken  as  a  first  transformation,  has  in  fact  the  object  of  removing 
the  term  cos(2c  —  2g),  and  to  the  degree  of  approximation  regarded,  the  result  is  not 
affected  by  the  previous  transformations,  or  by  the  substitution,  t.  n.  p.  800,  introducing 
for  a,  e,  y,  their  standard  elliptic  values. 
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469. 


ON  AN   EXPRESSION   FOE   THE   ANGULAR  DISTANCE  OF  TWO 

PLANETS. 


[From  the  Monthly  Notices  of  the  Royal  Astronomical  Society,  vol.  xxviL  (1866—1867), 

pp.  312—315.] 

IF  for  the  planet  in,  referred  to  any  fixed  plane  and  origin  of  longitudes,  we  have 

v,  the  longitude  in  orbit, 
0,  the  longitude  of  node, 
<£,  the  inclination, 

and  similarly  for  the  planet  mf  referred  to  the  same  fixed  plane  and  origin  of 
longitudes,  if  the  corresponding  quantities  are  v',  ff,  <j>  ;  then  the  angular  distance  of 
the  two  planets  will  of  course  be  expressible  in  terms  of  v,  6,  <£,  v',  ff,  <£',  but  I  am 
not  aware  that  the  actual  expression  has  been  given.  To  obtain  it  in  the  most 
simple  manner,  I  write  further  for  the  planet  m: 

0  +  #,  the  reduced  longitude, 

y,        the  latitude, 

s,        the  distance  from  node, 

so  that  z  (=v—0),  #,  y,  are  the  hypothenuse,  base,  and  perpendicular  of  a  right-angled 
spherical  triangle,  the  base  angle  of  which  is  =  <£.  And  similarly  ff  +  x',  y\  af,  have 
the  like  significations  for  the  planet  m'.  I  write  also  r,  r\  for  the  distances  of  the 
two  planets  respectively. 

This  being  so,  the  rectangular  coordinates  of  the  planet  m  are 

r  cos  y  cos  (8  +  x)3 
r  cos  y  sin  (6  +  47), 
r  sin  y. 

a  VIL  48 
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But  observing  that  from  the  right-angled  triangle  we  have 

cos  z  =  cos  #  cos  y, 
cos  <f>  =  tan  x  cot  z, 
sin  x  =  cot  <f>  tan  y> 

sin  y  =  sin  <f>  sin  z, 
and  therefore  also 

sin  x  cos  y  =  cot  <£  sin  y,  =  cos  <f>  sin  £, 

the  expressions  for  the  coordinates  become 

r  (cos  z  cos  0  —  sin  z  sin  0  cos  $), 
r  (cos  #  sin  0  +  sin  £  cos  9  cos  <£), 
r  (  sin  z  sin  <£). 

Forming  the  analogous  expressions  for  the  coordinates  of  m',  then  if  j?  be  the 
angular  distance  of  the  two  planets,  we  deduce  at  once  the  expression  for  cosfi",  viz. 
this  is 

Cos  H  =     (cos  z  cos  6  —  sin  z  sin  0  cos  0)  (cos  z  cos  &  —  sin  /  sin  &  cos  <£') 

-f-  (cos  z  sin  5  +  sin  z  cos  0  cos  <f>)  (cos  /  sin  0'  +  sin  /  cos  &  cos  $} 
•f(  sin#sin<£        )(  sin  #'  sin  <£'          ), 


or,  multiplying  out,  this  is 

Cos  H  =     cos  2  cos  y  cos  (6  —  0') 

-f  cos  z  sin  /  sin  (0  —  0')  cos  <£' 
—  sin  z  cos  /  sin  (0  —  0')  cos  <£ 
+  sin  z  sin  /  (cos  (0  —  0/)  cos  <j>  cos  <£'  -f  sin  <j>  sin  $'), 
say  this  is 


cos^sin/ 
+  G  si 


viz,  it  is 


But  we  have 
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whence  the  expression  becomes 


or  substituting  for  A,  B}  C,  D,  their  values,  and  after  a  few  easy  reductions,  we  find 

tt  +  £  cos  0  cos  £'  -  *  (1  -  cos  0)  (1  -  cos  <£')  sin2  (0  -  0T| 
+  J  sin  <£  sin  <£'  cos(0  —  0')J 


tt 

Cos  H=     cos(0  —  t/M 
[ 


+  sin  (0  -  O  J    |(1-  cos  <£)  (1  -  cos  £')  sin  (0  -  0^  cos  (5  -  0J\ 
\+  1  sin  $  sin  <£'  sin  (9-ff)  J 


+  cos  (0  +  if)   (    H1  ~  cos  ^  cos  00  cos  (^  -  #0  cos  (^  +  ^O 

I 

+  i  (cos  <£  -  cos  <£')     sin  (0  -  ff)  sin  (0  4-  5') 
v  —  J  sin  <£  sin  <£'  cos  (0  -f  0') 

+  sin  (v  4-  O  r  i  (1  -  cos  <£  cos  <£')  cos  (0  -  ^)  sin  (0  4-  0') 
J  -  &  (cos  0  -  cos  f  )  sin  (0  -  ff)  cos  (0  +  ff) 
[  —  J  sin  <^  sin  <^'  sin  (0  +  00  > 

For  ^>  =  <^'  =  0,  the  formula  becomes,  as  of  course  it  should  do, 
Cos  H  =s     cos  (v  —  a')- 

It  may  be  added,  that  if  /,  /'  are  the  true  anomalies,  o>,  &'  the  longitudes  of 
pericentre  in  orbit,  then  v  =  <»+/,  ?/  =  o/+//;  and  we  thence  have  for  cosfi,  formulae 
of  the  like  form,  containing  cos/cos/7,  cos/sin/',  sin/cos/',  sin/sin/7,  or  containing 
cos  (/—  /0>  sin(/~  /0>  cos(/+/0>  si]1(/+/0>  respectively,  in  place  of  the  like  functions 
of  #,  s',  but  with  of  course  altered  values  of  the  coefficients, 
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470. 


NOTE   ON   THE    ATTRACTION    OF   ELLIPSOIDS. 


[From  the  Monthly  Notices  of  the  Royal  Astronomical  Society,  vol.  xxix.  (1868—1869), 

pp.  254—257.] 


IF  an  indefinitely  thin  shell  of  uniform  density,  bounded  by  two  similar  and 
similarly-situated  ellipsoids,  attracts  a  point  P  on  its  outer  surface,  it  has  been  shown 
geometrically  by  M.  Chasles  that  the  attraction  is  in  the  direction  of  the  normal  at 
P,.  and  is  equal  to  twice  the  attraction  of  an  infinite  plate,  the  thickness  of  which  is 
equal  to  the  normal  thickness  at  P.  Assuming  that  the  attraction  is  in  the  direction 
of  the  normal,  the  proof  is  in  fact  as  follows: — with  P  as  vertex,  circumscribe  to  the 
interior  surface  a  cone;  this  divides  the  shell  into  three  parts;  the  one,  D+E+F, 
exterior  to  the  cone,  the  other  two,  A  +  B  and  (7,  interior  to  the  cone.  It  is  shown 
that  in  the  direction  of  the  normal  the  attraction  of  G  is  equal  to  that  of 


and  it  is  assumed  that  in  comparison  with  these  the  attraction  of  D  +  E+F  may  be 
neglected;  the  whole  attraction  is  thus  equal  to  twice  that  of  the  portion  A  +  B.  At 
the  point  where  the  normal  at  P  meets  the  internal  surface  draw  the  tangent  plane 
to  the  internal  surface,  thus  dividing  the  portion  A  +  B  into  the  solid  cone  A  and 
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a  remaining  portion  B  ;  it  is  assumed  that  in  comparison  with  that  of  A  the  attraction 
of  B  may  be  neglected  ;  the  whole  attraction  is  thus  equal  to  twice  the  attraction  of 
the  solid  cone  A  ;  and  the  attraction  of  this  solid  cone  is  in  the  limit  (the  aperture 
or  solid  angle  then  becoming  =277)  equal  to  the  attraction  of  an  infinite  plate  whose 
thickness  is  equal  to  the  altitude  of  the  solid  cone,  that  is,  to  the  normal  thickness 
at  P.  And  the  attraction  of  the  whole  ellipsoidal  shell  is  thus  ultimately  (that  is, 
when  the  shell  is  indefinitely  thin)  equal  to  twice  the  attraction  of  the  infinite  plate. 

It  is  interesting  to  ascertain  the  orders  of  magnitude  of  the  attractions  of  the 
several  portions  of  the  shell,  which  attractions  are  compared  in  the  foregoing  investi- 
gation ;  and  this  can  be  done  very  easily,  when,  instead  of  the  ellipsoidal  shell,  we 
have  a  spherical  shell  (bounded  by  two  concentric  spherical  surfaces).  The  tangent  plane 
to  the  inner  surface  divides  the  portion  D  +  E+F  into  two  portions  D  and  E  +  F\ 
and  if  with  P  as  vertex  we  describe  a  cone  standing  on  the  circle  in  which  the 
tangent  plane  meets  the  outer  surface,  the  last-mentioned  portion  is  hereby  divided  into 
the  portions  E  and  F\  the  whole  shell  is  thus  divided  into  the  portions  A,  5,  C,  D,  E,  P, 
each  of  them  symmetrical  in  regard  to  the  normal  or  radius  at  P,  and  consequently 
attracting  in  the  direction  of  this  radius.  I  proceed  to  find  the  attractions  of  each 
of  these  portions;  it  will  appear,  in  accordance  with  the  assumptions  of  the  foregoing 
investigation,  that,  taking  the  radii  to  be  1  and  1  +  a,  that  is,  a  the  thickness  of  the 
shell,  and  supposing  ultimately  a  to  become  indefinitely  small,  the  attractions  of  A 
'and  G  are  each  ultimately  =  2™,  that  is  =  to  the  attraction  of  the  infinite  plate, 
while  the  attractions  of  the  other  portions  are  of  the  order  a-,  and  thus  vanish  in 
comparison  with  that  of  A  $r  G. 

The  attraction  of  an  indefinitely  thin  cone  or  frustum  of  a  cone,  length  r  and 
solid  angle  do*  is  =  rd<o  ;  considering  any  such  cone  having  P  for  its  vertex,  if  the 
inclination  of  r  to  the  radius  through  P  is  =  6,  and  if  the  azimuth  of  the  plane 
through  r  and  the  radius  is  =  <j>,  then  we  have  do  =  sin  6  dff  d<f>,  the  attraction  rda>  is 
=r  sin  ddddfy  and  this  attraction  resolved  in  the  direction  of  the  radius  is  =rsin  0cos  8ddd(j>, 
For  the  several  cases  which  have  to  be  considered,  the  value  of  r  is  independent  of  <£, 
and  the  integration  in  regard  to  <j>  is  always  from  <£  =  0  to  $  =  2^;  —  the  attraction 

is  thus  in  each  case  =  27rjrsin0cos0d0,  the  expression  of  r  in  the  terms  of  0,  and 

the  limits  of  6  being  known  for  each  of  the  several  portions  of  the  shell.    Taking  6l 
for  the  semi-angle  of  the  tangent  cone,  we  have  it  is  clear 


—  ,  =__ 

and  taking  02  for  the  semi-angle  of  the  cone  which  divides  the  portions  E, 
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For  I  we  have 

r  =  2(1  +  a)  cos  0,    0  =  02  to  0  =  £-7r, 

Integral  is 

=  2  (1  +  a)  I  sin  0  cos2  6  dO,  =  f  (1  4-  a)  cos3  (9,. 

For  J3  +  .Z?  we  have 


Integral  is 

=  2  (1  +  a)  [sin  0  cos2  6  d6,  =  |  (1  +  a)  (cos8  0X  -  cos3  03). 

For  #  we  have 

•"Sb-    «  =  4*>'-4. 

Integral  is 

=  a  I  sin  0  cZ0,  =  a  (cos  0X  —  cos  02). 

For  J.  we  have 

r  =  —  ?L,    0  =  0  to  0  =  0!, 
cos  0 

Integral  is 

=  a  I  sin  0  dd,  =  a  (1  —  cos  00. 

For  A  +  B  we  have 


sin20,     0  =  0  to  0  =  01? 
Integral  is 


-{(l  +  a)cos0-Vl-(l+a)2sin20}sin0cos0(Z0J 

=  (1  +  a)  (-  i  cos3  0)  +  *nl_,    ^  {1  -  (1+  a)3  sin2  0}*,  between  the  limits, 

CLf 


and  subtracting  the  above  value  of  the  integral  for  A,  it  at  once  appears  that,  for  B, 
the  integral  is 
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Hence,    calculating    the    approximate    values,    and    restoring    in    each    case    the    omitted 
factor,  2?r,  we  have 

Attraction  A  =  2-rra  —  2  V2  m$9 


or,  if  we  please, 

Attraction        A+B=  2-rra  —  4  V2  irofl, 


so  that  ultimately  the  attraction  of  the  portion  L+E  +  F  vanishes  in  comparison  \\ith 
those  of  the  portions  A  4-  B  and  (7  ;  and  the  attraction  of  these  last,  that  is,  of  the 
whole  shell,  is  =  4-Tra,  twice  the  attraction  of  an  infinite  plate  of  the  thickness  a. 
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471. 


NOTE    ON    THE    PROBLEM    OF    THE    DETERMINATION    OF    A 
PLANET'S  ORBIT  FROM  THREE  OBSERVATIONS. 


[From  the  Monthly  Notices  of  the  Royal  Astronomical  Society,  vol.  xxix.  (1868 — 1869), 

pp.  257—259.] 

THE  principle  of  the  solution  given  in  the  Theoria  Motus  may  be  explained  very 
simply  as  follows: 

Consider  three  successive  positions  of  C,  0',  0",  of  a  planet  revolving  about  the 
focus  8:  let  n,  ri,  n",  denote  the  doubles  of  the  triangular  areas  ffSC",  OSC',  and 
080"  respectively  (viz.  the  triangular  area  means  the  area  of  the  triangle  included 
between  the  two  radius  vectors  and  the  chord  joining  their  extremities),  r  the  radius 


G 


vector  Sff\  6",  0,  the  times  of  describing  the  arcs  CO*  and  C'G"  respectively,  the 
units  of  time  and  distance  being  such  that  the  time  is  equal  to  the  double  area 
divided  by  the  square  root  of  the  half  latus  rectum  (t  =  %Tra?  for  the  Period  in  a 
circular  or  elliptic  orbit), 

Then  writing 
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(observe  that    n  +  n"  —  ri  is  =  twice    the  triangle   CO'C"),  for  neighbouring  positions  of 

A/r 

the  planet,  the   values  of  P  and  Q  are  approximately  =-g-  and  68"  respectively:  the 

solution  consists  in  the  determination  of  an  orbit  for  which  P  and  Q  have  these 
approximate  values  ;  then,  by  means  of  such  approximate  orbit,  the  values  of  P  and  Q 
are  more  accurately  determined,  and  by  means  of  these  new  values  of  P  and  Q,  a 
new  determination  is  effected  of  the  orbit:  and  so  on,  to  the  requisite  accuracy  of 
approximation. 

The  foregoing  approximate  values  of  P  and  Q  respectively  are  deduced  from  the 

accurate  values 

ff^n  W 

r  "       '    W  " 


_  _  _ 
cos/cos/'  cos/"  ' 

where  r,  r',  r"  are  the  radius  vectors  SC,  80',  SO";  2£  2/',  2/"  ai*e  the  angular 
distances  C'SC",  GSG",  CSO'  (/'  =/+/")  and  77,  77',  77"  are  the  ratios  of  the  rectorial 
areas  C'SC",  CSC",  G'SG",  to  the  triangular  areas  represented  by  the  same  letters 
respectively:  the  doubles  of  the  sectoral  areas  are  thus  7*77,  riif,  and  ri'y",  and  if  the 
half  latus  rectum  be  denoted  by  p,  then  we  have 


Jr  —    £    """     df     """"      £"     * 

V  tf  v 

and  it  thus  at   once  appears  that   the    accurate   value  of   P  is  =  2~>/»  ^  above.     To 

obtain  the  expression  for  Q,  taking  <£,  <£',  <£"  for  the  true  anomalies  (and,  for  greater 
symmetry,  writing  for  the  moment  z/,  —  i/,  z;'7,  j,  -#',  gr"  in  pkce  of  n,  n',  w", /,/'»/" 
respectively),  we  have 


P 


rf  = 


•  e  cos  < 
P 


1  -f  e  cos  A7  ' 


whence  identically 

or  writing 
this  is 


C.  VII. 


e  cos  < 


sin2a     sin2a'     sin2a"        4  sin  ^  sing'  sin  < 
—-  +  -—+-?r-  =  --  p 

v  =  r'r"  sin  2g,    v  =  r'V  sin  2#',    ^'  -  rr'  sin 

4irr'r"  sin  </  sin  a  sin  9" 
+  v  -  --  =--  -  > 


z/4-  v 


(rrr'J  sin  2ff  sin  2/  sin  2/ 

"" 


2prrV 


cos 
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This  is,  in  fact, 


n  -  ri  +  n"  =  : 


'  2prrV"  cos/cos/'  cos/"  ' 
or  since 


it  is 

90" 


n"       \_ 
'  )     w'VrV' 


n'  w'VrV'cos/cos/'  cos/" 

viz.  multiplying  by  r'3,  it  is 


_      _ 
w"  rr"  cos/cos/'  cos/"  ' 

the  above-mentioned  value  of  Q. 
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472. 
NOTE    ON   LAMBEET'S  THEOREM   FOE   ELLIPTIC   MOTION. 


[From  the  Monthly  Notices  of  ike  Royal  Astronomical  Society^  vol.  xxix.  (1868  —  1869), 

pp.  318—320.] 

CONSIDER   any  two   positions,  A,  B,  in   an   elliptic  orbit,  focus   S,  and  semi-axis 
major  =  &;    then    if   p,  //,  c  denote    the    radius  vectors    SA,  SB,  and   the   chord  AB 


respectively,  and  if  P,  =  "-,  be  the  periodic  time,  the  time  of  passage  from  A  to  B 

v> 
is  given  by  the  formula 

TimeAB=^(x-%'-smx  +  sinx) 

where 

2a  cos  ^  =  2a  —  p  —  p  -  c,    2a  cos  %  =  2a  —  p  -  p'  +  c. 

To  fix  the  ideas  we  may  consider  the  time  of  passage  as  being  in  every  case 
positive;  and,  for  Time  AB,  the  motion  from  A  as  being  towards  the  apocentre; 
Time  BA  will,  of  course,  in  like  manner  denote  that  the  motion  from  B  is  towards  the 
apocentre;  and  we  thus  have  according  to  the  positions  of  A,  B,  either  Time  AB  =  Time 
BA\  or  else  Time  AB  +  Time  &A=P. 

This  being  so  (see  the  Theoria  Motus,  p.  120),  %  will  be  always  a  positive  arc 
between  0  and  360°;  %'  a  positive  or  negative  arc  between  0  and  ±1803;  and 
moreover  %  will  be  positive  or  negative  according  as  the  described  focal  angle  is 
<180°  or  >180°;  whence,  cos%  being  known,  the  arc  ^  is  determined  without 
ambiguity. 

But  as  noticed  in  the  pkce  referred  to,  there  is  when  only  />,  p\  c,  a,  are  known 
a  real  ambiguity  as  regards  the  arc  %;  viz.  %  may  be  either  the  arc  >180°  or  the 
arc  <180°,  having  for  its  cosine  the  given  value  of  cos#  For,  given  the  points 
S,  A,  By  and  the  semi-axis  major  a,  there  exist  two  elliptic  orbits  determined  bj 
these  data;  and  the  two  values  of  %  correspond  to  the  times  of  passage  betweer 
A  and  B,  in  these  two  orbits  respectively.  If,  however,  the  actual  orbit  be  given 
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there  is  no  longer  any  real  ambiguity;  and  it  must  be  possible  to  decide  between 
the  two  values  of  %:  the  criterion  is,  in  fact,  a  very  simple  one,  viz.  drawing  a  chord 
from  A  through  the  other  focus  H  of  the  ellipse,  this  either  separates,  or  it  does  not 
separate,  B  from  the  force-focus  $;  and  I  say  that  in  the  expression  of  Time  AB, 
in  the  former  case  (viz.  when  chord  A  is  a  separator)  we  have  %  <  180° ;  in  the  latter 
case  (viz.  when  chord  A  is  not  a  separator)  we  have  %>1SO°. 

It  of  course  follows  that,  in  the  case  of  transition,  when  the  line  AB  passes 
through  H,  we  must  have  ^  =  180°:  this  is  at  once  seen  to  be  so;  for  %  =  1SO°  gives 
the  condition  4a  =  />  +  />' -he;  but  if  cr,  <r'9  are  the  distances  of  AB  from  the  focus  H, 
then  2a  =  p  +  a-3  2a  =  p'  +  </,  and  the  condition  becomes  <r  +  </  =  c;  that  is  AB  must 
pass  through  H. 

As  a  verification  of  the  new  criterion,  I  consider  the  point  A  as  having  a  fixed 
position  on  the  orbit,  but  the  point  B  as  having  successively  different  positions;  and 
writing  down  the  two  formulae 

Time  AB  =  X  -%'-sin%  +  sin%'> 
Time  B  A  =  w  —  o>'  —  sin  «  +  sin  a/, 

(where  for  simplicity  the  constant  factor  P  -~  2?r  is  omitted)  I  proceed  to  compare 
these  for  different  positions  of  the  point  B.  We  have,  in  every  case,  cos  a>  =  cos  ^,  and 
cos  a>  =  cos  %' ;  whence  (%,  a  being  each  positive  and  less  than  360°)  ca-%  or  else 
a>  +  %  =  360°,  viz.  the  former  equation  subsists  if  o>,  %  are  each  less  or  each  greater 
than  180°,  the  latter  if  the  one  is  greater,  the  other  less  than  180°.  And  again 
(^',  o>'  being  each  less  than  ±180°)  we  have  <*/  =  %',  or  else  G>'=—  ^7,  according  as 
o>',  %'  have  the  same  or  opposite  signs. 


Now   in   the   figure,  suppose  that   B  occupies   successively  the   different  positions 
J?i,  BS,  .*.B6,  the  criteria  for  %,  ^  (or  o>,  a/)  give  as  follows, 

Ch.  A.  Oh,  B.  therefore 

1  sep, 

2  sep. 

3  not 

4  not 


5    not 


not  x<180°<o>180°  or 

sep.  <           <           „ 

not  >           >          „ 

not  >           >          „ 

sep.  >           <           „ 


^  AS  Z.  BSA 
<180°  >180°%/ 


=  -  or 


%, 
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Hence  substituting  for  G>,  a>    their  values  in  terms  of  %,  %',  we  have 
Time  AB:  ...3  =  %  -  %'  -  sin  %  +  sin  %', 

=  2-77  -  x  +  %'  +  sin  %  -  sin  %'^ 
=  x  ~  %'  -  sin  ?c:  +  sin  %> 


~  sn 
and  thence  (restoring  the  omitted  factor  P-=-27r) 

Time  ^L^  +  Time  B^Lj  =  P, 


„     AB,-     „ 
„      ABS+     „ 
which  are  the  relations  which  in  fact  subsist  between  the  times  AB1  and  BA^  &rc. 
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ON  THE  GRAPHICAL  CONSTRUCTION  OF  THE  UMBRAL  OR 
PENUMBRAL  CURVE  AT  ANY  INSTANT  DURING  A  SOLAR 
ECLIPSE. 

[From  the  Monthly  Notices  of  the  Royal  Astronomical  Society,  vol.  xxx.  (1869—1870), 

pp.  162—164.] 

THE  curve  in  question,  say  the  penumbra!  curve,  is  the  intersection  of  a  sphere 
by  a  right  cone, — I  wish  to  show  that  the  stereographic  projection  of  this  curve  may 
be  constructed  as  the  envelope  of  a  variable  circle,  having  its  centre  on  a  given  conic, 
and  cutting  at  right  angles  a  fixed  circle;  this  fixed  circle  being  in  fact  the  projection 
of  the  circle  which  is  the  section  of  the  sphere  by  the  plane  through  the  centre  and 
the  axis  of  the  cone,  or  say  by  the  axial  plane.  The  construction  thus  arrived  at  is 
Mr  Casey's  construction  for  a  bicircular  quartic;  and  it  would  not  be  difficult  to  show 
that  the  stereographic  projection  of  the  penumbral  curve  is  in  fact  a  bicircular  quartic. 

The  construction  depends  on  the  remark  that  a  right  cone  is  the  envelope  of  a 
variable  sphere,  having  its  centre  on  a  given  line  and  its  radius  proportional  to  the 
distance  of  the  centre  from  a  given  point  on  this  line;  and  on  the  following  theorem 
of  plane  geometry : 

Imagine  a  fixed  circle,  and  a  variable  circle  having  its  centre  on  a  given  line 
and  its  radius  proportional  to  the  distance  of  the  centre  from  a  given  point  on  the 
line  (or,  what  is  the  same  thing,  the  variable  circle  always  touches  a  given  line);  then 
the  locus  of  the  pole  in  regard  to  the  fixed  circle,  of  the  common  chord  of  the  two 
circles  (or,  what  is  the  same  thing,  the  locus  of  the  centre  of  a  new  variable  circle 
which  cuts  the  fixed  circle  at  right  angles  in  the  points  where  it  is  met  by  the 
first-mentioned  variable  circle)  is  a  conic. 

To  fix  the  ideas,  say  that  P  is  the  centre  of  the  first  variable  circle;  AB  its 
common  chord  with  the  fixed  circle;  Q  the  centre  of  the  circle  which  cuts  the  fixed 
circle  at  right  angles  in  the  points  A  and  B\  then  the  locus  of  Q  is  a  conic. 
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To  prove  this,  take  ic2  +  7/8  =  l  for  the  equation  of  the  fixed  circle,  (x  — 
for  that  of  the  variable  circle  ;  the  foregoing  law  of  variation  being  in  fact  such 
that  a,  /?,  ry,  are  linear  functions  of  a  variable  parameter  Q\  the  equation  of  the 
common  chord  AB  is  -2oo?—  2y%  +  l  +  a?  +  j3*  —  72  =  0;  viz.,  this  equation  contains  8 
quadratically  ;  hence  the  envelope  of  the  common  chord  is  a  conic  ;  and  thence 
(reciprocating  in  regard  to  the  fixed  circle)  the  locus  of  the  pole  of  AB,  that  is,  of 
the  point  Q,  is  also  a  conic. 

Consider  now  a  solid  figure  in  which  the  circles  are  replaced  by  spheres;  viz. 
we  have  a  fixed  sphere,  and  a  variable  sphere  having  its  centre  on  a  given  line  and 
its  radius  proportional  to  the  distance  of  the  centre  from  a  given  point  on  the  line. 
The  envelope  of  the  variable  sphere  is  a  right  cone;  the  intersection  of  the  cone 
with  the  fixed  sphere  is  the  envelope  of  the  small  circle  of  the  sphere,  say  the 
circle  AB,  which  is  the  intersection  of  the  fixed  sphere  by  the  variable  sphere.  This 
circle  AB  is  also  the  intersection  of  the  fixed  sphere  by  a  sphere,  centre  Q,  which 
cuts  the  fixed  sphere  at  right  angles;  and  by  what  precedes  the  locus  of  Q  is  a 
conic.  Hence  the  penumbral  curve  is  given  as  the  envelope  of  the  circle  AB  which 
is  the  intersection  of  the  fixed  sphere  by  a  sphere  which  has  its  centre  Q  on  a 
conic,  and  which  cuts  the  fixed  sphere  at  right  angles.  It  is  obvious  that  the  circle 
AB  always  cuts  at  right  angles  the  great  circle  which  is  the  section  of  the  fixed 
sphere  by  the  axial  plane,  or  say  the  axial  circle.  Project  the  whole  figure  stereo- 
graphically;  the  projection  of  the  circle  AB  is  a  variable  circle  which  cuts  at  right 
angles  the  circle  which  is  the  projection  of  the  axial  circle,  and  which  has  for  its 
centre  the  point  Q'  which  is  the  projection  of  Q.  But  the  locus  of  Q  being  a  conic, 
the  locus  of  its  projection  Q'  is  also  a  conic;  and  we  have  thus  the  projection  of 
the  penumbral  curve  as  the  envelope  of  a  variable  circle  which  has  its  centre  on  a 
conic,  and  which  cuts  at  right  angles  a  fixed  circle. 

We  may  in  the  axial  plane  construct  five  points  of  the  conic  which  is  the  locus 
of  Q,  by  means  of  any  five  assumed  positions  of  the  variable  circle,  and  somewhat 
simplify  the  construction  by  a  proper  choice  of  the  five  positions  of  the  variable  circle. 
This  is  not  a  convenient  construction,  and  even  if  it  were  accomplished  we  should 
still  have  to  construct  the  projection  of  the  conic  so  obtained,  in  order  to  find,  in 
the  figure  of  the  stereographic  projection,  the  conic  which  is  the  locus  of  Q'.  I  do 
not  at  present  perceive  any  direct  construction  for  the  last-mentioned  conic;  but 
assuming  that  a  tolerably  simple  construction  can  be  obtained,  the  construction  of  the 
projection  of  the  penumbral  curve  as  the  envelope  of  the  variable  circle  is  as  easy 
and  rapid  as  possible.  Probably  the  easiest  course  would  be  (without  using  the  conic 
at  all)  to  calculate  numerically,  for  a  given  position  of  the  variable  sphere,  the 
terrestrial  latitude  and  longitude  of  the  two  points  of  intersection  of  the  variable 
sphere  by  the  axial  circle;  laying  these  down  on  the  projection,  we  have  then  a 
position  of  the  variable  circle;  and  a  small  number  of  properly  selected  positions  would 
give  the  penumbral  curve  with  tolerable  accuracy. 

I  have  throughout  spoken  of  the  penumbral  curve,  as  it  is  in  regard  hereto  that 
a  graphical  construction  is  most  needed;  but  the  theory  is  applicable,  without  any 
alteration,  to  the  umbral  curve. 
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ON  THE  GEOMETRICAL  THEORY  OF  SOLAR  ECLIPSES. 


[From  the  Monthly  Notices  of  the  Royal  Astronomical  Society,  vol.   xxx.  (1869  —  1870), 

pp.  164—168.] 

THE  fundamental  equation  in  a  solar  eclipse  is,  I  think,  most  readily  established  as 
follows  : 

Take  the  centre  of  the  Earth  for  origin,  and  consider  a  set  of  axes  fixed  in  the 
Earth  and  moveable  with  it;  viz.,  the  axis  of  z  directed  towards  the  North  Pole; 
those  of  &,  y,  in  the  plane  of  the  Equator;  the  axis  of  as  directed  towards  the  point 
longitude  0°;  that  of  y  towards  the  point  longitude  90°  W.  of  Greenwich.  Take 
a,  &,  c,  for  the  coordinates  of  the  Moon;  k  for  its  radius  (assuming  it  to  be  spherical); 
a',  &',  cf,  for  the  coordinates  of  the  Sun;  k'  for  its  radius  (assuming  it  to  be  spherical); 
then,  writing  0  +  <£  =  !,  the  equation 

{6(*-a)  +  $(*-<t)\*+{Q(y-1>)  +  $<y-^ 

is  the  equation  of  the  surface  of  the  Sun  or  Moon,  according  as  6,  0  =  1,  0  or  =0,  1: 
and  for  any  values  whatever  of  0,  <£,  it  is  that  of  a  variable  sphere,  such  that  the 
whole  series  of  spheres  have  a  common  tangent  cone.  Writing  the  equation  in  the  form 


or,  putting  for  shortness, 


<r  =aa  + 

P  =  ax  -f-  by  +  GZ 
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the  equation  is 

ffi 


and  the  equation  of  the  envelope  consequently  is 
that  is 


which  is  the  equation  of  the  cone  in  question, 

Observe  that  one  sphere  of  the  series  is  a  point,  viz.,  taking  first  the  upper  signs 
if  we  have  6k  +  <f>k'  =  0,  that  is 

k' 


then  the  sphere  in  question  is  the  point  the  coordinates  whereof  are 

k'c-kc' 


'-tt 


which  point  is  the  vertex  of  the  cone:  it  hence  appears  that,  taking  the  upper  signs, 
the  cone  is  the  wmhral  cone,  having  its  vertex  on  this  side  of  the  Moon;  and 
similarly  taking  the  lower  signs,  then  if  we  have  6k  —  $te  =  0,  that  is 


then  the  variable  sphere  will  be  the  point  the  coordinates  of  which  are 

k'a  +  kaf      k'b  +  W     k'c  +  kc 

which   point   is    the    vertex    of   the   cone;    viz.  the  cone  is   here  the  penumbral   cone 
having  its  vertex  between  the  Sun  and  Moon. 

Taking  as  unity  the   Earth's   equatorial  radius,  if  p,  p'  are  the  parallaxes,  K,  K 
the  angular  semi-diameters  of  the  Moon  and  Sun  respectively,  then  the  distances  are 

-7  and  the  radii  are  -T— ^,  - — — ,  respectively;  hence,  if  ft,  I!  are  the  hour- 


sin  p     smp  smp     sinjp 

angles  west  from   Greenwich,  A,  A7  the  NJPJVs  of  the  Moon  and   Sun  respectively, 

we  have 

a  —  -= —  sin  A  cos  h,        a'  =  -= — >  sin  A7  cos  hr, 
sinp  sinjp 

*  -  sin  A  sin  A,        bf  =  -= — -r  sin  A'  sin  A', 


1          A 

c  =  -? —  cos  A         .        o  = 
smp 

sin  tc  j,  _ sin  tcf 

fe  =    .  ,  K  — —  ~s        j 

sin  p  gin  p 

a  VH. 


/  > 
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and  thence 

/  -^  /t  *      a       /\ 

P  =  ^~~r~/  (l  — sin  *  )> 

<r  =  _ : — -  [cos  A  cos  A7  +  sin  A  sin  Ax  cos  (h'  ~h)  +  sin  /c  sin  /cl, 

sinjpsmjpL  v         '  J 

P  SB  -^ —       {sin  A  (sc  cos  h  +  y  sin  A )  +z  cos  A }, 
sin  p 

•L  r-       A//      ?/.        .*      r /\    .     A') 


sin 


{sin  A'  (#  cos  &'  +  y  sin  A7)  +  5  cos  A'  }. 


Moreover,  if  the  right  ascensions  of  the  Moon  and  Sun  are  a,  a'  respectively,  and 
if  the  E.A.  of  the  meridian  of  Greenwich  (or  sidereal  time  in  angular  measure)  be 
=  2,  then  we  have 


It  is  to  be  observed  that-  h—  h',  A,  A'  are  slowly  varying  quantities,  viz.,  their 
variation  depends  upon  the  variation  of  the  celestial  positions  of  the  Sun  and  Moon  ; 
but  Ji  and  hf  depend  on  the  diurnal  motion,  thus  varying  about  15°  per  hour;  to 
put  in  evidence  the  rate  of  variation  of  the  several  angles  h,  hf,  A,  A7  during  the 
continuance  of  the  eclipse,  instead  of  the  foregoing  values  of  h,  h\  I  write 


where  t  is  the  Greenwich  mean,  time,  E,  J^  are  the  values  (reckoned  in  parts  of  an 
hour)  of  the  Equation  of  Time  at  the  preceding  and  following  mean  noons  respectively, 
taken  positively  or  negatively,  so  that  E,  El  are  the  mean  times  of  the  two  successive 
apparent  noons  respectively;  whence  also 


and  moreover 

a  = 

a  =A  +m'(t-T), 
A  =Z>  +n  (t-T), 


if   T  be   the  time   of  conjunction,  A,  A,  D,  &  the  values   at  that   instant    of  the 
RJL's  and  N.PJD.'s;  m,  m'  and  n>  ri  the  horary  motions  in  RA.  and  N.P.D.  respectively. 
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It  appears  to  me  not  impossible  but  that  the  foregoing  form  of  equation, 


for  the  umbral  or  penumbral  cone  might  present  some  advantage  in  reference  to  the 
calculation  of  the  phenomena  of  an  eclipse  over  the  Earth  generally:  but  in  order  to 
obtain  in  the  most  simple  manner  the  equation  of  the  same  cone  referred  to  a  set 
of  principal  axes,  I  proceed  as  follows: 

Writing 

a  r=  fa'  -  b'c,  f  =a-a', 

b  =  caf  —  c'a,  g  =  6  —  b', 

c  =  aV  —  a'b,  h  =  c  -  c', 

(and  therefore  af-fbg-f  ch  =  0). 
Then,  if 


F= 


z  = 

X,  F,  -Z,  will  be  coordinates  referring  to  a  new  set  of  rectangular  axes;  viz.,  the 
origin  is,  as  before,  at  the  centre  of  the  Earth,  the  axis  of  Z  is  parallel  to  the  line 
joining  the  centres  of  the  Sun  and  Moon  ;  the  axis  of  X  cuts  at  right  angles  the 
last-mentioned  line;  and  the  axis  of  F  is  perpendicular  to  the  plane  of  the  other 
two  axes;  or,  what  is  the  same  thing,  to  the  plane  through  the  centres  of  the  Earth, 
Sun,  and  Moon. 

The  coordinates  of  the  vertex  of  the  cone  are  therefore  Z0,  F0,  £0,  where  these 
denote  what  the  foregoing  values  of  X,  Y,  Z,  become  on  substituting  therein  for  a,  y,  z, 
the  values 

y       Vc  T  kc' 


k'  +  k    '       V  +  k  '       k'  +  k 
and  the  equation  of  the  cone  therefore  is 


where 

k' 


sin  \  = 

tf    ' 

50—2 
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if  for  a  moment   &  denotes  the  distance  between  the  centres  of  the  Sun  and  Moon. 
We  have  therefore 

*     ,  k'  +  k 

tan\  — 

or  since 

#2=r(a'-C 

this  is  in  fact 

.     %  V  +  k 

tfl/n  \  =  -Z 


where  />,  />',  <r  signify  as  before;  and  thus  X0,  F0,  Z0,  tan  X  are  all  of  them  given 
functions  of  a,  J,  c,  A,  a7,  J',  c',  &',  and  consequently  of  the  before-mentioned  astronomical 
data  of  the  problem.  The  form  is  substantially  the  same  as  Bessel's  equation  (3), 
Ast.  Nach.  No.  321  (1837),  (but  the  direction  of  the  axes  of  X,  T  is  not  identical 
with  those  of  his  &,  y);  and  it  is  therefore  unnecessary  to  consider  here  the  application 
of  it  to  the  calculation  of  the  eclipse  for  a  given  point  on  the  Earth. 
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475. 

ON   A    PROPERTY   OF   THE   STEREOGRAPHIC   PROJECTION. 

[From  the  Monthly  Notices  of  the  Royal  Astronomical  Society,  vol.  xxx.  (1869 — 1870), 

pp.  205—207.] 

I  AM  not  aware  whether  it  has  been  noticed  that  the  very  same  circles  which 
in  the  direct  stereographic  projection  of  a  hemisphere  (viz.,  that  wherein  the  projection 
is  on  the  plane  of  a  meridian)  represent  the  meridians  and  parallels  respectively, — 
represent  also  in  the  oblique  projection  of  the  hemisphere  meridians  and  parallels 
respectively.  In  fact,  in  the  direct  projection  where  the  poles  JV,  St  are  in  the 
horizon-meridian,  or  bounding  circle  of  the  projection,  if  we  take  a  chord  A£  at  right 
angles  to  NS,  and  on  AB  as  diameter  describe  a  circle,  the  original  (meridian  and 
parallel)  circles  will,  as  the  appearance  of  the  figure  at  once  suggests,  represent 
meridians  and  parallels  in  the  oblique  projection  in  which  the  horizon  or  bounding 
circle  of  the  projection  is  the  circle  diameter  AB,  and  where  consequently  the  North 
Pole  N  is  brought  into  view,  the  South  Pole  S  being  beyond  the  limits  of  the 
projection.  That  this  really  is  so,  is  clear  from  the  consideration  that  in  any  stereo- 
graphic  projection  whatever,  the  meridians  will  be  circles  passing  through  two  fixed 
points  N,  S,  and  the  parallels  be  circles  cutting  the  meridians  at  right  angles.  (Or, 
what  is  the  same  thing,  the  parallels  also  pass  each  of  them  through  two  fixed 
imaginary  points,  the  antipoints  of  JV,  S,  but  this  in  passing.)  And  moreover  since  in 
the  oblique,  as  well  as  in  the  direct,  projection,  the  longitude  of  any  meridian,  as 
reckoned  from  the  central  meridian  NS,  is  the  angle  at  N  between  the  two  meridians, 
the  longitude  for  a  given  meridian  is  the  same  in  the  two  projections  respectively. 
But  the  co-latitudes  are  not  the  same  in  the  two  projections  respectively;  viz.,  a 
circle  which  in  the  direct  projection  represents  the  parallel  co-latitude  c,  will  in  the 
oblique  projection  represent  the  parallel  of  a  different  co-latitude  c'.  The  relation 
between  the  values  of  c,  c',  will  of  course  depend  upon  the  position  of  the  bounding 
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circle  AS  of  the  oblique  direction:  to  define  this  position,  we  may  use  either  the  arc 
JSTjJf  which  in  the  direct  projection  determines  the  co-latitude  of  the  centre  M  of  the 
oblique  projection  (say  NM~k,  that  is,  NV=&),  or  by  the  arc  NM  which  in  the 
oblique  projection  determines  the  distance  of  N  from  the  centre,  or  co-latitude  of  the 


centre  (say  JOfsA',  that  is,  BW  =  A').  The  obliquity  in  the  oblique  projection  is  thus 
90°  —  A',  viz.,  this  is  the  inclination  of  the  plane  of  projection  to  that  of  the  horizon- 
meridian  in  the  direct  projection.  We  have  also  c  =  NX,  d=WY.  The  relation 
between  the  angles  A,  A7,  is  easily  found  to  be 


viz.,  taking  the  radius  in  the  direct  projection  to  be  =  1,  we  have 

OM  =  tan  J  (90°  -A), 
MA  =  Vl-  tan2  £  (90°  -A), 


wherefore 
and  thence 


Vl  -  tan2  §  (90°  -  A) .  ten  J  A'= 1  -  tan  J  (90°  -  A), 


the  required  relation. 
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We  have  moreover 

NG  =  1  -  tan  £  (90°  -  c)  =  A  M    {tan  J  A'  -  tan  J  (A7  -  c')}, 
=  sin  A7  {tan  -J.  A7  -  tan  £  (A7  -  c')}, 
=  2  sin2  i  A'  -  sin  A'  tan  J  (A7  -  c7), 
that  is 

tan  i  (90°  -  c)  =  cos  Ax  +  sin  A'  tan  £  (A7  -  c'), 


cos 
or,  what  is  the  same  thing, 


1  +  8  tan  ^  c7  tan  £  A7 
' 


__ 

l-htanc 
that  is 

tan  J  c  =  tan  ^  A'  tan  -^c', 

which   is  the   required   relation   between   c   and   c'.     In   the  particular  case  A  =  A;  =  90°, 
the  two  projections  coincide,  and  we  have,  as  we  should  do,  c'  =  c. 
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ON  THE  DETERMINATION  OF  THE  ORBIT  OF  A  PLANET  FROM 

THREE   OBSERYATIONS. 


[From  the  Memoirs  of  the  Royal  Astronomical  Society,  vol.  xxxYm.  (1870),  pp.  17—111. 

Bead  December  10,  1869.] 

I  PROPOSE  to  consider  from  a  geometrical  point  of  view  the  problem  of  the 
determination  of  the  orbit  of  a  planet  from  three  observations.  The  orbit  is  a  conic, 
having  the  Sun  for  a  focus;  and  each  observation  shows  that  the  planet  is  at  the 
date  thereof  in  a  given  line.  We  have  thus  a  given  point  or  focus  5,  and  three 
given  lines,  say  the  "rays."  The  orbit-plane,  if  known,  would,  by  its  intersections 
with  the  three  rays,  determine  the  three  positions  of  the  planet;  that  is,  we  should 
have  the  focus  and  three  points  on  the  orbit;  or  (what  is  the  same  thing)  three 
radius  vectors  from  the  focus,  say  a  "  trivector."  Geometrically,  through  three  given 
points,  and  with  a  given  focus,  there  may  be  described  four  conies;  but  (as  will  be 
explained)  there  is  only  one  of  these  which  can  be  the  orbit;  we  may  therefore  say 
that  the  orbit  will  be  determined,  and  that  uniquely,  by  means  of  a  given  trivector. 
The  problem  is  therefore  to  find  the  orbit-plane,  such  that  in  the  orbit  determined  by 
means  of  the  trivector  the  times  of  passage  between  the  three  positions  on  the  orbit 
may  have  the  observed  values;  or  (what  is  the  same  thing)  that  the  orbital  areas, 
each  divided  by  the  square  root  of  the  latus  rectum,  may  have  given  values.  If, 
instead  of  the  orbit-plane,  we  consider  the  orbit-axis  (that  is,  the  line  normal  to  the 
orbit-plane  at  the  point  $),  or,  what  is  more  convenient,  the  orbit-pole,  or  intersection 
of  the  axis  with  a  sphere  about  the  centre  8]  then  to  a  given  position  of  the  orbit- 
pole,  there  corresponds,  as  above,  a  determinate  orbit;  and  the  problem  is  to  find  the 
position  of  the  orbit-pole,  so  that  in  the  orbit  belonging  thereto  the  times  of  passage 
may  have  given  values  as  already  mentioned;  and  it  is  clear  that  the  required  position 
of  the  orbit-pole  may  be  obtained  as  the  intersection  of  two  spherical  curves;  the  one 
of  them,  the  locus  of  those  positions  of  the  orbit-pole  for  which  the  time  of  passage 
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between  the  first  and  second  points  on  the  orbit  has  its  proper  given  value ;  the  other 
of  them,  the  locus  of  those  positions  for  which  the  time  of  passage  between  the  second 
and  third  points  on  the  orbit  has  its  proper  given  value :  and  in  connexion  therewith 
we  may  consider  other  isoparametric  loci  of  the  orbit-pole ;  for  instance,  the  iseccentric 
lines,  or  loci  of  the  orbit-pole  such  that  along  each  of  them  the  eccentricity  of  the 
orbit  has  a  given  value.  It  is  in  this  point  of  view  that  the  problem  is  considered 
in  the  present  memoir,  viz.,  the  object  proposed  is  the  discussion  of  the  configuration, 
&c.  of  these  loci.  I  consider,  in  the  first  instance,  any  three  given  rays  whatever; 
but  in  the  ulterior  discussion  of  the  spherical  curves,  which  it  is  difficult  to  carry  out 
otherwise  than  numerically,  I  have  confined  myself  to  the  case  of  a  particular  symmetrical 
position  of  the  three  rays ;  viz,,  these  are  taken  to  be  lines  each  of  them  at  an  inclination 
of  60°  to  a  fixed  plane  through  S,  and  such  that  their  projections  on  this  plane  form 
an  equilateral  triangle  having  8  for  its  centre,  and  that  each  ray  cuts  the  plane  in 
the  mid-point  of  the  corresponding  side  of  the  triangle. 

The  general  theory  as  above  explained  is  further  developed  in  the  memoir;  and 
I  consider  the  formulae  for  the  determination  of  the  orbit,  &c.  by  means  of  a  given 
trivector;  those  relating  to  the  determination  of  the  trivector  obtained  as  above  by 
means  of  a  variable  plane  passing  through  a  given  point  and  intersecting  three  given 
rays;  and  lastly,  the  application  to  the  particular  system  of  three  rays  already  referred 
to.  The  Plates  refer  to  this  particular  system ;  they  are  as  follow : 


Plate  1.  General  Planogram  for  a  single  ray, ' 

„     2.  Planogram  for  Meridian  90°— 270°, 

„     3.  Planogram  for  Meridian    0°— ISO0, 

„     4.  Spherogram  for  the  Eccentricity, 

„     5.  Spherogram  for  the  Time. 


See  Nos.  8 — 10  for  explanation 
of  the  terms  Planogram  and 
Spherogram. 


Article  Nos.  1  to  14,    Considerations  on  the  General  Theory. 

1.  As    explained    in    the    introduction,    we    have    a  point   or   focus   S,  and   three 
lines  called  the  "rays."    The  orbit-plane  is  any  plane  through  S;  it  meets  the  rays  in 
three  points,   which   are  points  on  the    orbit;   and  joining  these  with  S,   we  have   a 
"trivector."    The  orbit  is  for  the  present  considered  as  in  general  uniquely  determined 
by  means  of  the  trivector. 

2.  There  are  certain  critical  positions  of  the  orbit-plane. 

First,  the  orbit-plane  may  be  parallel  to  one  of  the  rays;  or  (what  is  the  same 
thing)  it  may  pass  through  the  line  through  S  parallel  to  the  ray:  the  point  on  the 
ray  is  at  infinity;  or  say  that  it  is  at  an  indefinitely  great  distance  in  one  direction 
or  in  the  other  direction  along  the  ray;  and  (from  the  particular  way  in  which  the 
orbit  is  selected  as  one  of  four  conies)  ther.e  is,  as  will  appear  (see  post,  No.  20),  a 
discontinuity  of  orbit  as  the  point  passes  from  the  one  to  the  other  of  these  positions. 
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3.  Secondly,  the   orbit-plane  may  be  parallel  to  two  of  the  rays;  or  (what  is  the 
same  thing)  it  may  pass  through  the  lines  through  8  parallel  to  these  two  rays ;  the 
points  on  the  two  rays  are  each  at  infinity;    viz.  each  of  them  is  at  an  indefinitely 
great  distance  in  one  or  the  other  direction  along  the  ray;  and  there  is  a  discontinuity 
of  the  orbit  as  each  point  passes  from  the  one  to  the  other  of  its  two  positions. 

4.  Thirdly^  the  orbit-plane  may  be  such  that  the  orbit  is  a  right  line.    To  see 
how  this  arises,  observe  that  we  may  consider  a  system  of  lines  meeting  each  of  the 
three  rays,  and  of  course  generating  a  hyperboloid ;  say  these  are  the  generating  lines : 
there  is  on  the  hyperboloid  another  system  of  lines,  say  the  directrix  lines,  in  which 
are  included  the  three  rays;    the  point  S  is  not  on   the   hyperboloid.     Then,  if   the 
orbit-plane  pass  through  a  generating  line,  ifc  will  meet  the  three  rays  in  the  points 
in  which  these  are  met  by  the  generating  line:    and    the  orbit  is,  consequently,  the 
generating  line  (described,  as  being  a  right  line  not  passing  through  S,  with  a  velocity 
=  00).    Any  plane  through  S  and  a  generating  line  also  meets  the  hyperboloid  in  a 
directrix  line;    and  consequently  touches  it  at  the  intersection   of   the  two  lines,  viz. 
it  is  a  tangent  plane  of  the  hyperboloid.     The  planes  in  question  thus   envelope  the 
circumscribed  cone  whose  vertex  is  $;    or  (what  is  the  same  thing)  when  the  orbit- 
plane  is  any  tangent-plane  of  this  cone,  the  orbit  is  a  right  line* 

5.  The   only  exception   is,  fourthly,  when  the   orbit-plane   passes  through   one  of 
the  rays.     Observe  that  the  plane  then  meets  the  hyperboloid  in   another  line,  that 
is,  a  generating  line,  or  the  case  under  consideration  is  included  in   the   third   case; 
it  is  also  included  in  the  first  case.    The  point  on   the  ray  in  question  is  here  not 
a  determinate  point,  but  any  point  whatever  of  the  ray ;  the  points  on  the  other  two 
rays  being  (as  in   general)  determinate:  the  orbit  is  consequently  indeterminate;   viz. 
to  any  point  selected  at  pleasure  as  the  intersection  of  the  orbit-plane  with  the  ray 
contained   therein,  there    corresponds    a    determinate   orbit   (in   particular,   the   selected 
point  may  be  such  that  the  orbit  is,  as  in  the  third  case,  a  right  line) ;  and,  corre- 
sponding to  the  position  in  question  of  the  orbit-plane,  we  have  the  entire  system  of 
-such  orbits. 

6.  Consider  now  the  corresponding  positions  of  'the  orbit-pole  on  a  sphere  described 
about  the  centre   S.     It  will  be  convenient   for  the  moment   to   attend   to    the   two 
opposite  positions  of  the  orbit-pole  belonging  to  any  position  of  the  orbit-plane,   and 
thus  to  regard  the  orbit-pole  as  moving  over  the  entire  spherical  surface.    The  parallel 
through  8  to  a  ray  meets  the  sphere  in  two   points,  poles  of  a  great  circle  which  I 
call  a  "separator;"  we   have   thus   three   separators,  each   two    meeting  in   a  pair   of 
opposite  points  which  I  call  the  points  B;   vi&,  these  are  the  intersections  with  the 
sphere  of  a  line  through  $  perpendicular  to  the  plane  containing  the  parallels  ,of  the 
two  rays.    A  line  through  S  perpendicular  to  the  plane  through  a  ray  meets  the  sphere 
in  a  pair  of  opposite  points  which  I  call  the   points  A ;    these  lying  on  the  corre- 
sponding separator;    there  are  thus  three  pairs  of  points  A.    The  cone  reciprocal    to 
the  circumscribed  cone  (that  is,  generated  by  a  line  through  S  at  right  angles  to  any 
tangent  plane  of  the  circumscribed  cone)  meets  the  sphere  in  a  spherical  conic  which 
I  call  the  " regulator;"  this  touches  each  of  the  separators  at  the  pair  of  points  A 
on  such  separator. 
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7.  I  say  that  in  the  first  of  the  cases  above   considered  the  locus  of  the  orbit- 
pole  is  a  separator;  in  the  second  case  the  orbit-pole  is  a  point  B\  in  the  third  case 
the  locus  is  the  regulator ;  and  in  the  fourth  case  the  orbit-pole  is  a  point  A. 

8.  In  the  absence  of  models,  the  spherical  figure  must  be  represented  by  a  pro- 
jection; the  stereographic  projection  is  convenient  for  facility  of  description;  and  it  has 
the  very  great  advantage  that  we  can  by  means  of  it  exhibit,  no  matter  how  large 
a    portion    of   the    spherical    surface.     In   the   figures    called   "  spherograms,"  afterwards 
referred  to,  the  representation  of  a  hemisphere  is  all  that  is  required;  but,  to  give  a 
more    distinct    general    idea,    I    annex    a  figure    representing   a   larger   portion    of  -the 
surface;  the  data  are  those  belonging  to  the  particular  symmetrical  case  referred  to  as 
intended  to  be  specially  considered:    and  the  regulator  conic  is  accordingly  a  pair  of 
opposite  small  circles,  the  points  A   and   B  being   related   to    it   symmetrically;    but, 
disregarding  these  specialities,  the  figure  is  adapted  to  the  illustration  of  the  general 


case  (at  least  if  the  point  S  be  situate  within  the  hyperboloid),  and  it  is  here  given 
for  that  purpose.  The  circle  marked  "Ecliptic"  does  not  properly  belong  to  the  figure: 
it  is  added  as  showing  the  boundary  of  a  hemisphere,  so  that,  by  omitting  all  that 
lies  outside  this  circle,  the  figure  would  be  limited  to  the  representation  of  a  hemi- 
sphere; and  the  orbit-pole  be  in  every  case  represented,  no  longer  as  a  pair  of  opposite 
points,  but  as  a  single  point ;  we  should  have  the  separators  each  as  a  half  circle,  and 
the  regulator  as  a  single  small  circle ;  the  separators  would  intersect  in  pairs,  in  the 
three  points  B9  and  would  touch  the  regulator  in  the  three  points  A,  &c. 

9,    The  figure  constructed  as  above,  but  omitting  so  much  of  it  as  lies  outside 
the  ecliptic  circle,  is  the  representation  of  a  hemisphere — say  of  the  northern  hemi- 
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sphere.  It  is  readily  seen  that  the  central  triangle  BBB  and  the  three  circumjacent 
triangles  BBB,  represent  also  the  half-surface  of  the  sphere,  viz.,  instead  of  the  omitted 
portions  of  the  northern  hemisphere  we  have  the  equal  opposite  portions  of  the 
southern  hemisphere.  The  adoption  of  this  figure  as  the  representation  of  the  half- 
surface  of  the  sphere  has  the  great  advantage  that  the  spherical  curves  can  be  delineated 
without  the  apparent  breaks  which  would  otherwise  occur  at  their  intersections  with 
the  ecliptic  circle:  I  accordingly  adopt  it,  and  call  the  figure  in  question  (viz.,  that 
composed  of  the  four  triangles)  a  blank  "  spherogram."  We  wish  for  any  given  position 
thereon  of  the  orbit-pole  to  determine  the  values  of  certain  parameters  (eccentricity, 
latus  rectum,  time  of  passage  between  two  rays,  &c.,  as  the  case  may  be)  belonging 
to  the  orbit,  with  a  view  to  the  subsequent  delineation  of  the  corresponding  isopara- 
metric (iseccentric,  isochronic,  &c.)  lines,  so  constructing  a  "spherogram"  for  any  such 
parameter,  or  system  of  lines. 

10.  It  is  for  this  purpose  convenient  to  consider  the  values  of  the  parameter 
corresponding  to  a  single  series  of  positions  of  the  orbit-pole,  viz.,  we  consider  the 
orbit-pole  as  describing  on  the  sphere  a  curve  selected  at  pleasure.  Consider  for  a 
moment  the  orbit-plane  as  a  material  plane  rigidly  connected  with  the  orbit-axis;  the 
motion  of  the  orbit-pole  does  not  absolutely  determine  the  motion  of  the  orbit-plane, 
inasmuch  as  the  orbit-plane,  occupying  the  same  position  in  space,  might  rotate  about 
the  orbit-axis;  but  if  we  exclude  any  such  motion  by  the  assumption  that  the  motion 
of  the  orbit-plane  is  always  about  an  axis  in  the  orbit-plane,  then  the  motion  of  the 
orbit-pole  determines  that  of  the  orbit-plane,  viz.,  the  orbit-plane  envelopes  a  cone,  the 
reciprocal  to  that  described  by  the  orbit-axis.  If  then  on  the  orbit-plane  in  each 
position  thereof  we  mark,  as  well  its  line  of  contact  with  the  enveloped  cone,  as  also 
its  intersections  with  the  three  rays,  we  obtain  a  figure  (which  may,  if  we  please,  be 
regarded  as  drawn  on  the  orbit-plane  in  some  particular  position  thereof),  such  figure 
consisting  of  a  series  of  trivectors,  and  (belonging  to  each  of  them)  a  line  through  S 
serving  to  fix  the  position  of  the  trivector  in  space.  The  locus  of  each  extremity  of 
the  trivector  is  a  certain  curve,  and  the  construction  establishes  a  point-to-point  corre- 
spondence between  these  three  curves;  viz.,  to  any  point  on  one  of  them  there 
corresponds  on  each  of  the  other  two  a  single  point,  the  three  points  being  the 
extremities  of  a  trivector.  The  figure  would  be  rendered  more  complete  by  drawing 
the  orbit  belonging  to  each  trivector  thereof.  Such  a  figure  (with  or  without  the 
orbits)  is  termed  a  "planogram." 

11.  The  most  simple  case  is  when  the  orbit-pole  describes  a  great  circle ;  -  the 
orbit-plane  here  rotates  about  a  fixed  line,  the  axis  of  the  circle,  or  (what  is  the 
same  thing)  the  enveloped  cone  reduces  itself  to  this  axis  of  rotation;  and  the  line 
of  contact  is  thus  a  fixed  line  in  the  orbit-plane;  or  (what  is  the  same  thing)  the 
lines  through  8  in  the  planogram  are  here  a  single  fixed  line,  the  axis  of  rotation. 
I  say  that,  for  each  extremity  of  the  trivector,  the  locus  is  a  hyperbola,  having  the 
axis  of  rotation  for  its  conjugate  axis.  In  fact,  attending  to  any  one  ray,  it  is  the 
same  thing  whether  the  orbit-plane  be  made  to  revolve  round  the  axis  of  rotation,  so 
as  continually  to  intersect  the  ray,  or  whether,  considering  the  orbit-plane  as  fixed, 
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and  the  ray  as  rigidly  connected  with  the  axis,  we  make  the  ray  to  rotate  about  this 
axis,  so  as  continually  to  intersect  the  orbit-plane.  But  in  this  last  case  the  ray 
describes  about  the  axis  a  hyperboloid  of  revolution,  and  the  orbit-plane,  as  an  axial 
plane,  meets  this  surface  in  a  hyperbola  having  the  axis  for  its  conjugate  axis;  which 
hyperbola  is  the  required  locus  of  the  trivector-extremity.  It  is  moreover  easy  to  see 
that  if  the  angle  of  position  of  the  variable  orbit-plane>  or  (what  is  the  same  thing) 
the  angle  of  position  of  the  orbit-pole  in  the  great  circle  which  it  describes  be  =q 
(where  q  is  measured  from  any  fixed  plane  or  point),  and  if  the  coordinates  a/  and  y' 
be  measured  from  S  in  the  direction  of  and  perpendicular  to  the  axis  of  rotation, 
then  the  coordinates  of  the  point  on  the  hyperbola  are  expressed  in  the  form 
x'  =  a  +atan(<2  +  /3),  y'  =  6  sec  (q  +  $),  where  a,  a,  6,  /3,  are  constants  depending  on  the 
position  of  the  ray  in  regard  to  the  axis  of  rotation :  see  as  to  this  post,  No.  49. 

12.  Considering   the    orbit-pole    as   describing   a   given    curve,   the   value  for  the 
several  positions  thereof   of   any  parameter  of  the   orbit  may  be    exhibited  by  means 
of  a  "  diagram,"  viz.,  we  may  take  for  abscissa  any  quantity  serving  to  fix  the  position 
of  the  orbit-pole  on  the  described  curve,  and  for  ordinate  the  value  of  the  parameter  in 
question.    In  the  particular  case  where  the  orbit-pole  describes  a  great  circle  passing 
through   the    axis    of   the    stereographic   projection,  and   which   is    consequently  in  the 
spherogram  represented  by  a  diameter  of  the  ecliptic  or  bounding  circle,  it  is  natural 
to  take  for  the  abscissa  the  distance  (from  the  centre)  of  the   representation  of  the 
orbit-pole;  the  diagram  will  then  fit  on  to  the  diameter,  and   for  any  position  of  the 
orbit-pole  on  such  diameter   give   at   once   the  value   of  the  parameter  to  which  the 
diagram  relates. 

13.  It  is  right  to  remark  that  the  construction    of  planograms  and  diagrams  is 
merely  subsidiary  to  that  of  the  spherograms;    the  information  given  by  any  number 
of  planograms  or  diagrams  would  be  all  of  it  embodied  in  a  spherogram  for  the  same 
parameter.     And  theoretically  the  construction  of   a  spherogram   is  a   mere  matter  of 
geometry;  for  a  given  position  of  the  orbit-pole  we  construct  the  trivector,  thence  the 
orbit,  and  in  relation  thereto  any  parameters  which   it  is  desired  to  consider;  and  so, 
for    a   sufficient   number    of   points    on    the    spherogram,  determine    the   value   of  the 
parameter,  or  parameters;  and  lay  down  the  isoparametric  lines.    The   construction  of 
the  orbit  from  a  given  trivector,  and  in  particular  the  selection  of  the  orbit  as  one 
of   the  four  conies  given  by  the  trivector,  has  not  yet  been  explained:    in  connexion 
herewith  we  have  the  discontinuity  of  orbit  which  arises  when  the  orbit-pole  is  upon 
a  separator,  and  which  is  a  leading  circumstance  in  the  theory;  until  it  is  gone  into, 
there  is  little  more  to  be  said  in  the  way  of  general  explanation  as  to  the  spherogram, 
or  the  isoparametric  lines  thereof. 

•  14.  It  may  however  be  noticed  that  for  any  parameter  whatever,  the  points  A  of  the 
spherogram  are  common  points,  through  which  pass  in  general  the  lines  belonging  to 
any  value  whatever  of  the  parameter;  the  reason  of  course  is  that  the  orbit-plane 
then  passing  through  the  ray,  and  the  orbit  itself  being  indeterminate,  the  value  of 
any  parameter  belonging  to  the  orbit  is  also  indeterminate.  Moreover,  for  some 
parameters  the  curve  belonging  to  any  particular  value  of  the  parameter  not  only 
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passes  through  the  points  A,  but  passes  through  each  point  twice,  or  (what  is  the 
same  thing)  has  each  of  the  points  A  for  a  nodal  point;  when  this  is  so,  then  it 
is  to  be  further  observed  that,  for  certain  values  of  the  parameters,  they  will  be 
acnodal  points,  properly  belonging  to  the  curve,  although  there  is  not  any  real  branch 
of  the  curve  passing  through  the  points  A ;  for  others  they  will  be  crunodal  points, 
with  two  real  branches  through  each;  and  in  the  transition  between  the  two  cases 
they  will  be  cuspidal  points  on  the  isoparametric  curve;  it  will  appear  in  the  sequel 
that  this  is  really  the  case  in  regard  to  the  iseccentric  lines. 

Article  Nos.  15  to  30.    Determination  of  the  Orbit  from  a  given  Trivector. 

15.  With  a  given  point  S  as  focus,  and  through  three  given  points,  that  is  with 
a  given  trivector,  there  may  be  described  four  conies.  This  appears  from  the  general 
theory  according  to  which  a  given  focus  is  equivalent  to  two  given  tangents;  and  also 

Fig.  2. 


from  the  geometrical  construction,  Prindpia,  book  I.  sect.  4;  Scholium  to  Prop.  xxi. : 
viz.  given  the  focus  S  and  the  points  1,  2,  3,  then  if 

On  23  we  find  a  so  that  a2  :  a3  =  $2  :  S3, 
„  31  „  6  „  &3  :  61  =  S3  :  SI, 
„  12  „  c  „  c  1  :  c2  =  Sl  :  82, 

the  points  a,  6,  c,  are  each  of  them  on  the  directrix,  so  that  any  two  of  them  deter- 
mine the  directrix.     In   the  figure  (as  in   Newton's)  the   distances   SI,  $2,  S3,  are 
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each  regarded  as  positive,  but  the  very  same  construction,  taking  two  of  the  distances 
each  as  positive  and  negative  successively,  would  lead  to  three  other  positions  of  the 
directrix;  or  the  construction  would  give  in  all  four  conies. 

16.  In  the  figure  the  directrix  lies  on  the  same  side  of   the  three  points;   and 
the  conic  is  thus  an  ellipse  or  parabola,  or,  if  a  hyperbola,  then  the  three  points  lie 
in  the  same  branch  thereof;    and  it  is    consequently  an   orbit   such   that   along   it  a 
body  can  pass  through  the  three  points  successively.    The  construction  as  varied  would 
give  in  each  case   a  directrix   having  on   one  side  of   it  one,  and  on  the   other  side 
two,  of  the  three  points;    so  that  the  conic  would   be  a  hyperbola  having  the  three 
points  not  on  the  same  branch  thereof;    consequently    it  would  not  be  an  orbit  such 
that  along  it  a  body  could  pass  through  the  three  points  successively. 

And  it  thus  appears  that  though  the  trivector  really  determines  four  conies,  yet 
it  is  only  one  of  these  in  which  the  directrix  lies  on  the  same  side  of  the  three 
points;  and  this  conic  I  call  the  "  orbit  :"  the  given  trivector  thus  determines  a  single 
orbit. 

17.  It  is  to  be  noticed  however  that  the  orbit   constructed   as  above  may  be  a 
hyperbolic  branch  separated  by  the  directrix  from  the   focus  S,  and  consequently  convex 
to  the  focus  $;   viz.,  the  three  points  lie  here  in    a   hyperbolic  branch  convex  to  S, 
and  which  is  therefore  not  an   orbit  which  can  be   described  under  the  action  of  an 
attractive  force  at   8:   say  we  have  a  "convex  orbit."    I  regard  this  as   a  real  orbit, 
but  the  times  of  passage  therein  as  imaginary,  or  rather  as  non-existent,  and  the  case 
is  thus  excluded  from   consideration   in  the   formulae   and   figures  which  relate  to  the 
times  of  passage. 

18.  The  same   results  are  established  analytically  in  a  very  similar  manner,  viz., 
taking  the  focus  for  origin  and  starting  from  the  focal  equation 


then  if  we  take  (a^,  y^,  (#2,  y2),  (#8,  ys),  as  the  coordinates  of  the  three  given  points 
and  write 


we  have  for  the  determination  of  the  constants 


and  the  equation  therefore  is 

r,    0,    y,    1    =0, 


, 
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which,  attributing  therein  to  rl9  ra,  rs,  the  signs  +,  -  at   pleasure,  represents   eight 

different  equations:    these  however  give  only  four  conies,  viz,,  we  have  the  same  conic 

whether  we  attribute  to  rl}  r2,  r3;  any  particular  combination  of  signs,  or  reverse  all 
the  signs  simultaneously. 

19.    But  the  focal  equation  r  =  A%  +  By+C  is  precisely  equivalent  to  the  equation 


T  =: 


p 


and  in  this  equation  (taking  as  is  allowable  p  as  positive)  then  if  ±  e  be  =  or  <  1, 
that  is  for  an  ellipse  or  parabola  whatever  be  the  value  of  6-iv,  r  is  always 
positive ;  but  if  ±  e  be  >  1,  that  is  for  a  hyperbola,  r  is  positive  for  those  values 
of  #_  ^  which  belong  to  one  branch,  negative  for  those  which  belong  to  the  other 
branch,  of  the  curve.  Hence  in  the  determinant  equation,  unless  r1}  r2,  r3,  have  the 
same  sign,  the  curve  will  be  a  hyperbola  with  the  points  two  of  them  on  one  branch, 
the  third  on  the  other  branch  thereof  But  in  the  remaining  case,  when  ?*1?  n>  **, 
have  all  the  same  sign,  or  say  when  they  are  all  positive,  then  the  conic  is  an  ellipse 
or  parabola,  or  else  it  is  a  hyperbola  with  the  three  points  on  the  same  branch 
thereof;  that  is,  the  foregoing  determinant  equation,  regarding  therein  rl9  r2,  r3,  as  all 
of  them  positive,  gives  the  orbit. 

20.  When  one  of  the  points  is  at  infinity  on  a  given  line  there  is  a  discontinuity 
of  orbit.  To  explain  this,  suppose  that  the  point  (a^,  y^  is  situate  on  the  line 
y=#tana,  at  an  indefinitely  great  distance  rx  in  one  or  the  other  direction  along  the 
line;  viz.,  ^  is  an  indefinitely  large  positive  quantity,  and  we  have  in  the  one  case 
#i>  yi  =*  *i  cos  a,  rjsina;  and  in  the  other  case  #x,  yl  =  -rlcosa,  —  ^sina:  the  corre- 
sponding equations  of  the  orbit,  putting  therein  ultimately  r2  =  -4-  <*> ,  are 


r,         x,        y,    1 
1 ,    cos  a,    sin  a,    0 


=  0, 


r,  #,  y,    1    =0, 

1 ,    —  cos  a,    —  sin  a,    0 
r2,  #2,  ya,    1 


which  equations  belong,  it  is  clear,  to  two  distinct  conies;  or  as  the  point  (a^,  y^ 
passes  from  a  positive  to  a  negative  infinity  along  the  given  line,  there  is  an  abrupt 
change  of  orbit.  It  is  proper  to  remark  that  the  two  orbits  are  the  very  same  as 
would  be  obtained  by  writing  ^,  ^=^005^  ^sinct,  r1  =  +oo  and  ^  =  -00  in  the 
determinant  equation:  that  is,  the  orbit  passes  abruptly  from  one  to  another  of  the 
four  conies  which  belong  to  the  position  (^,  yx),  and  we  thus  understand  how  the 
transition  from  +  QO  to  —  oo ,  which  is  geometrically  no  breach  of  continuity,  occasions 
in  the  actual  problem  a  discontinuity. 

21,  The  same  thing  appears  from  the  geometrical  construction;  and  we  derive  a 
further  result  which  will  be  useful.  Suppose  first  that  the  point  1  is  at  infinity  in 
the  direction  shown  by  the  arrow;  then  drawing  2c  =  2$  and  36  =  3$  each  in  the 
direction  opposite  to  51,  we  have  the  points  6,  c  on  the  directrix,  which  is  thus  the 
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line  -D  joining  these  points.  But  if  1  is  at  infinity  on  the  same  line  in  the  opposite 
direction,  then  instead  of  c,  b  we  have  the  points  c',  V,  and  the  directrix  is  the  line 
D'  joining  these  points. 

Fig.  3. 


22.  Observe    that   in    the   first   case   the    focus  8  and   the    three   points    are   on 
opposite  sides  of  the  directrix  D,  or  the  orbit  is  convex;  but  in  the  second  case  the 
focus  $  and  the  three  points  are  on  the  same  side  of  the  directrix  D',  and  the  orbit 
is  concave.    That  is,  the  line  Si  does  not  separate  the  two  points  2,  3,  and  the  orbits 
are  the  one  convex,  the  other  concave. 

23.  But  if  1  be  at  infinity  along  the  line  8(1)  first  in  the  direction  shown  by 
the  arrow,  and  then  in  the  opposite  direction;  in  the  first  case  the  directrix  is  (D) 
not  separating  the  focus  S  from  the  three  points,  and  the    orbit  is    concave;   in  the 
second  case  the  orbit  is  (D7),  not  separating  S  from  the  three  points,  and  the  orbit 
is  still  concave;   here  the  line  5(1)  does  separate  the  points  2,  3,  and  the  orbits  are 
both  concave. 

24.  And  we  thus  see  in  general  that  as  the  point  1  passes  from  a  positive  to 
a    negative    infinity    along    a    line    passing    through    S]    then,  according    as    the    line 
through  S  does  not  or  does  separate  the  remaining  two  points  2,  3,  the  orbits  corre- 
sponding to  the  two  positions   of   1  are   the  one  convex,  the  other  concave,  or   they 
are  both  concave. 

25.  The  points  1  and  2  may  be  each  of  them  at  infinity  along  a  given  ray;  we 
have  here  in  a  similar  manner  ^,  yi  =  r1cosa1,  r^sina!,  or  else  =  — ricos^,  —  r^Aa^ 
where  r:  is  an  indefinitely  large  positive  quantity;  and  #2,  y2  =  r2cosaa,  rasin<^,  or  else 
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=  -r2coso2,  —  7*2  sin  Oj,  where  ra  is  an  indefinitely  large  positive  quantity.    And  writing 
ultimately  ^  -  +  oo  ,  ra  =  +  <x>  ,  the  equation  of  the  orbit  is  obtained  in  the  form 


r, 


a* 


0, 


1  ,    +  cos  «2,    ±  sin  03,    0 
r*,         #3    ,         y*     ,    I 

where  the  ±  of  the  second  line  and  the  ±  of  the  third  line  have  each  of  them  the 
value  -f  or  —  at  pleasure.  There  are  consequently  four  distinct  orbits,  corresponding 
to  the  combinations  of  each  of  the  two  directions  of  the  point  1  with  each  of  the 
two  directions  of  the  point  2.  And  it  is  moreover  clear  that  these  are  the  very  conies 
which  are  obtained  from  the  determinant  equation  by  writing  therein  cc^  yi^r^Qsa^ 
r*!  sin  G^;  #2?  3/3  =  r2cos&j,  ^sincta  and  ^  =  +  00,—  oo;  r2==+oc,—  oo  successively;  viz., 
the  orbit  changes  abruptly  between  the  four  conies  which  correspond  to  the  given 
position  of  the  points  1,  2,  3. 

Pig.  4. 


26,  The  geometrical  construction  is  very  simple  indeed;    viz.,  measuring  off  from 
3  in   the   directions  SI,  $2,  and  in   the   opposite   directions   respectively,  a   distance 
=  $3,  we  have  four  points,  the  angles  of  a  rectangle;  and  joining  these  in  pairs,  we 
have  the  four  positions  of  the  directrix:  the  figure  shows  at  once  that  the  orbits  are 
three  of  them  concave,  the  remaining  one  convex. 

27.  The  determinant  equation  obtained  for  the  orbit  is  an  equation  of  the  form 


and  it  is  clear  that  the  equation  of  the  directrix  is  Aa  +  By  +  C=  0.  By  what 
precedes,  this  line  will  lie  on  the  same  side  of  the  three  points;  viz.,  either  it  does 
not  separate  them  from  the  fociis,  and  the  orbit  is  then  concave,  or  it  does  separate 
them  from  the  focus,  and  the  orbit  is  then  convex.  Although  in  general  the  sign  of 
€  is  no  criterion  (for  the  equations  r  =  A%+£y  +  C  and  r  =  —  A%—By  —  Q  represent 
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the  same  curve)  yet  in  the  present  case  it  is  so;  for,  observe  that,  in  taking  rl3  r2,  rs 
each  of  them  positive,  we  make  r  to  be  positive  for  the  orbit,  that  is,  for  the  entire 
curve  if  an  ellipse  or  parabola,  but  for  the  branch  containing  the  three  points  if  the 
curve  is  a  hyperbola.  Hence,  considering  the  radius  vector  through  S  parallel  to  the 
directrix,  this  is  positive  for  a  concave,  negative  for  a  convex  orbit;  or  writing 
Ax  +  By  =  Q,  we  have  r  =  C  positive  for  a  concave,  negative  for  a  convex  orbit; 
wherefore  the  orbit  is  concave  or  convex  according  as  G  is  positive  or  negative. 

28.    Comparing  the  equation  with 

r  SB  e  (x  cos  -or  +  y  sin  txr)  ±  a  (1  -  e2), 
we  see  that  the  eccentricity  and  semiaxis  major,  taken  to  be  each  of  them  positive,  are 

(+  G  or  —  (7,  according  as  e  <  1  or  e  >  1)  ;  and  inasmuch  as  the  focus  and  directrix 
are  known,  there  is  no  ambiguity  as  to  the  position  of  the  orbit:  it  may  be  added 
that  the  coordinates  of  the  centre  are  given  by 


AB    0 

that  is,  we  have  for  the  coordinates  of  the  centre 

AG  BG 

X~1-A*-B*>  y~I-A*- 
and  thence  also 

ZAG  2BG 


for  the  coordinates  of  the  other  focus. 

29.  But  to  effect  the  comparison  rather  more  precisely  it  is  to  be  observed  that 
a,  e  being  positive,  then  for  a  concave  orbit,  if  X  be  measured  from  the  focus  in  the 
direction  away  from  the  directrix,  we  should  have 


(+  for  the  ellipse,  —  for  the  hyperbola,  so  that  ±  a  (1  —  e2)  is  positive)  :  whence 

-       ±G 


(by  what  precedes,  G  is  -  +,  so  that  the  formula  gives  as  it  should  do  a  =  +). 

And  similarly  for  a  convex  orbit,  if  X  be  -measured  in  the  direction  towards  the 
directrix,  we  should  have 

r  =  «Z-a(#-l); 

52—2 
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whence 

"^'  "2^=1- 

where  by  what  precedes  0  is  =  —  ,  and  the  formula  gives  as  it  should  do  a  =  -f  . 

30.  It  is  not  necessary  for  the  purpose  of  the  present  memoir,  but  I  notice  an 
elegant  form  of  the  polar  equation  of  the  orbit  belonging  to  a  given  trivector;  viz., 
taking  (r,  0)  as  polar  coordinates,  and  therefore  (rl9  0^,  (ra,  02),  (r3,  03),  as  the  coordinates 
of  the  given  points,  the  equation  of  the  orbit  is 


In  fact,  it  is  clear  that  this  is  an  equation  of  the  form 
that  is  of  the  form 


=  (*,  A  y)  (sin  H  cos^)2; 


-  =  \  cos  0  +  p  sin  9+  v ; 

and  that  it  thus  represents  a  conic  with  the  given  focus;  and  moreover  that  the 
equation  is  satisfied  by  writing  therein  (rl9  0J,  (r2,  02),  or  (?*3,  03),  in  place  of  (r,  0) ; 
that  is,  the  conic  passes  through  the  three  given  points.  The  foregoing  remarks  as 
to  the  signs  of  rl9  r2,  r$,  apply  without  alteration  to  this  polar  equation. 

Article  Nos.  31  to  41.    Time  Formidce;  LAMBERT'S  Equation. 

31.  Suppose  for  a  moment  that  the  orbit  is  an  ellipse;   as  the  ellipse  may  be 
described  in  either  direction,  the  time  of  passage  between  any  two  points,  1  to  2,  or 
2  to  1,  indifferently,  may  be   regarded  as   positive.    With   only  two   points   1,  2,  we 
might  pass,  say  from  1  to  2,  in  either   direction   along  the  ellipse,  and  the  time  of 
passage  would  have  ambiguously  either  of  two  positive  values.     In  the   case  however 
where  we  have  on  the  ellipse  three  points,  1,  2,  3,  this  ambiguity  is  avoided;  viz.,  it 
is  assumed  that  the  passage  between  any  two  of  the  points  is  along  the  elliptic  arc 
which  does  not  contain  the  third  point;    the  three  times  of  passage  are  thus  all  of 
them  positive,  and  their  sum  is  equal  to  the  periodic  time,  or  time  of  describing  the 
entire  ellipse. 

32.  But  if  the   orbit  be  a  parabola   or   concave  hyperbolic  branch,  then,  if  the 
points  taken  in  their  order  of  position  along  the  orbit  be  1,  2,  3,  we  have  in  like 
manner  a  positive   time   of  passage   between    1   and   2,  and    also   a  positive   time  of 
passage  between  2  and  3;   but,  inasmuch  as   there  is   no   passage  between   1   and  3 
except  through  2  (which  mode  is  excluded  from  consideration),  I  say  that  there  is  no 
time  of  passage  between  1  and  3;    and  so  consider  only  two  times  of  passage;   viz., 
between  1  and  2,  and  between  2  and  3. 

33.  In  the  case  of  a  convex  hyperbolic  branch,  since  this  cannot  be  described  under 
the  action  of  an  attractive  force,  there  is  not  any  time  of  passage  to  be  considered 
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In  the  transition  case  of  a  right  line  not  passing  through  the  focus,  since,  as 
mentioned,  the  velocity  is  infinite,  if  the  order  of  the  points  on  the  line  is  1,  2,  3, 
the  times  of  passage  from  1  to  2  and  from  2  to  3  are  each  =  0  ;  and  these  are  the 
only  times  of  passage  which  are  to  be  considered, 

34  The  preceding  conventions  are  of  course  to  be  attended  to  in  the  application 
of  any  formula  to  the  calculation  of  the  times  of  passage  between  given  points  of 
the  orbit;  in  the  case  of  a  parabolic  or  hyperbolic  orbit  we  have  only  to  ascertain 
which  are  the  two  times  of  passage  to  be  calculated;  but,  in  the  case  of  an  ellipse, 
we  must  take  care  that  the  time  of  passage  between  each  two  of  the  three  points  is 
•calculated  along  the  arc  not  containing  the  third  point;  viz.,  it  is  in  some  cases  to 
be  calculated  through  the  angle  <TT  between  the  two  radius  vectors,  and  in  other 
cases  through  the  angle  >  TT  between  the  two  radius  vectors  ;  or,  more  simply,  the  time 
to  be  calculated  is  sometimes  the  longer,  and  at  other  times  the  shorter  time  of  passage. 

35.  For  the  purpose   of  the  present  memoir  the   unit   of   time   is   so  fixed  that 
the  periodic  time  in   a  circle   radius   1   shall  be   equal  3.    The   period  in  a  circle  or 
ellipse,  radius  or  semiaxis  major  =  a,  is  thus  =  3a*,  and  generally 

T*      --  Area 

fl"  V|  latus  rectum  * 

The  time  formulae  are  first  the  ordinary  ones  in  which  the  time  from  pericentre 
is  expressed  in  terms  of  an  angle  (the  eccentric  anomaly  for  an  ellipse  or  hyperbola, 
true  anomaly  for  the  parabola)  ;  secondly,  Lambert's  formulae,  in  which  the  time  between 
any  two  points  on  the  orbit  is  expressed  by  means  of  the  two  radius  vectors  and  the 
chord. 

36.  The  first  set  of  formulae  may  be  written  : 


Ellipse,    u,  the  eccentric  anomaly  from  pericentre,  viz.  #=a(cosz4  —  e\  y=aV 
if  x,  y,  are  the  coordinates  from  the  focus,  %  measured   in  the   direction  towards  the 

•directrix. 

f\ 

Time  from  pericentre  =  -  <$  (u  —  e  sin  u). 

Parabola.  0,  the  true  anomaly,  viz.,  r  -p  sec2  £  0,  if  p  be  the  pericentric  distance 
•or  J  -latus  rectum. 

Q  | 

Time  from  pericentre  =  -  *U  (tan  £  0  +  J  tan8  i  0). 

TT  V2 

Hyperbola;  concave  branch,  u,  the  eccentric  anomaly  from  pericentre,  viz., 
x  =  c&  (sec  u  —  e),  y  =  a  Ve2  —  1  tan  u9  if  #,  y  are  the  coordinates  from  the  focus,  %  measured 
in  the  direction  away  from  the  directrix. 

3o^ 
Time  from  pericentre  —  <=—  {e  tan  u  —  hyp.  log  tan  (^TT  -f-  ^  u)}, 

.and  by  taking  the  sum  or  the  difference   of  two  of  these  expressions,  we  obtain  the 
time  of  passage  between  two  given  points  of  the  orbit. 
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37.  I  remark  that  as  to  the  elliptic  and  parabolic  orbits,  I  have  preferred  using 
Lambert's  equations,  and  I  should  have  done  the  same  for  the  hyperbolic  orbits,  but 
for  the  absence  of  a  table  (see  post,  No.  39).    As  it  is,  for  the  few  hyperbolic  orbits 
which  it  was  necessary  to  calculate,  I  have  used  the  foregoing  formula^):  a  table  of 
hyp.  log  tan  (ITT  +  Jw)»  ^  =  0°  to  w  =  90°,  at  intervals  of  30'  to  12  places  of  decimals,  with 
fifth  differences  is   given,   Table   IV.  Legendre,   Traite  des  Fonctions  Elliptigues,   t.  IL 
pp.  256—259. 

38.  The  other  set  of  formulae  may  be  written  : 
Ellipse,    r,  r1  the  radius  vectors,  7  the  chord. 

2&  cos  %  =  2a  —  r  —  r'  —  7,        2a  cos  ^  =  2a  —  r  —  rr  +  7. 

q 

/ 


Parabola,    r,  r',  7,  ut  supra,; 


Hyperbola. 

2acosh  %  =  2a  +  r  +  r'  +  7,        2a  cosh  %  =  2a  +  r  +  r'-y. 


where  cosh,  sinh,  denote  the  hyperbolic  cosine  and  sine  of  %,  viz.  : 


39.  The  logarithms  (ordinary)  of  the  functions  cosh  %,  sinh  ^,  and  of  tanh  ^  are 
tabulated  by  Gudermann,  Crelle,  tt.  VIH.  and  IX.  from  ^  =  2'000  to  %  =  8'00  at  intervals 
of  -001  and  subsequently  of  *01  to  eight  places  of  decimals.    I  do  not  know  why  the 
tabulation  was  not  commenced  from  %  =  0,  but  the  omission  from  them  of  the  values 
0  to  2  rendered  the  tables  unavailing  for  the  present  purpose,  and  I  therefore,  for  the 
hyperbolic  orbits,  resorted  to  the  first  set  of  formulae. 

40.  As  regards  the  elliptic  formulae  it  remains  to  be   explained   how  the   values 
°f  /6  %'  are  to  be  selected  from  those  which  satisfy  the  required  conditions 


It  is  remarked  in  Gauss'  Theoria  Motds,  p.  120,  that  %  is  a  positive  angle  between 
0°  and  360°;  %'  a  positive  or  negative  aogle  between  +180°,  -180°,  viz.  ^  is  positive 

1  I  rather  regret  that  I  did  not  use  the  foregoing  formula  in  all  cases. 
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or  negative  according  as  the  angle  between  the  two  radius  vectors  is  <  180°  or  >  180°. 
This  determines  j^9  but  it  is  said  that  ^  is  really  indeterminate;  viz.  it  is  so  if  only 
the  values  r,  r'3  y,  a,  are  given,  for  there  are  then  two  orbits  in  which  these  quantities 
have  their  given  values,  and  the  times  in  these  have  different  values.  But  when,  as 
in  the  case  here  considered  the  orbit  is  known,  %  will  of  course  have  a  determinate 
signification,  and  it  is  easy  to  explain  how  this  is  to  be  fixed.  I  observe,  in  the  first 
place,  that  if  %  =  TT  we  have  <y  =  (2a-r)  +  (2a~  r'),  that  is,  the  chord  y  passes  through 
the  other  focus  of  the  ellipse.  The  criterion  thus  depends  on  the  position  of  the  two 
points  on  the  ellipse  in  relation  to  the  other  focus,  and  it  is  easy  to  see  that  it  is 
as  follows:  viz.  let  the  time  between  the  points  1,  2,  on  the  ellipse  be  understood 
to  mean  the  time  of  passage  from  1  through  apocentre  to  2 ;  then  I  say  that,  in  the 
preceding  formula 

3 
Time  =  —  ^(%-x  -  sin  x  +  sin^'), 

X  will  be  <  180°  or  >  180°  according  as  the  chord  from  1  through  the  other  focus  H 
does  not  or  does  separate  the  point  2  from  the  focus  S. 

41.  It  is  hardly  necessary  to  remark  that  in  the  application  of  the  formulse, 
%,  %'  must  be  reckoned  according  to  their  lengths  as  circular  arcs  to  the  radius  unity: 
a  table  for  the  conversion  of  degrees  and  minutes  to  such  circular  measure,  is  given 
in  most  collections  of  Trigonometrical  Tables. 


Article  Nos.  42  to  45.     Formula  for  the  Transformation  between  two  sets  of  Rectangular 

Axes* 

42.  Consider  an  arbitrary  set  of  fixed  rectangular  axes,  SOB,  Sy,  Sz,  which  are  con- 
sidered as  intersecting  the  sphere,  centre  S}  in  the  points  X,   Y,  Z,  and  so  the  axes 
3%',  Sy',  Ssf9  afterwards  defined  are  considered  as  intersecting  the  sphere  in  the  points 
JS7,    Y',  Z'.     For  convenience  SOD  is  considered  as  an   origin  of  longitudes,  which  are 
measured  in  the  plane  of  xy  in  the   direction   towards   y ;    and   an   angular   distance 
from  Sz   is  termed  a  polar  distance  or  colatitude;    so  that    the   position   of   any  line 
through  S3  or  point  on  the  sphere,  will  be  determined  by  its  longitude  6  and  colatitude  c. 

43.  It  is  wished  in  the  sequel  to  made  the  orbit-pole  revolve  about  an  arbitrary 
line   Sof>  and  for  this  purpose  I  take  the  new  set  of  rectangular  axes,   Sot,   S]/,   $/, 
or  points  on  the  sphere  -57,  F',  Z'>  as  -follows, 

X\  longitude  (?,  colatitude  90°+^ 

J'Z!9  is  then  a  great  circle,  pole  X',  meeting  ZX'  in  a  point  II,  longitude  (?,  colatitude 
jy,  and  the  position  of  Z'  in  this  great  circle  is  fixed  by  its  distance  from  II,  UZ'^H, 
the  distance  of  Y'  being  II 7' =90°  +  H,  and  these  being  each  of  them  reckoned  from  II 
in  the  direction  of  longitude  X  to  F  The  position  of  the  new  axes  Saf,  Stf,  S*f, 
or -points  X'>  Yf,  Z',  is  thus  fixed  by  means  of  the  three  angles  Gf9  N,  H. 
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It  is  to  be  added  that  if  the  angle  X'ZZ'  is  called  5,  and  if  I,  c,  are  the 
longitude  and  colatitude  of  Zr,  then  we  have  sin^=cotgrtanjff,  which  gives  q,  and 
then 


cos  c  = 


Fig,  5. 


44.    The  transformation-formulae  between  the  two  sets  of  axes  are  at  once  found  to  be 


X 

7 

Z 

X' 

cos  <?  cos  N 

sin  (?  cos  Ar 

-sinJT 

T 

-  sin  G  cos  H-  cos  G  sin  H  sin  -ft" 

cos  &  cos  #  -  sin  G  sin  J7  sin  Jf 

-sinS'cos^ 

Z' 

-  sin  Gf  sin  ZT+  cos  G  cos  .ff  sin  iV 

cos  ff  sin  ZT+  sin  G  cos  #  sin  N" 

cosS'cosJT 

i 

which  are  for  shortness  represented  by 


X 

T 

Z 

r 

a 

ft 

y 

T 

a! 

P 

i 

Z' 

a." 

/3" 

y" 
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45  In  the  particular  case  where  Saf  is  in  the  plane  of  ccy,  ^=0;  II  coincides 
with  Z,  and  the  longitude  and  colatitude  of  Zr  are  6  =  (?  +  90°,  c  =  H.  Writing 
accordingly  in  the  formula  $"=0,  and  introducing  6,  c  in  the  place  of  G,  H,  the 
formulae  become 


X 

Y 

Z 

X1 

sin  b 

—  cos  b 

0 

T 

cos  6  cos  c 

sin  6  cos  c 

-sine 

Z' 

cos  6  sin  c 

sin  b  sin  c 

cose 

and  in  particular  if  c  =  0,  (Szf  here  coincides  with  Sfc,  and  the  axes  S#',  #/,  are  in  the 
plane  of  xy)  then  we  have  simply 


X 

r 

Z 

X' 

sin  b 

—  cos  b 

0 

T 

cos  b 

sin  6 

0 

Z1 

0 

0 

1 

Article  Nos.  46  to  60.    Application  to  finding  the  Intersection  of  the  Orbit-plane  ly  a 

Single  Ray, 

46.    The  equations  of  the  ray  referred  to  the  fixed  axes  are  taken  to  be 
^—  =  ^—  =  ^- ,  =  jR  suppose, 

o 

or,  what  is  the  same  thing, 


z  =  G  +  Eh, 

and  if  in  the  foregoing  formulae  the  point  Z'  is  taken  to  be  the  orbit-pole  (longitude 

6  =  0  +  90°,    and    colatitude   c^cos^cos-ATcosJB"   as   above)   then  the   equation   of  the 

o.  vii.  53 
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orbit-plane  is  z'  =  Q.    We  have  therefore  merely  to  transform  the  equations  of  the  ray 
to  the  new  axes  by  writing  for  tc,  y,  z,  the  values 


and  then  putting  /  =  0,  we  find  x',  y1,  the  coordinates  in  the  orbit-plane  of  its  inter- 
sections with  the  ray. 


47.    The  equations  thus  become, 


a'y'-A-Rf  =0, 


-C  --Rh  =  0, 


or,  what  is  the  same  thing,  we  have 
a;'  :  y'  :  R  :  1 


1 

: 

1 

' 

-1 

: 

-1 

«,    «',    f,    A 

«,    *',    f,    -4 

a,    a',     f,    4 

a,    a',    f,     4 

ft,    ft1,    g,    B 

ft,    ft',    g,    B 

ft,    ff,     g,    B 

A  ft1,  g,    B 

y,     y',     h,     0 

y,     y',     h,     (7 

y,    y,     h,    (7 

y,    y,    h,     G 

a',    f,    A 

:  — 

a,    f,    A 

:  — 

A,    a,    a' 

: 

f,    a,    a' 

, 

&>  g>  B 

ft,    g>    B 

B,    ft,    ft 

g,    ft,    ft' 

•/,    h,    0 

y,    h,     G 

G,    y,    y' 

h,    y,   7' 

In  these  formulae  we  have  identically 

ftj-ft'%  rf-j'«>  ctf'-a'/sw,  /3",y", 

and  if  we  write  moreover 

a,  b,  c,  =  Cg  -  Bh,    Ah  -  Gi,    Bf-  A& 

(whence  identically  af  +  bg  -I-  ch  =  0,  and  where  (a,  b,  c,  f,  g,  h)  are  the  "six  coordinates" 
of  the  ray),  then  we  have  the  very  simple  fonnulse 

tf  :  y'  :  R  :  1 

=(a,  b,  c$«C,  ft',  y')  :  -(a,  b,  c$a,  ft,  y)  :  (A,  B,  C%t',  ft",  y")  :  (f,  g,  h$a",  ft",  y"), 


or  omitting  (as  not  required  for  the  present  purpose)  one  of  the  proportional  terms,  we 
have 


*f:tf:  l  =  (a,  b,  c£a',  ff,  y)  :  ^(a,  b,  c$a,  ft  7)  :  (f,  g, 
which  are  the  required  expressions  for  the  coordinates. 
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48.  Consider  in  the  equations  just  obtained  the  axis  of  x  as  fixed  but  E  as 
variable  ;  that  is,  let  the  orbit-pole  Z'  describe  a  great  circle  about  the  fixed  pole  X' 
(longitude  (?,  colatitude  90°H-JV).  We  have  #',  y/)  1,  proportional  to  linear  functions  of 
sin  JT,  cos  E  ;  viz.,  writing  for  shortness 

Xc  =  -  a  sin  G  +  b  cos  (?, 
XB  =  (—  a  cos  G  —  b  sin  (?)  sin  N  —  c  cos  N9 
70  —  (-  a  cos  G  —  b  sin  (?)  cos  N+  c  sin  JT, 
We  =  (    f  cos(?  +  gsin 

Fs  =  (-fsin(?+gcos(?), 
we  have 

,     Zc  cos  S  4-  -3TS  sin 


'          "  TFC  cos  .ff-hFs  sin  JI' 

70 

y  "^0085+  TF,  sin  fi" 
49.    I  write 

Wc     I  W8 


TF  =  "•  cos  A  —  cot  S  sin  A, 
T0     m 

X       I 

•—  =  —  sin  A  +  cot  S  cos  A, 
\T0     m 


equations  which  determine  m.  A,  I,  8,  viz.,  we  have 


__ 


and  we  then  very  easily  find 

of  =  I  +  m  cotS  tan  (£"-  A), 
2/'=  msec(JT—  A), 

and  thence  also 


viz.  the  orbit-plane  revolving  about  the  fixed  axis  SX',  meets  the  ray  in  a  series  of 
points  forming  in  the  orbit-plane  a  hyperbola  having  the  line  SX'  for  its  conjugate 
axis. 

53—2 
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50.  As  already  remarked  (ante,  No.  11),  this  hyperbola  is  nothing  else  than  the 
intersection  of  the  orbit-plane  regarded  as  fixed,  by  the  hyperboloid  generated  by  the 
rotation  of  the  ray  about  the  axis  SX'.  And  we  thus  see  the  interpretation  of  the 
constants,  viz. 

I    is   the  distance  from  S  along  the  axis  SX'  of  the  "arm,"  or  shortest  distance 
of  SX'  and  the  ray. 

m  is  the  length  of  this  arm. 

§    is  the  inclination  of  the  ray  to  the  axis  SX'] 

and  for  the  remaining  quantity  A,  imagine  parallel  to  the  ray  a  line  through  S 
meeting  the  sphere  in  L  (L  is  the  pole  of  the  separator),  I  say  that  A  —  E  is  the 
angle  LJ!Z'\  or  (what  is  the  same  thing)  drawing  X'L  to  meet  HZ'Y'  in  A,  we  have 
II A  =  A  =  H  -H  Z'A,  or  (what  is  the  same  thing)  Z'h.  =  A  -  H. 

51.  To  verify  this,  observe  that  the  cosine  distances  of  L  from  X,  7,  Z,  are  as 
f  :  g  :  h ;  and  thence  its  cosine  distances  from  X',  F,  Z ',  are  as  (f,  g,  h$o,  ft,  7) : 
(f,  g,  h$a',  #  70  :  (f,  g,  h$a">  ff\  /);  say,  for  a  moment,  'as  f /  :  g'  :  h'. 

Now  XA  is  the  perpendicular  from  L  on  the  side  YZf  of  the  quadrantal  spherical 
triangle  LY'Z',  and  we  thence  have 


if  A  has  the  geometrical  signification  just  assigned  to  it.    But  this  equation  is 
that  is 


or  substituting  for  g',  h'  their  values,  the  numerator  is 


which  is 

and  the  denominator  is 


r  cos  E)  4-  h  (-  7'  sin  E+  7"  cos  H), 

which  is 

=  (f  cos  G  +  g  sin  G)  sin  N+  h  cos  N,  =  F«, 

so  that  the  formula  becomes 

TTT 

tan  A i==i  v.  " 

Tr     ' 

which  is  the  original  expression  of  tan  A. 
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52.  We  might  in  the  equations 

consider  for  instance  Gr  or  N  as  alone  variable,  and  then  eliminate  the  variable 
parameter  so  as  to  obtain  a  locus;  but  the  results  would  be  complicated  and  the 
geometrical  interpretations  not  very  obvious. 

53.  I  assume  (as  was  done  before)  JV=0,  #=6-90°,  H  =  c,  that  is,  the  position 
of  the  orbit-pole  Z  is  longitude  6,  colatitude  c,  and  the  axis  SX'  is  the  line  of  nodes 
or  intersection  of  the  orbit-plane  with  the  ecliptic,  viz.,  the  longitude  of  this   line  is 
=  6-90°. 

The  formulae  become 

%'  :  y7  :  1  =         (a  cos  6  -h  b  sin  6)  cos  c  -  c  sin  c 
:  -  a  sin  6  +  b  cos  6 

:      (f  cos  b  +  g  sin  6)  sin  G  +  h  cos  c. 
or  if  these  are 

,  _  Xc  cos  c  +  X8  sin  c 
WG  cos  c  +  Ws  sin  c ' 

T0 

y      Fccosc-i-Fssinc' 
the  values  now  are 

Xc  =     a  cos  I  +  b  sin  &, 

T0  =  -  a  sin  b  +  b  cos  6, 

We  =    h, 

W9=    f  cos  6  +  g  sin  6, 

and  thence  forming  as  before  the  values  of  tan  A,  I,  m,  cot  S,  and  putting  for  shortness 


we  find  after  some  easy  reductions 


f  e 

tan  A  =:  r  cos  6  +g  sin  6. 
n  n 

m  =  yr  (—  a  sin  6  +  b  cos  6), 
Z  =  75  [(ah  — of)  cos  6  +  (bh  -eg)  sin  6], 
cot  8  =  ^pp-  (-  asin 6+b  cos  6)(-f  sin  6  +  g  cos  6), 


tan(c  —  A), 
y'  =  m  sec  (c  -  A), 
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and  with  these  values 


and  thence 


viz.,  this  is  the  hyperbola  obtained  by  rotating  the  orbit-plane  about  the  line  of  nodes, 
longitude  6-90°. 

54.  Imagine    the   orbit-plane   (having   upon    it   the    hyperbola)    brought   by   such 
rotation  into  the  plane  £  =  0,  or  plane  of  the  ecliptic,  so  that  the  hyperbola  will  be 
a  curve  in  this  plane,  the   inclination    to  Sat,  or  longitude   of   the  axis  $#',  being  of 
course  =6  —  90°.     Transforming  the  equation   to  axes   Sat,  Sy,  we    must  write    in  the 
equation 

of  =  %  sin  b  —  y  cos  b, 

y'  =  x  cos  b  +  y  sin  &, 
and  the  equation  thus  becomes 

(x  cos  b  +  y  sin  b)2  —  (#  sin  b  -  y  cos  b  -  1)2  tan2  S  =  m2. 

55.  It  will  be  recollected  that  the  equations  of  the  ray  were 

#  —  A  _y  —  B  _z  —  C 

~T~~1T-nr~; 

writing  herein  z=  0  we  find 


and  it  is  clear  that  this  point  U-,  —  rj  should  lie,  on  the  hyperbola. 

Substituting  for  (#,  y)  the  values  in  question,  we  have  first 
b  sin  6  +  a  cos  6  —  hi  « 

=  £P  ^  +  (f  cos  &  +  g  sizl  6  ^  ^  sin 


j^  (f  cos  6  +g  sin  6)  (—  asin  6  +b  cos  b)  (f  sin  6  —  g  cos  b)  ; 
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or  observing  that 


f  sin  b  —  g  cos  b  ' 
we  have 


and  hence  the  result  of  the  substitution  is  at  once  found  to  be 
(-  a  sin  6  +  b  cos  6)2  -      (-  a  sin  &  +  b  cos  6)2  (g  sin  b  -f  f  cos  6)s 


.,.      h2  (-  a  sin  &  +  b  cos  fc)2 
---  -   -  ' 


viz.,  the  factor  (—  a  sin  &  -f  b  cos  6)3  divides  out,  and  the  equation  then  becomes 

1  h2 

l- 

that  is 

aa 

which  is  in  fact  the  value  of  il2. 


56.    I  seek  for  the  direction  of  the  hyperbola  at  the  point  U-,  —  H  in  questio 

We  have 

dx  :  dy  =        (b  cos  6  —  a  sin  6)  sin  b  +  cos  &  tan3  8  (b  sin  6  +  a  cos  &  —  hi) 
:  -  (b  cos  6  -  a  sin  6)  cos  &  4-  sin  b  tan2  8  (b  sin  b  +  a  cos  b  —  W), 

and  from  the  above  values  of  (b  sin  6  +  a  cos  6  —  hi)  and  tan  S,  we  have 

tan2  8  (b  sin  6  +  a  cos  6  —  hi)  =  f-r-^  ----  ,  (-  a  sin  6  +  b  cos  6)  ; 
v  '    fsin6-gcos6v  ' 

whence 


dx  :  dy=       (bcos&-asin&)sin&(f  sin&— 
:  «-(bcos&-asin6)cos&(fsiii6  — 

which,  multiplying  out  and  reducing  by  means  of  the  relation  af+bg+ch  =  0,  becomes 
dx  :  dy  =  (-asin6+bcos6)(sin26  +  cos26)f  :  (—  asin6  +  bcos6)(sin26  +  cos26)g; 

that  is 

<fa:  dy  =  f:g,    or  ^  =  |, 

which  shows  that  the  hyperbola,  at  the  point  U-,  -H  where  it  meets  the  ray,  touches 
the  projection 


of  the  ray  on  the  plane  of  xy,  which  contains  the  hyperbola 
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57.    We  may  consider  various  particular  forms  of  the  hyperbola  y'z  -  (xf  -  Q2  tan2  8 = w2. 
1°.    If  tan  8  =  0,  the  hyperbola  is  the  pair  of  parallel  lines  y/s  =  m2. 

This  can  only  happen  if  h  =  0,  f  cos  b  +  g  sin  b  =  0.    The  first  equation  gives  af  +  bg  =  0, 

,         f     b           ,          , ,              —  a  sin  6  +  b  cos  6     0      , .  ,    .          .  _,    ,     .^ 
whence  tan 6  =  —  =  -;  we  have  thus  m— jr =  Tr,  which  is  consistent  with 

o 

m  finite.    The  equations  show  that  the  ray  is  parallel  to  the  line  of  nodes. 

2°.  If  tan  8  =  oo ,  the  hyperbola  is  (a/  —  £)2  =  0,  viz.,  the  line  of  =  I  twice :  the 
condition  is  —  f  sin  6-fgcos  6  =  0;  viz.,  the  ray  (not  in  general  cutting  the  line  of 
nodes)  is  at  right  angles  to  the  line  of  nodes. 

3°.  If  ra  =  0,  the  hyperbola  is  the  pair  of  intersecting  lines  y'3  =  (#'  —  Z)2tan2£  The 
condition  is  —  a  sin  6  + b  cos  6  =  0,  signifying  that  the  ray  cuts  the  line  of  nodes. 

4°.  We  may  have  simultaneously  tan  8  =  00,  m  =  0.  The  hyperbola  (as  in  2°)  is 
(#'  —  Z)2  =  0.  The  conditions  are  —  f  sin  6  +  g  cos  6  =  0,  —  a  sin  6  +  b  cos  6  =  0,  whence 

r 

tan&  =  |=-,  and  therefore  also  ag-bf=0;    these  signify  that  the  ray   cuts   at  right 
x      a 

angles  the  line  of  nodes. 

The   line   ®'  =  l   passes    through   the  point   U-,  ~r)>  that  is,  we    ought  to   have 
The  value  of  I  is  in  the  first  instance  given  in  the  form 


I  =  —  {(ah  —  cf)  cos  b  +  (bh  —  eg)  sin  b}, 


where 


But  observe  that  the  equations 

ag-bf  =  0, 

bg  +  af  «  —  ch, 
give 


—  ch  —  ch 

I  ""**  — — ^— — —  9,        pf  •*•" 
c»2    i    "US     '        O 


and  thence 


ah  — cf=ah- 


as+ba 


consequently 

1.1  1    

Z=  02>r(acos  6 +b  sin  6)  li2  =  r  (a  cos  6  -t-b  sin  6)  =  r  Va3  +  b2, 

which  is  right. 
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58.  I  return  to  the  equation  of  the  hyperbola  written  in  the  form 

(#  cos  b  +  y  sin  ft)2  -  (x  sin  b  -  y  cos  b  - 1)*  tan2  S  =  w2 ; 

being  (as  was  shown)  a  hyperbola  passing  through  the  point  (r,  —  r)  where  its  plane 
is  met  by  the  ray,  and  touching  at  this  point  the  projection  ^ — =^I — . 

3 

If  in  the  equation  we  consider  6  as  variable,  we  have  a  series  of  hyperbolas,  viz., 
these  are  the  intersections  of  the  plane  of  ccy  with  the  hyperboloids  of  revolution 
obtained  by  making  the  ray  rotate  successively  round  the  several  lines  #cos&  +  ysin&  =  0 

through  the  focus  S.  And,  as  just  seen,  these  hyperbolas  all  of  them  touch  at  ( r ,  —  ~ ) 
the  projection  of  the  ray. 

59,  The  hyperbola  to    any  particular  angle  b  is  the    hyperbola  belonging  to  the 
ray,  in  the  planogram  for  an   orbit-plane  rotating  about  the   axis   #  cos&~l-ysin&  =  0; 
so  that  the  system  of   hyperbolas   would  be   useful   for  the   .construction  of   any  such 
planogram.    And  there  is  another  series  of  curves  which,  if  they  could  be  constructed 
with  moderate  facility,  would  be  very  useful  for  the  same  purpose;  viz.,  reverting  to 
the  equations 

af  :  y1  :  1  =       (a  cos  b  +  b  sin  6)  cos  c  —  c  sin  c 

:  -  a  sin  b  +  b  cos  b 

(f  cos  b  +  g  sin  6)  sin  c  +  h  cos  c, 

which  determine  in  the  orbit-plane  the  coordinates  #',  y'  of  the  intersection  thereof  with 
the  ray:  imagine  as  before  that  the  point  is  marked  on  the  orbit-plane,  and  let  it  by  a 
rotation  of  the  orbit-plane  be  brought  into  the  plane  of  $y\  so  that  #',  y',  will  be 
the  coordinates  in  the  direction  of  and  perpendicular  to  the  line  of  nodes  of  a  point  on 
the  hyperbola  y'2-(#'-Z)2tan28  =  w2,  or  (#cos&  +  2/sm&)2-(#sin&-2/cos&  —  Z)2tan2S=ra2? 
viz.,  of  the  point  corresponding  to  an  orbit-pole,  colatitude  c.  Suppose  that  x,  y,  are 
the  coordinates  of  this  same  point  referred  to  the  fixed  axes,  we  have 

x  =     CD'  sin  b  +  y  cos  6, 
oc  =  —  af  cos  b  +  y'  sin  6, 
and  thence 

x  :  y  :  1  =       (a  cos  b  +  b  sin  b)  sin  b  cos  c  —  c  sin  6  sin  c  4-  (—  a  sin  b  +  b  cos  6)  cos  6 
:  —  (a  cos  6  +  b  sin  6)  cos  b  cos  c  +  c  cos  b  sin  c  +  (—  a  sin  6  4-  b  cos  6)  sin  b 
(f  cos  b  +  g  sin  6)  sin  c  +  h  cos  c, 

the  coordinates  of  the  point  just  referred  to.  Now,  if  from  these  equations  we  could 
eliminate  6,  we  should  have  a  series  of  curves  containing  the  variable  parameter  c, 
intersecting  the  series  of  hyperbolas ;  and  thus  marking  out  on  each  of  these  hyperbolas 
the  points  which  belong  to  the  successive  values  of  the  parameter  c;  we  should  thus 
have  in  the  plane  of  xy  the  point  corresponding  to  an  orbit-pole  longitude  b  and 
0.  VII.  54 
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colatitude  c.  The  series  of  curves  in  question  may  be  called  "graduation  curves/'  viz., 
they  would  serve  for  the  graduation  of  the  hyperbola  in  the  planogram  for  an  orbit- 
plane  rotating  round  any  line  #cos&-f2/sin&  =  0  in  the  plane  of  xy.  But  the  elimination 
cannot  be  easily  effected,  and  I  am  not  in  possession  of  any  method  of  tracing  the 
series  of  curves. 

60.    I  remark  that  from  the  equations 

%'  :  yr  :  1  =       (a  cos  6  +  b  sin  &)  cos  c  -  c  sin  c 
:  -  a  sin  6 +  b  cos  6 
:      (f  cos  b  +  g  sin  6)  sin  o  +  h  cos  c, 

we  may  without  difficulty  eliminate  b:  the  result  is,  in  fact, 

IX  (—  ah  cos  c)  +  y  (—  bh  cos2  o  -  eg  sin2  c)  —  ac  sin  c]a 
4-  |X  (    bh  cos  c)  + 1/  (—  ah  cos2  o  +  cf  sin2  c)  +  be  sin  c]2 
=     [a/  (    ch  sin  c)  +  yf  (    ag  -  bf )  sin  c  cos  c  -h  (a2  -  b2)  cos  cj, 

a  conic;  but  the  geometrical  signification  of  this  result  is  not  obvious,  and  I  do  not 
make  any  use  of  it. 


Article  Nos.  61  to  63.    The  Trivector  and  the  Orbit 
61.    Considering  now  the  three  rays,  these  are  determined  by  their  six  coordinates, 

(flu  bi,  GI,  fi,  gi,  ha), 
(a^  b2,  c3,  f2,  g2,  h3), 
(a*>  b3,  QS,  f3,  g3,  hs), 

respectively;  and  the  intersections  with  the  orbit-plane  are  given  by 

<*'  :  jfc'  :!-(*,  b,,  c$o,  &  7)  :  -(a.,  b,,  c,^,  ft  7')  :  (fi,  git 
^  :  y,;  :  1  =  (aj,  b,,  C&  „  )  :  -(a^,  b,,  c3$  „  )  :  (f2j  g3, 
^  :  y,'  :  1  =  (as,  bs,  03$  „  )  :  -  (a«3  bs,  Cs$  3,  )  :  (fs,  gs, 


where  the  axes  Saf,  Sy',  are  an  arbitrary  set  of  rectangular  axes  in  the  orbit-plane; 
or  where,  as  before,  the  axis  Sx'  may  be  taken  to  be  the  line  of  nodes. 


There  is  no  difficulty  in  finding  the  equation  of  the  orbit.    Writing  ^^ 
we  have 

ri=      (f.,6,  W,  £W')' 

if 


-  ±    ^,  blf  Q.Jo',  ^  yff  +  Ra,,  b,,  c&a,  A 
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the  sign  being  taken  in  such  manner  that  rz  shall  be  positive;  viz.,  the  sign  must 
be  the  same  as  that  of  (flf  glf  h^a",  /9",  y")-  And  we  have  the  like  formulse  for 
r2  and  rs.  Substituting  these  values,  the  equation  of  the  orbit  becomes 

y'          ,  i  =o. 

),    -(a2,  b2,  c2$     „     ),    (f2,  g2f 
),    -(as,  b3,  c^     „     ),    (f,,  g3, 

62.    Considering  the  minor  determinants  formed  with  the  terms  under  the  d  and  y\ 
for  instance 


+  (aa,  bi,  G!][«}  ^,7).     (a-j,  ba,  Co^a',  ^  7) 
this  is 

=  (blC2  -  bsCl)  (&/  -  fa)  +  (CA  -  c2aa)  (7a'  -  r/a  )  +  (a,b2  -  a.^)  (off  -  cfff) 


or,  what  is  the  same  thing, 

=  (b1ca-bac1, 

with  the  like  expressions  for  the  other  two  minors.    And  we  thus  obtain  the  following 
developed  form  of  the  equation,  viz. 


ai  c^*',  ff,  y»[- 
{#'(83,  ba,  c2$  „  )+?/(**>  b2,  CsJ  „  )}[- 
{^(a,,  bs,  c3$  „  )  +  y/(as,  bs,  cs][  „  )}[ 


-  C1a3,  asbi  -  B^b^        „        )  [r  (fa>  g2, 
4-  (b^a  -  b^,  qaa  -  0,%,  ^bs  -  a^b^        „        )  [r  (f8,  g3,  hs][ 


being  an  equation  of  the  form  fir  -  Ax  +  Byf  +  C. 

63.  The  coefficient  of  r  is  a  quadric  function  of  (a",  $",  y"),  and  if  this  vanish 
the  orbit  is  a  right  line.  It  thus  appears  that  the  orbit  will  be  a  right  line  provided 
only  the  orbit-axis  be  situate  in  a  certain  quadric  cone,  or  (what  is  the  same  thing) 
the  orbit-pole  be  situate  in  a  certain  spherical  conic:  agreeing  with  a  preceding  result, 
viz.  the  cone  is  that  reciprocal  to  the  cone,  vertex  flf,  circumscribed  about  the  hyper- 

54—2 
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boloid  which  contains  the  three  rays.    And  we  see  that  the  equation  of  this  reciprocal 


coue   s 


6, 


(f2, 
& 


a, 


,,  c2 


X    a* ,  b3 ,  Cg    ; 


Article  Nos.  64  and  65.    The  Special  Symmetrical  System  of  three  Rays. 

64.  In  what  follows  I  consider  the  three  rays  forming  a  symmetrical  system  as 
already  referred  to :  viz.  the  three  rays  intersect  the  .  plane  of  the  ecliptic  at  points 
equidistant  from  S  at  longitudes  0°,  120°,  240°;  each  of  them  is  at  right  angles  to 

Fig.  6. 


the  line  joining  S  with  the  intersection  with  the  plane  of  the  ecliptic,  and  at  an 
inclination  =60°  to  this  plane:  the  figure  shows  the  projection  on  the  plane  of  the 
ecliptic  of  the  portions  which  lie  above  this  plane  of  the  three  rays  respectively. 

The  three  rays  lie  on  a  hyperboloid  of  revolution  having  the  line  Sz  for  its  axis; 
the  circumscribed  or  asymptotic  cone  vertex  8,  is  a  right  cone  of  the  semi-aperture 
=  30°;  the  reciprocal  cone  is  therefore  a  right  cone  semi-aperture  60°,  or  (what  is  the 
same  thing)  the  regulator  is  a  small  circle,  angular  radius  60°,  and  the  regulator  and 
separators  have  the  positions  shown  in  fig.  1,  see  No.  8. 

Taking  $1=$2-S3  =  1,  and  writing  down  the  equations  of  the  three  rays  in  the 


forms 


g-1 
0 


tan  60° 


-sin  60°       -cos  60°      tan  60°' 
x  +  cos  60°     y  +  sin60°         z 


sin  60° 


-  cos  60°      tan  60° 
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we  obtain  the  six  coordinates  of  the  three  rays  respectively 

(ai,  bl3  Cl,  flf  gx>  hO-(    0,      V3,      -1,  0,      1,  V3), 

(a,,  b2,  c2,  f2,  gsi  h2)  =  (    3,      V5,          2,          V3,      1,      -  2  V3), 
(03,  b3,  cs,  f3,  ft,  h.)  =  (-  3,      V3,         2,      -  Vg,      1,      -  2  Vg), 

whence  the  intersections  with  the  orbit-plane  are  given  by 


=     3a'  +  /9'  VS  +  a/  :  -3a-/3V3-2y  :      a"  \/3  4-  £"  -  2 


where  if  (as  before)  the  position  of   the   orbit-plane  be  determined  by  means  of  the 
longitude  6  and  colatitude  c  of  the  orbit-pole,  we  have 

a  ,  £  ,  7  =  sin  &  ,  -  cos  6  ,  0  , 
«'  >  #  ,  7'  =  cos  6  cos  c,  sin  b  cos  c,  —  sin  c, 
a"?  /3">  y"  =  cos  1)  sin  c,  sin  6  sine,  cose, 

and  the  passage  from  the  coordinates  af,  y',  to  #,  y>  is  given  by 

of  =     #  sin  &  -  y  cos  6, 

y  =    ^  cos  6  +  y  sin  6, 
or  conversely 

#  =    «?'  sin  b  +  if  cos  6, 

j/  =  —  ^'  cos  6  +  j/'  sin  6. 

65.    To  develope  the  results,  I  consider  the  orbit-pole  as  passing  through  certain 
series  of  positions.    The  locus  may  be  a  meridian  circle:  by  reason  of  the  symmetry 
of  the  system,  the   results  are  not   altered  by  a  change  of  120°  in  the  longitude  of 
the  meridian;  so  that,  by  considering  the  two  meridians  0°—  180°  and  90°  —  270°,  we, 
in   fact,  consider  twelve   half  meridians   at   the  intervals   of   30°.     An   illustration   is 
afforded  by  Plate  I.  ;  the  orbit-pole  describes  successively  the  meridians  0°,  30°,  60°,  90°, 
and  the  line  1,  by  its  intersection  with   the  orbit-plane,  traces  out   on  this   plane   a 
series  of   hyperbolas  shown  in  the  figure;    the  hyperbola   for   the   meridian   90°   is   a 
right    line,   but    (except    for   the   position    where   the    orbit-plane    passes  through    the 
line   1)  the  locus  is  a  determinate  point    on  this  line.     Planogram  No.   1   (Plate  II) 
refers  to  the  meridian  90°—  270°,  and   Planogram  No.  2  (Plate  III.)  to  the  meridian 
0°  —  180°.    Next,  if  the  orbit-pole  be   at  one  of  the   points  A,  that  is,  if  the  orbit- 
plane  pass  through  a  ray  —  though  the  position  of  the  orbit-pole  be  here  determinate, 
yet  as  there  is  a  series  of  orbits,  this  also  will  give  rise  to  a  planogram:   I  call  it 
Planogram  No.   3.     The  orbit-pole  may  pass  along  a   separator  circle  (viz.  the  orbit- 
plane  be  parallel  to  a  ray),  this  is  Planogram  No.  4.    And,  lastly,  the  orbit-pole  may 
pass  along  the  ecliptic  (or  the  orbit-plane  may  pass  through  the  axis  SZ),  I  call  this 
Planogram  No.  5.    But  the  last  three  planograms  axe  not  considered  in  the  like  detail 
as  the  first  two,  and  I  have  not,  in  regard  to  them,  tabulated  the  results,  nor  given 
any  Plates. 
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Article  Nos.  66  to  82.    Planogram  No.  1,  the  Meridian  90°—  270°  (see  Plate  II.). 

66.  Supposing  that  the  orbit-plane  rotates  about  the  axis  SI  (fig.  6,  see  No.  64) 
in  the  plane  of   the  ecliptic,  the  orbit-pole  will  describe  the  meridian  90°  —  270°,  the 
position  of  the  orbit-pole  being  6  =  90°,  c  =  0°  to  90°,  or  else   6  =  270°,  c  =  0°  to  90°. 
But  the  same  analytical  formula  extends  to  the  two  half  meridians,  viz.,  we  may  take 
J  =  90°,  and  extend  c  over  180°,  in  the  final  results  making  c  an  arc  between  0°  and 
90°,  and  6  =  90°,  or  =270°,  as  the  case  requires. 

67.  Assuming  then  &  —  90°,  we  have 

a  ,  £  ,  7  =  1,  0  ,  0  , 
a'  ,  ff  ,  7'  =  0,  cos  c,  -  sin  c, 
a",  £",  <y"  =  0,  sine,  cose, 

and,  moreover,  a/,  2/  =  #,  y:  so  that  instead  of    (#/,  y/),   &c.,  we  may  write  at  once 
(#!,  2ft),  &c.    The  formula  become 

Xl  :  y^  :  1  =  VScosc-f    sin  c  :      0  :  sine  4-   VScosc, 
#2  :  2/2  :  1  =  V3  ,cos  c  —  2  sin  c  :  —3  :  8^0  —  2^0080, 

tr»  :  y3  :  1  =  V§  cos  c  —  2  sin  c  :    -3  :  sin  c  —  2  V3  cos  c, 
that  is 


(viz.  the  orbit-plane,  as  is  evident,  meets  the  ray  1  in  a  fixed   point,  its  intersection 
with  the  plane  of  ay)  ; 

V3  cos  c  —  2  sin  c 


sine— 2V3COSC 
-3 


sine -2  VScosc' 
and  writing 

2V3  1.1 


,  ==, 

Vl8  VlS  2V3 

(whence  o  =  16°  60  we  find 

3  V3 


y2=  ^860(0  +  0)), 

and  we  thence  have  for  the  hyperbola,  the  locus  of  (xa,  ya)  and  (a;s, 
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viz.  the  points  (#2,  ^2)  and  (#3,  ys)  are  situate  on  the  hyperbola,  symmetrically  on 
opposite  sides  of  the  axis  of  &  For  c  =  0,  we  have  tf2  =  --J,  j/2  =  |\/3,  (#32  -f  y32  =  1),  and 
the  hyperbola  at  this  point  touches  the  circle  #2  +  ;z/2=l;  and  similarly  for  x^  ys. 
The  inclination  of  the  asymptotes  to  the  axis  of  y  is  given  by  tan  77  =  ^,  17  =  22°  56'. 


68.  The  orbits  are  conies,  focus  S  and  vertex   1.    It  will  be  convenient  to  con- 
sider  c   as   passing   from    0°  to    90°  -a>,  and   from    0°    to   -(90°  +  o>);    that    is,  from 
0°  to    73°54'-e,  and  from   0°  to   -H6°6'  +  e,  if   e  be  indefinitely  small:    the  point 
2  will    thus    traverse    the   upper   branch    (alone   shown   in   the    Plate)   of   the   guide- 
hyperbola,  viz.,  for    c=0°  it  will    be   at   the   point    of    contact    with    the    circle;    for 
c  =  730  54'  -e  it  will  be  at  oo,  and  for  c  =  -  106°6'-fe  at  oo'.    For  c  =  0°  the  orbit 
is  the  circle  ;  as  c  increases  positively,  it  becomes  an  ellipse  of  increasing  eccentricity 
and   major   axis,  until   for  a  certain   value  (c  =  46°48'   as   will   appear)    it   becomes    a 
parabola;  it  then  becomes  a  hyperbola  (concave  branch);  for  c=52°45'  it  becomes  the 
hyperbola  2'  subsequently  referred  to  ;  and  for  c  =  60°  (the  point  2  being  then  on  the 
line  shown  in  the  figure)  the  orbit  becomes  this  right  line.    As  c  continues  to  increase, 
the  orbit  becomes  a  hyperbola  (convex  branch);  and  ultimately  for  c  =  73°54'  —  e,  the 
point  2  goes  to  oo  ,  and  the  orbit  becomes  a  hyperbola  (convex)  2,  having  an  asymptote 
parallel  to  that  of  the  guide-hyperbola  :    the  inclination  to  the  axis  of  #  being  thus 
90°  -  22°  56',  =  67°  4'. 

69.  Next  as  c  increases  negatively,  the  point  2  moves  from  the  point  of  contact 
in   the  other  direction  to  oo  ;  :    for  c  =  0°  the  orbit  is  of  course  the  circle,  and   as  c 
increases  negatively  the    orbits  are   at    first    the  very  same   series    of  orbits  as   those 
belonging  to  the  positive  values^),  viz,,  they  are  first  ellipses,  of  increasing  eccentricity 
md  major  axis;  then  for  c  =  -92°54'  the  orbit  is  the  parabola;  the   orbits  are  then 
ayperbolas  (concave),  and  finally  for  c  =  -  106°6'-f  e,  when  2   is  at   oo',  the  orbit  is  a 
ayperbola  2',   the  asymptote  of  which  is  parallel  to  that  of  the  guide-hyperbola,  viz., 
;he  inclination  to  the  axis  of  %  is  —  67°  4'. 

70.  It  will  be  observed  that  the  orbits  from  the   circle  to  the  hyperbola  2'  each 
intersect  the  guide-hyperbola  (that  is,  the  branch  shown  in  the  figure)  in  two  points, 
the  one  corresponding  to  a  positive,  the  other  to  a  negative  value  of  c;  in  the  positive 
series,  the  remaining  orbits  from  the  hyperbola  2',  through  the  right  line  to  the  convex 
hyperbola  2,  each  intersect  the  guide-hyperbola  (same  branch)  in  a  single  point  only, 
for  which  c  is  positive. 

71.  There  is,  in  the  passage  of  the  orbit-pole  from  a  =  -106°6'+  e  to  c=73°54/-e, 
say  at  c  —  73°54',   a  discontinuity  of  orbit,  viz.,  an  abrupt   change  from   the  concave 
hyperbola  2'  to  the  concave  hyperbola  2;  observe  that  the  direction  of  the  asymptotes 
being  the  same  in  each,  the  eccentricity  e  has  the  same  value. 

1  Of  course,  as  corresponding  to  different  values  of  c,  they  are  not  the  same  orbits  in  space,  but  they 
are  only  the  same  curves  in  the  planogram. 
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The  point  in  question  (6  =  90°,  c  —  73°  54')  is  one  of  the  points  B  of  the  spherogram, 
and  the  hyperbolas  2,  2'  are  two  of  the  four  orbits  belonging  to  this  point.  And,  by 
what  precedes,  it  appears  that  as  the  orbit-pole  passes  through  this  point  along  a 
meridian  downwards  to  the  ecliptic  the  change  is  from  a  concave  to  a  convex  orbit. 

72.  On  account  of  the  symmetry  in  regard  to  the  axis  of  #,  the  equation  of  the 
orbit  will  be  of  the  form  r  =  A$+B\  viz.,  the  equation  is  at  once  found  to  be 


73.    The  eccentricity  is  the  coefficient  A  taken  positively  (e  —  ±A):  it  is  in  the 
present  case  proper  to  attend  to  the  value  of  the  coefficient  itself, 

r*~l 


the  sign  of  A  will  then  indicate  the  position  of  the  centre  of  the  orbit,  viz.,  according 
as  A  is  positive  or  negative  the  centre  will  be  on  the  negative  or  the  positive  side 
of  the  focus  S.  To  investigate  the  variation  of  A,  we  may  express  it  as  a  function  of 
tanc,  =X  suppose.  We  have 

V3^2X  -3 

*2~\-2V3'        y2~X-2V3' 
and  thence 


-      =o,  o 

"     \-2V3    "  " 

viz.,  9*3  must  be  positive,  that  is,  JJ2  is  positive  or  negative  according  to  the  sign  of 
A,  -  2  V3  ;  negative  if  X  <  2  V3  or  c  <  73°  5V,  positive  if  X  >  2  A/8  or  G  >  73°  54'.  And  we 
have  then 


But  a  more  convenient  formula  is  obtained  by  writing 

0=-cot<H •=., 

2\/3 

1 

a          2vr 

we  then  have 


which  determines  the  sign  of  the  radical,  viz.,  this  must  have  the   same  sign  as   0; 
and  then  for  the  coefficient 
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74.    For  c  a  small  arc  =  e,  0  is  large  and  negative,  and  Vl  +  02,  having  the  same 
sign  as  0,  is  =  0  +  ^  Dearly ;  we  have  therefore 

A^r0%1  =  ~iappr0ximately* 
For  c  nearly  =  60°,  say  c  =  60°  ±  e, 

cot  c  =  cot  60°  ±  €  cosec2  60°  =  -=  ±  -^ , 


2V3~  3  -  3  '  2V3 

and  thence 

_l  +  \/l3  ^      4e=     VI  -1+V13 
2V3      :^3"-8*         e 

viz.,  this  is  -  oo  for  c  =  60°  —  e,  and  H-  oo  for  c  =  60°  +  e. 
For  c  nearly  =  90°  -  o>,  say  first  c  =  73°  54X  -  e,  we  have 


whence 

A=    4==     2-30940; 
•  V3 

but  if  c  =  73°54'+e,  then  0  =  ||e,  0  +  a=-^=?  Vl~+"02=  +  l,  and 


A  =- =  -2-30940, 

V3 

44.. 
viz.,  there  is  an  abrupt  change  from  A=  +  -j=.  to  A  =  — 7=;  corresponding  to  the  dis- 

V3  V3 

continuity  of  orbit  already  referred  to.    We  may  diminish  c  by  180°,  and  consider  the 

4 
last-mentioned  value,  A  =  -  -= ,  as  belonging  to  c  =  —  90°  -  G>  +  e  =  -  (106°  6'  —  e). 

75.    Consider  next  that  c  passes  from  0  to  —  (106°6/  — e).    First  if  c  is  a  small 
negative  quantity  c  =  —  e,  0  is  large  and  positive,  and  Vl  +  02  having  the  same  sign  as 

1  2    —1          1 

0  (positive)  is   =  0  +  ^   nearly,   we    have    therefore   -4  =  ^ .  -^  =  —  ^  (same   as   for 

c  =  +  e).    And  it  is  easy  to  see  that  as  c  increases  negatively,  A  is  always  increasing 
negatively,  its  value  for  c  =  -90°  being  A  =  — ^— ^  =  -'8685,  and  for  c  =  -106°6/  +  € 

being  =  -  2'30940  as  above.    We  have  a  diagram  of  A  (see  next  page). 

o.  vn.  55 
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76.    It  thus  appears  that  from  A-Q  to  A  =  — -r=,  there  are  always  to  any  given 

V3 

value  of  A  two  values  of  c,  or  positions  of  the  orbit-pole.  In  particular  if  A  be 
=  — 1,  the  curve  will  be  a  parabola;  the  values  of  c  lying  between  0°,  60°  and 
between  73°  54',  90°  respectively. 


Fig.  7. 


106°6 


To  find  them,  writing  A  =  —  1,  we  have 

-  30  -  3a  =  20  -  2Vl  +  0*,  that  is,  50  -f  3a  =  2 Vl  +  02, 


or 


that  is,  substituting  for  a  its  value  = — j=, 

2  V  3 


or 

that  is 
giving 
or 


0=     -23797, 
cot  c  =  +  '93902,        cot  c  =  +  -05071, 
c-     46°48X,  c=     87°  6'. 


77.    It  has  been   seen   that   c  =  73°54/  +  6  gives  A  =  --=  =  -  2*30940;   there  will 

8  V3 

be  between    0°  and  60°  another  value  of   c,  giving  for  A   this   same   value;   to  find 

4 

this  value  write  A  =  — == ,  then  we  have 
v3 
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that  is 


or 

(12  +  4  A/3)<92  +  (2  +  4V3)0  =  0, 

satisfied  as  it  should  be  by  0  =  0,  and  also  by 

&_   l  +  2Vjj_ 

2  (3  +  VB) 
giving 

cote  =  '76038  or  c  =  52°45'. 

78.    Representing  the  equation  of  the  orbit  by 

r  =  Ax±a(l-  A*), 
we  have  for  the  point  1, 

1  =  4    ±a(l-A*)t 

that  is 

±1 


where  the  sign  is  to  be  taken  so  that  a  shall  be  positive. 

79.  With  a  view  to  the  calculation   of  the  times  of  passage,  I  calculate  a  series 
of   values  of  a*,  y%,  r-3,  A,  a,  for  values  of   c  at  the  intervals  of   5°  and  for  a  few 
intermediate  values;    we   have  #3,  y$,  r8  =  a?a,  yf,  ra,  so  that  these  are  known;  so  long 
as  the  orbit  is  an  ellipse,  the  time  of  passage  between  the  points  2  and  3,  say  T&, 
may  be  calculated  by  Lambert's  equation,  the  length  of  the  chord  y2-ys,  =2y2  being 
known  without  any  fresh   calculation.     And  then   the   times  T^  and  Tn  being  equal, 
and  the  sum  2^+2^  +  2^  being  equal  to  the  whole  periodic  time  (reckoned  as  =  3aJ) 
the  times  2^  and   2^  are  also  known.     But  when  the   orbit  is  a   concave  hyperbola 
there  is  no  time   2728,  and  the  other  two  times   T^y=Tsl  must  be  calculated    For  the 
reason  referred  to  (ante,  No.  39)  I  did  not  use  Lambert's  equation,  —  and  it  was  less 
necessary  to  do  so,  by  reason  that,  the  transverse  axis  coinciding  with  the  axis  of  0, 
the  other  formula  could  be  employed  without  difficulty. 

80.  The  formula  for  #2,  y2  adapted  to  logarithmic  calculation  are 

log  fa  +  -61539)  =  1T60174  +  log  tan  (o  +  16°  60, 
log  y2  =  IT92015  +  log  sec  (c  +  16°  60> 

where  ya  is  always  positive,  but  the  sign  of  #3  must  be  attended  to.    The  values  of  r2 
and  its  inclination  <£2  to  the  axis  of  %  are  then  to  be  calculated  from 

tan  <&  =^  ;    ra  =  #2  sec  fa  or  =  y2cosec  fa, 

(viz.  for  ra  it  is  proper  to  use  the  first  or  the  second  value,  according  as  xz  is  greater 

or  less  than  ya). 

55—2 
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(log  £  =  1-67894)  . 


where  a,  e  are  each  of  them  positive. 
And  then  for  the  Times 


where 


and  attention  is  necessary  in  order  to  the  selection  of  the  proper  values  of  the  angles 
26  %'• 

And  finally 


a  cos  x  =  a  -  TS  -  ya, 


81.    I  subjoin  a  specimen;    the   characteristics  of  the   logarithms   are  (as  in  the 
actual  calculations)  omitted. 

6  =  90°      c=20°, 
c  +  16°6'     =36°  6' 

log  sec  09259     log  tan  86285 


92015 

01274 

,  =  1-0297 


01274 
51044 

50230 


60174 
46459 

61539 
29147 

es  =  - -32392 

log=  51044 
02046 
01274 

03320 
ra  =  1-0794 


•0794  log-  89982 
1-3239  log=  12185 

77797 


•94003  log  =  97314 
comp  =  02686 
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'  =  17°  35' 

151° 

43' 


sin/ 


A  =--059975 

1-0638 
1-0794 

=  -  -0156 
=  +  1-0297 

1-0141  =  o  cos  %' 
—  1-0453  =  a  cos  % 

00608 
02686 
97922 

X  (=  Supp. 

2-63544 
•01250 

•30209 

2-95003 
•18566 


2-76437  log  =  441 60 
02686 
01343 
67894 


a  =  1-0638 


01924 
02686 
99238 


=  169° 


-  -18566 


=  1-4482 


16083 


02686 
01343 
47712 

51741 

3-2916 
1-4482 

1-8434 
'9217 


82.    For  the  Time  in  a  hyperbola,  we  have 

q 

T  =  2s!  =  —  c$  {e  tan  u$  —  h .  I .  tan  (45° 

12  2*7T 

where 
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Taking  as  a  specimen  the  case  c  =  75°,  we  have  here 


a=    -9004 
log=    -95444. 
a  (<?-!)  =  3-1106 
log     „       =    -49284 

and  then  the  calculation  is 

log  a  =  95444 

„   a(e2-l)=  49284 

44728 

„  aV<^l=   22364 
log     y,       =  63690 


e  =  21106 
log=   -32441 


log=  1-63690 


log  tan  u       •=  41326 
32441 

73767 


M  =  S7°47' 

h  .1  tan  (45°  +  £  «  .)  =  3'95140 

etan-a=   54'660 
3-951 

50-709 


log- 


70508 
95444 
47722 
67894 


31568 
2'B=2Vi=  20-686 

83.    In  the  case  of  the  parabola  p  =  l,  and  the  expression  for  the  Times  is 


where  for 


we  have 


c  =  46°48' 
c  =  87°  6' 

2a=2'B-  -787, 
'  2»  =  TSL  =  2-588. 
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Planogram  No.  I,  first  part,  b  =  90°. 
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The  mark  ^  in  the  T&  column  shows  that  there  is  no  Time 


440 


ON  THE  DETERMINATION  OF  THE 


[476 


Planogram  No.  1,  second  part,  b  =  270°. 
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y* 
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r* 
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*. 
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0° 
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1-000 

1-000 

1-000 

1-000 

5 

•537 

•848 

57  39 

1-003 

-•002 

1-002 

10 

-573 

•837 

55  37 

1-014 

•009 

1-009 

1-044 

•951 

1-044  j 

15 

•608 

•832 

53  52 

1-030 

•019 

1-019 

20 

•643 

-834 

52  23 

1-053 

-032 

1-033 

1-091 

-969 

1-091 

25 

•678 

•842 

51  10 

1-081 

•048 

1-051 

30 

-714 

•857 

50  11 

1-116 

•068 

1-073 

1-145 

1-043 

1-145 

35 

•752 

•879 

49  27 

1-157 

•090 

1-098 

1 

40 

•793 

-910 

48  51 

1-207 

-115 

1-130 

1-207 

1-192 

1-207 

•i-t 
1 

45 
50 

•836 
•884 

•950 
1-002 

48  40 
48  36 

1-266 
1-336 

-145 
-179 

1-169 
1-217 

1-283 

1-464 

1-283 

<! 

55 

•938 

1-069 

48  45 

1-442 

-218 

1-278 

60 

1-000 

1-154 

49  7 

1-527 

•264 

1-358 

1-377 

1-983 

1-377 

65 

1-074 

1-266 

49  42 

1*660 

-318 

1-466 

70 

1-164 

1-412 

50  31 

1-830 

-383 

1-622 

1-506 

3-036 

1-506 

75 

1-280 

1-611 

51  35 

2-056 

-464 

1-864 

80 

1-431 

1-891 

52  53 

2-372 

•564 

2'295 

1-771 

6-888 

1-771 

85 

1-651 

2-311 

54  28 

2-840 

•694 

3-269 

90 

-2-000 

-f  3-000 

56  18 

3-606 

-•869 

7-622 

2-255 

58-62 

2-255 
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Article  Nos.  84  to  94.    Planogram  No.  2,  the  Meridian  0°—  180°  (see  Plate  III.). 

84.  The  orbit-plane  here  rotates  about  an  axis  in  the  plane  of  the  ecliptic  at 
right  angles  to  SI  (Fig.  6).  The  entire  meridian  is  given  by  &  =  0°,  c  =  0°  to  90°, 
and  6=180°,  c  =  0°  to  90°,  but  it  is  sufficient  to  consider  one  of  these  half  meridians, 
say  the  latter  of  them,  as  the  series  of  values  is  the  same  for  each  of  them,  with 
only  an  interchange  of  the  points  2,  3.  I  write  therefore,  6  =  180°,  so  that  we  have 

a  ,  £  ,  7  =        0,1,        0    , 
of  ,  /3'  ,  y  =  —  cos  c,  0,  —  sin  c, 

a",  $",  y"  =  -  sin  c,  0}      cos  c, 
consequently 

&i':yi'.I=  sine:       -  V  3  :  VScosc, 

#*'  *  y*   '  1  =  —  3  cos  c  -  2  sin  c  :      —  V3  :      -  V3  sin  c  —  2  V3  cos  c, 
BI'  :  y/  :  1  =     3  cos  c  -  2  sin  c  :      -  V3  :  V3  sin  c  -  2  \/3  cos  c, 

and  moreover   xf  =  y,  y'—-x\    so  that,  introducing   into    the  formulae    (^,  3^),  &c.,  in 
place  of  the  (a?/,  yf)9  &a,  we  have 

#!  =  sec  c,  ^  =  —~  tan  c, 

V3 

_  _  1  _         _  1    2  sin  c  4-  3  cos  c 

2  ""sine  +  2  cose*  V3     sinc-j-  2  cos  c3 

_         -1  ___!    2  sin  c  —  3  cos  c 

3  sin  c  —  2  cos  c  '  V3     sin  c  —  2  cos  c  ' 
which,  putting 

~^>    sinb  =  -7=,    tan8  =  £,    S  =  26°34/, 
v5  v5 

become 

#!  =  sec  c,  Vi  ==  -jp  tan  c, 

v3 

^«_J=  8ec(c-8),    y2  =  ^ 

^  =  -~sec 

so  that  the  guide-byperbolas  are 

®\  —   S^2  =  1,  |  angle  of  asymptotes  =  30° 


c.  VIL  56 
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It  is  easy  to  verify  that 
Hyperbola  2  passes  through  ^2=~i,    Jfc=    4^3,  and  touches  there  circle 

3  „  #3  =  -J,    2/3  =  -£^3 

and  we  thus  have  the  figure  in  the  Plate. 

85.  The   figure   shows   the    motion    of  the  points   1,   2,  3,  along  their  respective 
hyperbolas,  viz.  c  =  0°  to  90°,  the  point  1   moves  from  contact  with  the  circle,  along  a 
half   branch   to   infinity:    2    moves  from   contact    along   a   small    portion   of  the   half 
branch;  3  moves  from  contact,  along  the  half  branch  to  infinity  for  c  =  tan"1  2  =  63°  26', 
and  then  reappearing  at  the  opposite  infinity,  as  c  increases  to   90°  describes  a  portion 
of  the  opposite  half  branch. 

86.  For  c  =  0,  the  orbit  is  the  circle;  as  c  increases  the  orbit  becomes  elliptic; 
then  parabolic,  c  —  51°,  and  afterwards  hyperbolic  (concave);  until  for  c  =  60°,  the  three 
points  are  on  the  horizontal  line   of  the   figure,  and  the  orbit  is  this  right  line;   it 
is  to  be  noticed  that  the  arrangement  of   the  points  on  these  orbits  is  1,   2,  3;    so 
that  for  the  parabola,  T&  is  =  oo  ,  and  for  the  hyperbolas  and  right  line  T&  does  not 
exist. 

87.  For  c  <  60°  until  c  =  63°  26'  the  orbit  is  a  convex  hyperbola,  the  arrangement 
of  the    points   being   still    1,  2,  3:    say   for   c  =  63°26'-e,   the    orbit    is    the    convex 
hyperbola  iX    At  c  =  63°26'  there  is  an  abrupt  change  of  orbit;  say  for  c~  63°  26'  -I-  6 
the  orbit   is  a  concave  hyperbola   fli  ;    and  for  c  =  65°  52'    the   orbit    is  a  parabola  ; 
the  arrangement  of  the  points  on  these  orbits  is  2,  1,  3;  so  that  for  the  hyperbolas 
TJSS   does   not    exist,  and    T&  is   =00    for   the   parabola.    Observe   also    that    for    the 
hyperbola   O13   the   point   3   is   at   infinity,  or   we    have    2^  =00.    As   c   continues   to 
increase,  the  orbit  becomes  an  ellipse,  the  eccentricity  having  a  minimum  value  ='628 
(about),  for  c  =  69°  (about).     For  c  =  89°20'   the  orbit  is  again  a  parabola,  and  then 
until    c  =  90°    it    is    a    hyperbola;    the    order    of    the    points    on    the    last-mentioned 
parabola  and  hyperbolas  being  1,  3,  2;   so  that  for   the  parabola  T12  is  =00,  and  for 
the  hyperbolas  T&  does  not  exist.    In  the  hyperbola  for  c  =  90°,  say  the  hyperbola  O', 
the  point  1  is  at  infinity,  or  we  have  T12  =  oo.    The  foregoing  results,  obtained  (except 
as  to  the  numerical  values)  by  consideration  of  the  figure,  will  be  confirmed  by  means 
of  the  calculated  values  of  e. 


88.    The  equation  of  the  orbit  may  be  written 


— 

VI              '   vr  y            '  71 

^cosc                ,1,  sine              ,  cose 

ra  (sin  c  +  2  cos  c),    -  1,  2sinc  +  3cosc,  sinc  +  2cosc 

r3  (sin  c  —  2  cos  c),        1,  —  2  sin  c  +  3  cos  c,  sin  c  -  2  cos  c 


=  0, 
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or  developing,  this  is 

~  6  (sin2  c  -  3  cos2  c), 

fyi 

-  -/jj  {     4^i  (sin2  c  -  3  cos2  c)  cos  c 

-    ra  (sin  c  +  2  cos  c)  (sin2  c  -  3  cos2  c) 
+    7*3  (sin  G  -  2  cos  c)  (sin2  c  -  3  cos2  c)} 

+  y     {—  2rj  sine  cose 

+   r2  (—  sin2  c  +  sin  c  cos  c  +  6  cos3  c) 
+   r3(    sin2  c  4-  sin  c  cos  c  -  6  cos2  c)} 
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-  -=.  { 


rx  .  —  6  cos2  c 

+  3r2  (sin2  c  +  sin  c  cos  c  —  2  cos2  c) 

H-  3r3  (sin3  c  —  sin  c  cos  c  —  2  cos2  c)  {  =  0  ; 

(observe  that  the   orbit  will  be  a  right  line  if  sin2  c  -  3  cos2  c  =  0,  that  is    if   c  =  60°, 
which  is  right,  since  60°  is  the  angular  radius  of  the  regulator  circle). 


89.    Putting  in  the  equation  tanc 
becomes 


and  therefore 


1  +  X2 


,  the  equation 
^ 


We  have 


*a 


_1  _  1    2X+3  1    2X-3 

i~  '    *" 


and  thence,  writing  for  shortness 


-= 


-r  V7\a  -  12X  + 12, 
V3 


56—2 
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•where  ru  r2)  rs  are  positive,  and  the  signs  of  J^,  R2,  RS  must  be  determined  accordingly ; 
viz.,  Rj_  is  always  positive,  and  (c  =  0°  to  c  =  90°,  as  here  supposed)  R^  is  also  positive; 
but  R,  has  the  same  sign  as  \-2;  viz.,  c  =  0°  to  c  =  63°26',  ,83  is  negative;  and 
c  =  63°26'  to  c  =  90°,  Rg  is  positive.  It  is  to  be  observed  that  this  position, 
c= tan"1 2  =  63°  26',  of  the  pole  is  the  intersection  of  the  meridian  6  =  180°  by  a 
separator  circle,  and  corresponds  to  an  intersection  at  infinity  on  the  ray  3. 

90.    Substituting  the  foregoing  values  of  r-,,,  r2,  rs,  the  equation  of  the  orbit  becomes 


. 

6V1+X2 


2  (Xs -3) 


(X(jB2  +  jRs)  -  2^-  J?2  +  Eg}, 


where  X  =  tanc;  and  the  equation  of  the  orbit  may  thence  be  calculated  for  any  given 
value  of  c. 

91.    The  analytical  expression  for  the  eccentricity  is 


where,  as  above, 


I 


Kg.  8. 


A: 


2V3(X2-3) 
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but  this  expression  is  too  complicated  to  allow  of  an  analytical  discussion  of  the 
series  of  values  of  e  (such  as  was  given  for  A,  =±e,  in  planogram  No.  1).  The 
numerical  calculation  gives  the  results  mentioned  ante  No.  87,  viz.,  c  =  0,  e  =  0;  c  =  51°, 
«  =  1;  c  =  60°,  0=00;  c  =  63°26'-e,  e  =  4'912;  c  =  63°26'  +  e,  *  =  1-853;  c«  69°,  e  =  '628 
(min.);  c  =  S9°20',  (viz.  \  =  86176),  e  =  l;  c  =  90°,  e  =  1*018;  values  which  are  ex- 
hibited in  the  diagram  in  the  preceding  page. 

92.    It  may  be  further  remarked,  in  reference  to  the  formula 


that  for  c  =  60°,  that  is  X  =  V3,  we  have  A  finite,  B  and  0  each  infinite,  but  equal 
and  of  opposite  signs;  viz.,  the  equation  becomes  r  =  '2242  os  ±  oo  (y  —  1),  that  is  y  =  l, 
orbit  a  right  line  as  above. 

The   abrupt    change   at  c  =  63°  26',  X  «  2,  arises  from    the  change  of   sign  of  R^  ; 
viz.,  c  =  63°26'-e,  -83  =  -  -£=  =  -  2-309,  but  c  =  63°26'  +  e,  ^  =  -^  =  4-2-309;   the  two 

Vo  »  o 

orbits  are 

C==.g3°26/-e,        r  «  -234  «  +  4-906  y-  8-671,        ^  =  4-912,        c&=   159, 
c  =  63°  267  +  6,       r  =  *578  ^  -  1761  y  +  3'257,        e  =  1-853,        a  =  1-338 

For  c  =  90°  the  equation  is 


=  770  a  + '666  y  + 1-527 
and  therefore  e  =  Vp=l'018  as  above;  a  =  9  V21  - 41'243, 

It  is  to  be  added  that  for  c  nearly  =90°,  or  X  very  large,  we  have 

.Rs-^X,    .R2=Vfx  +  2Vf,    jR^Vfx- 

V3 

and  thence 

<       *         2    1=  770-  -430^ 


c= 


It  was,  in  fact,  by  means  of  these  expressions  that  the  value  X  =  86176  (c=89°20') 
corresponding  to  the  last-mentioned  parabolic  orbit  was  obtained. 
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93,    For  the  calculation  of  the  table  we  have 

log  #!  =  10  +  log  sec  c, 

log  yl  =  10*76144  +  log  tan  e, 

log  x,  =  10-65052  +  log  sec  (c  -  26°  340, 
log  (y,  -  -92376)  =  10-06247  +  log  tan  (c  -  26°  340, 

log  #3  =  10-65052  +  log  sec  (c  +  26°  34'), 
log  (y8  +  '92376)  =  To-06247  +  log  sec  (c  -h  26°  34'), 
the  values  of  rly  r2,  r3,  are  then  calculated  from 

^  =  ^0080!,    y^nsin^, 
or  say 

—  =  tan  <j)l3       rl  =  a^  sec  <f>l9  &c. 
^ 

and  those  of  the  chords  «yu,  723,  731,  from 

^  -  ^  -  712  cos  012,    ^i  -  y3  =  7^  sin  5^, 


or  say 


AJ      ^—    'T* 

tan  0M  =  — ? ,      12  =  ^  -  #<>  sec 


"We  have  then  to  find  the  equation  of  the  orbit  r  =  Ast  +  By+  C;  this  might  be  done 
by  substituting  in  the  determinant  expression  the  numerical  values  of  ^,  yl9  rls  #2,  y2,  r3, 
#s>  ys>  ^s>  and  so  calculating  the  result,  but  I  have  preferred  to  employ  the  formula  of 
No.  90,  using  only  the  calculated  values  of  rl9  r2,  rs;  viz.  we  have 


which  gives  the  values  of  J^,  jRa,  JSg.    And  then  we  have  e,  «r,  a,  from  the  equations 

+  (7 
-4  =  ecos«r,    J?  =  esin<«r,    c&  =  ~      , 

J.  —  fir 

^  and  a  being  each  regarded  as  positive.  The  times  in  the  elliptic,  and  parabolic 
orbits  are  then  calculated  from  Lambert's  equation,  as  explained  in  regard  to  Planogram 
No.  1,  but  for  the  hyperbolic  orbits,  the  other  formulae  were  made  use  o£ 
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94.    I  annex  a  specimen;  the  characteristics  of  the  logarithms  are  omitted. 
c  =  20°. 
20° 
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0 

02701   56107 
76144 

-  6°  34' 
00286    06113 
65052    06247 

+  46°  34' 
16272    02376 
65052    06247 

32251 

=  1-06418   &  =  -21014 
32251   02701 

65338    12360 

«%--  -45017  -92367 
•01329 

81324    08623 

ag  =  -  -65049  -92367 
•12196 

02701   00830 

ya  =  +  -91038 

y3  =  -80171 

29950   03531 
=  11°  10'   ra  =  1-0847 

log  =  -95922 

95922    95922 
65338    04752 

Iogjr3=  90402 

90402    90402 
81324    10980 

30584    00674 

09078    01382 

fa  (=  63°  41')  =  116°  19',  r,  =  1-0157    &  (=  50°  57')  =  230°  57',  r3  =  1-0828. 
The  calculation  of  the  equation  of  the  orbit  is  then  as  follows : 

log  .£  =  03581 
#!=  1-0847 
X  +  2  =  2-36397 

log-    37364 
Iogr2  =    00674 


X  =     -36397 

log  =     56107 

12214 


Xa  =     -13248 
_  3  =  -2-86752 
log  =     45750 


log  Vl+V  =  02701 
77815 


45750 
30103 

log  2  (Xs  -3)  =  75853  (c) 
23856 


38038 
J3,  =  +  2-4010 

X-2  =  - 1-63603 

log=       21378 

logn=       01382 


22760 
8  = -1-6889 


log  2  VI  (Xs -3)  =  99709  (6) 
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4.^  =  4-3388 

2^  =  2-1694 

R»=      2-4010 

-R,              -2-4010 

+  R,    2-4010 

£3  =  -   1-6889 

+  R,              -T6889 

-   R3    1-6889 

+     -7121 

4-0899 

6-2593* 

log  =       85254 

•2489 

log=  79653 

X  =       56107 

log  =39602 

X=  56107 

41361 

(a)  =80516 

35760 

+  -25919 

59086 

+  2-2782 

-  6-2593* 

-  35,              -  7-2032 



4  =  -038982 

-353    5-0667 

-6-00011 

7-3449 

log=      77818 

-  7-2032 

(c)  =       75853 

01417 

•01965 

log=  15137 

C=+  1-0464 

(6)  =99709 

•15428 

B  =  -  -014265 

log  5  =15428                  02729 

log  .4  =  59086                  59086 

56342                   61815 

*r(=20°  6')  =  160°  52'       e  =  -04151 

23630 

e=  =  -001723                  log  C~  01965 

l-e3  =  -998277                  log    =99925 

a  =  T0481             02040 
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The   calculation  of  the   Times   is   similar   to   that   for   the   first   planogram,   and 
requires  no  further  illustration. 

The  Table  for  Planogram  No.  2  is  as  follows: 


c.  vn. 


57 
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Plawgram  No.  2, 


c 

alU 

aU  + 

all- 

2/2 

all  + 

* 

2/3 

* 

* 

, 

« 

, 

* 

Circle 

0° 

1000 

000 

•500 

•866 

-    -500 

-    -866 

1000 

0°  0' 

1000 

120°  0' 

1000 

240°  0' 

/ 

5 

1004 

051 

•481 

•878 

•525 

•853 

1005 

2  52 

1001 

118  42 

1001 

238  23 

10 

1015 

102 

•467 

•889 

•557 

•838 

1020 

5  44 

1004 

117  41 

1006 

236  34 

15 

1035 

-155 

•456 

•900 

•598 

•821 

1047 

8  30 

1009 

116  54 

1016 

233  58 

20 

1064 

•210 

•450 

•910 

•650 

•802 

1085 

11  10 

1016 

116  19 

1032 

230  57 

25 

1-103 

•269 

•447 

•921 

•719 

•778 

1136 

1343 

1024 

115  55 

1060 

227  15 

Ellipses  • 

30 

1155 

•333 

•448 

•931 

•812 

-749 

1-202 

16    6 

1033 

115  42 

1104 

222  42 

35 

1-221 

•404 

•452 

•941 

•939 

•710 

1-286 

18  19 

1044 

115  40 

1178 

217    6 

40 

1-305 

•484 

•460 

•951 

1125 

•657 

1-392 

20  21 

1056 

115  48 

1-302 

210  19 

45 

1-414 

-577 

•471 

•962 

1-414 

•577 

1-527 

22  12 

1071 

116    6 

1-528 

202  12 

\ 

50 

1-556 

•688 

•487 

•974 

1-925 

•440 

1-701 

23  51 

1088 

116  35. 

1-975 

192  53 

Parab. 

51°  0' 

1-589 

•713 

•491 

•976 

2077 

•400 

1-741 

24    9 

1093 

116  43 

2115 

190  54 

52 

1-624 

•739 

•495 

•978 

2-256 

•353 

1-787 

2428 

1097 

116  51 

2-283 

188  53 

54 

1-701 

-795 

•504 

•984 

2-729 

-229 

1-878 

25    2 

1105 

117    7 

2-738 

18448 

Eyperbs.  • 

Jr 

55 

1-743 

•824 

•509 

•986 

3049 

-    145 

1-928 

25  18 

1109 

117  16 

3053 

182  43 

56°  18' 

1-802 

•866 

•515 

•990 

3-601 

000 

1-999 

25  39 

1-116 

117  30 

3-601 

180    0 

59 

1-942 

•961 

•530 

-997 

5-786 

+    -566 

2166 

26  20 

1129 

118  59 

5-813 

174  25 

Line 

60 

2000 

1000 

•536 

1000 

7-468 

1-000 

2-236 

26  34 

1134 

118  11 

7-534 

172  23 

r 

61 

2-063 

1042 

•542 

1003 

-10-53 

+  1-793 

2-311 

2648 

1140 

118  24 

10-68 

170  20 

Convex  -{ 

63°  26'  -c 
63°  26'  +£ 

2-236 

1155 

•559 

1010 

-      00 
+      00 

+      00 
-       30 

2-517 

27  19 

1155 

118  57 

00 

(165  31 
1345  31 

EyperbJ 

64 
65 

2-281 
2-366 

1184 
1-238 

•563 
•571 

1012 
1015 

+  45-22 
16-36 

-12-60 
5-146 

2-570 
2-670 

27  26 
2737 

1157 
1165 

119    6 
119  21 

46-94 
1715 

34426 
342  37 

Parab. 

65°  52' 

2-446 

1-289 

•578 

1019 

1012 

3-552 

2-765 

2747 

1171 

119  35 

10-80 

340  56 

66 

2-459 

1-297 

•579 

1019 

9-987 

3-500 

2-779 

27  48 

1172 

119  37 

10-59 

340  41 

68 

2-669 

1-429 

•596 

1026 

5-617 

2-369 

3028 

28  10 

1186 

120  11 

6090 

337    8 

70 

2-924 

1-586 

•616 

1033 

3-912 

1-927 

3*326 

2829 

1-202 

120  48 

4-360 

333  46 

Ellipses 

72 

3-237 

1-777 

•638 

1041 

3008 

1-694 

3-693 

2847 

1-221 

121  29 

3-455 

330  38 

75 

3-864 

2-155 

•674 

1054 

2-230 

1-488 

4-424 

29    9 

1-251 

122  36 

2-681 

326  17 

80 

5-759 

3-274 

-751 

1079 

1-568 

1-312 

6-624 

29  37 

1-815 

12449 

2045 

320    5 

85 

11-47 

6-599 

•854 

1112 

1-217 

1-216 

13-25 

2954 

1-402 

127  32 

1-720 

315    1 

Parab. 

89°  20' 

86-41 

49-79 

•979 

1148 

1024 

1161 

99-5 

29  56 

1-508 

130  24 

1-548 

311  24 

Eyperbs. 

90-e 

00 

00 

1000 

1155 

+  1000 

-  1155 

.« 

30   0 

1-527 

13054 

1-527 

31054 

476] 
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Equation  of  Orbit. 
r-Ax        +  %       +C      ' 

e 

«r 

a 

723 

r»i 

712 

T* 

T* 

^ 

•000 

•000 

+  1-000 

•000 

ind.°    ' 

1-000 

1-732 

1-732 

1-732 

1-000 

1-000 

1-000 

0° 

5 

+  •0101 

-  -0015 

1-0104 

•010 

171  19 

1-010 

1-729 

1-832 

1-678 

•987 

1-106 

•953 

10 

15 

•039 

•014 

1-046 

•041 

160  52 

1-048 

1-724 

1-991 

1-668 

•956 

1-316 

-946 

20 

25 

•083 

•061 

1-126 

•103 

143  48 

1-138 

1-718 

2-244 

1-710 

•924 

1-777 

•962 

30 

35 

•135 

•209 

1-317 

•248 

122  54 

1-404 

1-740 

2-684 

1-826 

•878 

3-238 

•966 

40 

•161 

•395 

1-527 

•426 

112  12 

1-867 

1-805 

3-055 

1-925 

45 

•186 

•815 

1-972 

•836 

102  50 

6-554 

2-016 

3-659 

2-063 

•878 

48-60 

•849 

50 

•191 

•982 

2-140 

1-000 

101  14 

00 

2-100 

3-831 

2-097 

-879 

oo 

•820 

51°  0' 

•196 

1-150 

2-319 

M66 

99  39 

6-434 

52 

•203 

1-719 

2-898 

1-720 

96  44 

1-481 

54 

•207 

2-182 

3-366 

2-192 

95  25 

•885 

2-781 

4-890 

2-258 

•895 

- 

•665 

55 

•212 

3'074 

4-227 

3-081 

93  56 

•498 

56°  18' 

•221 

-14-15 

+  15-42 

14-15 

90  30 

•077 

59 

•224 

±  °o   (y 

-1) 

00 

90    0 

•000 

6-932 

9-468 

2-536 

•000 

- 

•000 

60 

Convex  Orbits. 

61 

•234 

+  4-906 

-  3-671 

4-912 

87  17 

•159 

63°  26'  -o 

•578 

-  1-761 

+  3-257 

1-853 

108  11 

1-338 

00 

00 

2-799 

fW 

oo 

•909 

63°26'  +  e[ 

64 

•587 

•979 

2-494 

1-134 

120  21 

8-666 

18-014 

15-380 

2-945 

65 

•591 

•805 

2-257 

1-000 

126  19 

oo 

11-633 

9-072 

3-036 

GO 

7-746 

1-386 

65°  52' 

•593 

•779 

2-221 

•979 

127  15 

53-83 

66 

•606 

•338 

1-894 

•693 

150  53 

3-645 

68 

•619 

-     120 

1-708 

•630 

169    0 

2-834 

5-409 

3-649 

3-584 

5-735 

6-343 

2-685 

70 

•635 

4-     '027 

1-599 

•636 

182  25 

2-674 

72 

•654 

•185 

1-497 

•680 

195  47 

2-783 

3-859 

3-981 

4-644 

2-62 

6-68 

4-64 

75 

•692 

•366 

1-439 

•783 

207  52 

3-716 

3-327 

6-212 

6-870 

1-97 

10-21 

9-343 

80 

•740 

•514 

1-455 

•892 

214  47 

7-721 

3-115 

12-895 

13-480 

85 

•764 

•645 

1-505 

1-000 

219  51 

oo 

3-055 

99-43 

102-7 

1-200 

225-4 

00 

89°  20' 

+  -770 

+    -666 

+  1-527 

1-018 

220    6 

41-000 

3-055 

00 

00 

M48 

00 

««•* 

90-  c 

The  mark  -  in  any  of  the  T  columns  shows  that  the  Erne  does  not  exist. 
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Article  Nos.  95  to  98.    Planogram  No.  3,  the  Orbiirpole  at  one  of  the  points  A. 

95.  When  the  orbit-pole  is  at  one  of  the  points  A,  the  orbit-plane  passes  through 
one  of  the  rays,  and  as  there  is  no  longer  on  this  ray  any  determinate  point  of 
intersection,  the  orbit  (as  was  seen)  becomes  indeterminate.  Thus  consider  the  point 
A  for  which  6  =  270°,  c  =  60°:  we  have 

«,/B,y  =-1,  0      ,          0     , 

a',^,7^     0, 
a",  £",  y"  =     0, 

Fig.  9. 


and  consequently  the  formula  gives 

<*'  :  ft'  :  1  =        0 


0  :     0 

3  :  - 


-  V3, 

and,  moreover,  #  =  -#',  y  =  -^  From  the  formuk  the  value  of  #/  or  ^  is  given  as 
^,  but  the  true  value  is  obviously  ^  =  1;  the  value  of  yl  is  actually  indeterminate. 
The  formulae  give  the  values  of  (#2,  ys),  (#3,  ys),  viz.  the  system  is 


s=     ~T=,    whence  ?v 
2 
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so  that  the  orbits  in  the  planogram  are  the  whole  series  of  conies  having  a  given 
focus,  8,  and  passing  through  two  fixed  points,  2,  3,  having  the  common  abscissa 

2 
a?  =  -l,  and  at   equal   distances  -^  (=1*15470)  on  opposite  sides  of  the  axis.    The  axis 

of  #  is  obviously  the  common  transverse  axis  for  all  the  orbits;  that  is,  the  equation  of 
the  orbit  will  be  of  the  form  r  —  Ax  +  B\  and  writing  #  =  —  1,  we  have  >^  =  —  A  +  B, 
viz.  the  equation  is  r-  V|  =  J.  (#  +  1);  the  value  of  A  will  be  determined  if  we 
assume  for  the  point  1  a  determinate  position  on  the  line  a?  =  l,  say  its  ordinate  is  =ya; 
for  then  if  n  =  Vl  +  yf  we  have  ^  -  \/|  =  24,  and  the  equation  is  r  -  V|  =  £  (rt  -  V|)(a?+  1). 
In  particular  if  y1==0,  we  have  n  =  l,  and  the  equation  of  the  orbit  is  r-'s/f  =|(l-vf)  0&+1): 
this  is  the  orbit,  eccentricity  J(V|  —  !)»  ='264,  belonging  to  the  point  4  as  a  point 
in  planogram  No.  1:  for  the  value  of  y,  being  in  that  planogram  originally  assumed 
=  0,  is  of  course  =  0  when  the  orbit-pole  comes  to  be  the  point  A. 

96.  We  may  conversely  take  the  equation  of  the  orbit,  or  say  the  value  of 
A  (=±e)  in  the  equation  r-Vf  =  A  (#4-1),  to  be  given;  and  then  writing  0-^  =  1, 
we  have 

n  =  V|  +  2A,        that  is  y?-  (^f  -f  24)2  -  1  5 
for 

n  =  l  or  7/1  =  0,        4 


and  as  i\  increases  to  rt  =  Vf  ,  or  yx  increases  to  ±  -p  ,  A  diminishes  from  —  '264  to  0  ;  viz., 
for  n  =  ^|  »  or  y1  =  +  -^  ,  the  orbit  is  a  circle  ;  as  rx  increases  from  V|,  or  j/i  from  ±  -^  , 


J.  increases  from  0  positively;  for  ?\  =  V|  +  2,  =3'527,  or  yl^±^    -  -  ,  =±2'896, 


A  becomes  =1;  that  is,  the  orbit  is  a  parabola;  and  for  larger  positive  values  of  rl9 
or  positive  or  negative  values  of  ylt  the  orbit  is  a  hyperbola  (concave);  and  ultimately 
for  rx  =  oo  or  ^  =  ±00,  the  orbit  is  the  right  line  $  +  1  =  0.  Thus  A  extends  from 
—  -264  to  0,  and  thence  from  0  positively  to  -f  oo  . 

97.  In  further  illustration,  suppose  that  the  orbit-pole,  instead  of  being  at  A,  is 
a  point  in  the  immediate  neighbourhood  of  A}  say  that  the  rectangular  spherical 
coordinates,  measured  from  A  in  the  direction  of  the  meridian  and  perpendicular 

thereto,   are    f   and   77;    the    colatitude    and   longitude    of  the    orbit-pole   being   thus 

2 

c  =  60°-ff,  and  b  =  270°  -4-  -7=07;  w^  have  then,  f,  97  being  indefinitely  small, 

V3 

2 

a  ,  /3,  7    =  -1  ,    -^07,          0, 

^fe    f-H* 
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and  thence 


that   is,  a^as  —  1,  y\—\>  or  what  is  the   same   thing,  ^  =  -1,  yi  =  ?;   the  values   of 

#2,  ys,  and  #3?  yz,  differ  from  their  former  values  only  by  terms  in  f-,  97,  which  may 

2  2 

be  neglected;  that  is,  we  have  as  before  #2  —  —  1,  ^  =  -7=  and  ^  =  —  1,  ys  =  —  —  ;  and 

V3  V3 

we   thus   see    that   the    foregoing   determination   of  the   orbit   for   an    arbitrary  value 

of  yl9  writing  therein  ^  =  —  2   for  what  would   be  the  same  thing  yi  =  | 

2 

orbit  for   the   neighbouring   position   c  =  60°  +  f,  and  6  =  270°  +  -r=iy  of  the  orbit-pole. 

V3 


Writing  for  greater  convenience  f=/>cosi^,  ^  —  psm^  the  indefinitely  small  quantity 
p  will  denote  the  distance  of  the  orbit-pole  from  A,  and  its  azimuth  measured  from 
the  meridian  will  be  ~i/r.  We  then  have  yi  =  —  tamjr,  and  r1  =  Vl  +  ^12=  isec-^r,  or, 
if  to  fix  the  ideas,  ^  be  considered  as  <  ±  90°,  then  r^sec-^:  we  have  thus 
(A  =  ±  e  as  before)  A  =  £  (—  V|  +  sec  -^)  ;  viz.,  observing  that  V|  =  1'527,  we  obtain 


0,  4  = 

\/|        =±49°  6;  ^«  0 

-l)  =  ±  60°  52',  ^=    |  (Vf  -  1)  »  +  -264 

±73°32',  Jl  =1 

f-  ±(90°^e),  J.  -4-00. 

98.  These  results  will  have  to  be  further  considered  in  reference  to  the  course 
of  the  iseccentric  curves  through  the  point  A.  I  remark  here  that,  although  it 
appears  that  although  for  eccentricities  less  than  '264,  and  in  particular  for  the 
eccentricity  =0,  there  are  real  directions  of  passage  from  A  to  a  neighbouring  point, 
yet  there  are  not  through  A  any  real  branches  of  the  corresponding  iseccentric  curves; 
viz.,  A  is  in  regard  to  these  curves,  an  isolated  point  with  real  tangents;  that  is  a 
point  in  the  nature  of  an  evanescent  lemniscate.  As  regards  the  eccentricity  =0,  it 
is  obvious  that  this  must  be  so;  viz.,  there  can  be  no  real  branch  through  A.  In 
feet,  the  orbit  can  only  be  a  circle  when  the  intersection  by  the  orbit-plane  of  the 
hyperboloid  which  contains  the  three  rays  is  also  a  circle;  that  is,  the  orbit  is  a  circle 
only  when  the  orbit-plane  coincides  with  the  plane  of  the  ecliptic. 
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Article  Nos.  99  to  103.    Planogram  No.  4,  the  Orbit-pole  in  the  Ecliptic. 

99.    When  the  orbit-pole  describes  the  circle  of  the  ecliptic,  the  orbit-plane  passes 
through  the  axis  of  *,  or  polar  axis.    We  have  c  =  90°,  and  consequently 

«  ,  £  ,  7  =  sin  6,  -  cos  b,  0, 
«',  P,  y'  -  0  ,  0  ,  -  1, 
a.",  p»,y  =  cos&,  sin  6,  0. 

Keverting  for  a  moment  to  the  general  case  where  the  six  coordinates  of  the  ray  are 
(a,  b,  c,  f,  g,  h),  the  formulae  for  the  intersection  by  the  orbit-plane  are 

rf:jf:l=     (a,  b,  c$a',  £',  7')  =  -c 

:  -  (a,  b,  c$cc  ,  £  ,  7  )  :  -  a  sin  b  +  b  cos  6 

:      (f  ,  g,  h$a",  /3",  7")  :      f  cos  b  +  g  sin  b, 
that  is 

—  +  - 
a;     c 


and  thence 

1  :  COS& 

consequently 

^/a 

or,  what  is  the  same  thing, 


-,  +  -  cos  b  —  sin  6  =  0  : 
x     c  c 


:  : 

C2  C5/  CiJ/ 

h^       :  gT/'  +  a  :  -fy'  +  b; 


or,  in  particular,  if  (as  in  the  special  symmetrical  case)  ag-bf=0,  then 


100.    For  the  symmetrical  system  of  rays  we  have  as  before 

aa,  bj,  G!,  fl9  glf  h1=  0,  V3,  -1,  0  ,  1,  >S3, 
BI,  b2,  02,  f2,  g2,  h2=  3,  VS,  2,  V3,  1,  -2V3, 
a.,  b3,  03,  f3,  g3,  ht^-8,  A/8,  2,  V3,  1,  -2V§, 


and  thence 

a^  :  y±  :  1=     1  :  V3cos&  :  sinfc 

<  :  y2;  :  l  =  <-2  :  -3sin6  +  V3  cos6  :  sin6 

#/  :  ys  '  1  «  -  2  :      3  sin  6  +  V§  cos  6  :  sin  &  -  V^3  cos  &, 
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or,  what  is  the  same  thing, 

#/=       cosec  6       ,       y/ =  \^3  cot  6, 


2  ~sin&-j-V3cos&'  sin  b  +  V3  cos  b 


3     sin&-V3cos6J  sin&-v3cos& 

or  as  these  may  also  be  written 

a/  =    cosec  b  ,  y^VScoti  , 

a?3'  =  -  cosec  (b  +  60°),  y/  =  V§  cot  (6  4-  60°), 

4  =  -  cosec  (b  -  60°),  y,'  =  V3  cot  (6  -  60°), 

so  that  for  each  of  these  sets  we  have 


(The  curve  is  in  fact  a  section  of  the  hyperboloid  of  revolution, 
which  passes  through  the  three  rays.) 

101.  As  regards  the  equation  of  the  orbit  I  will  first  consider  the  particular 
cases  &  =  90°,  6  =  0°,  which  should  agree  with  the  orbits  for  c  =  90°  in  the  planograms 
1  and  2  respectively. 


For  b  —  90°  we  have  xf  =  x,  y'  — 

<=    1,  y/=    0, 

<  =  -2,  y/  =  -8, 

^  =  -2,  y/=    3, 
and  the  orbit  is  at  once  found  to  be 


the  eccentricity  (regarded  as  positive)  being  thus  ^(Vl3-l),  =*7685  as  before.  For 
6  =  0°  there  is  a  discontinuity,  and  I  write  successively  6  —  +  e,  and  &  =  —  e.  For  &  =  +  € 
we  have  #7-  —  y,  y/=:a?,  and 
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and  similarly  for  6  =  -e  the  equation  is 


hence  the  eccentricity  is 


V3 


=  V,    =  1-018,  as  before. 


102.  Considering  now  the  general  case  where  b  has  any  value  whatever,  the 
equation  of  the  orbit  is 

:°' 

?i  sin  b  ,        1,  V3cos&         ,    sin  6 

r2  (sin  b  +  V3  cos  6),  -  2  ,  -  3  sin  b  +  V3  cos  6,  sin  b  +  V3  cos  b 
rs(sin6-V3cos6),  -2,  3 sin 6 +  V3 cos 6,  sin  6 -V3  cos  6 
>  —  y  cos  &,  y'  =  sc  cos  S  -f  y  sin  &,  as  before). 

The  coefficient  of  r  is  readily  found  to  be  -6  V3(sin2&  +  cos26),  =  —  6V§;  hence 
completing  the  development,  dividing  by  6  V3,  and  transposing,  the  equation  of  the 
orbit  is 


- r2 (sin 6  +  Vs cos 6) - r3 (sin b  -  V3 cos &)] af 
+  — ^=  [4rx  sin  6  cos  6  +  r2  (-  2  sin  &  cos  &  +  V3  (cos2  6  -  sin2  &)) 

+  r,  (-  2  sin  6  cos  &  -  V3  (cos26  -  sins&))]y' 
4-    ^   [4r!sin86        -{- r2  (sin2  6  +  3  cos2  6 -h  2  V3  sin  &  cos  6) 


Vsin3  6  +  4  cos3  b 

sin  6          ' 


where 


_        sin2  b  +  7  cos25  -  6  V3  sin  b  cos  b 
sin  b  +  VI  cos  b 

_  v  13  sin2  6  +  7  coss  b  +  6  V8  sin  b  cos  b 
sin  &  —  V3  cos  b 

in  which  expressions  the  signs  of  the  radicals  must  be  such  that  rlt  ra,  r8  shall  be 
positive.    Hence  writing  tan  b  =  77,  (sec  b  =  Vl  +  if,  which  determines  the  sign  of  VF 
also 


0.  vn. 
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and  therefore 


which  last  equations  determine  the  signs  of  %,  Rs,  &  respectively,  the  equation  of 
the  orbit  is 


6(1  + 
1 


6(1+i?2) 
Thus  if  6  =  +  e,  then  also  17  =  +  e, 


and  the  equation  is 

-J  -  -666  a^ 


as  before  ;  and  similarly  if  6  =  90°. 
And  moreover,  if  6  =  30°,  then 


,-,       = 

whence  the  equation  of  the  orbit  is 


•868^  +  0^+    1*868. 

103.  The  equation  of  the  orbit  should  be  tabulated  from  6  =  0  to  &  =  30°;  the 
equations  for  the  remainder  of  the  circumference  will  be  then  found  by  successive 
repetition  of  this  interval  in  direct  and  reverse  order,  with  however  a  change  of  sign, 
in  the  manner  about  to  be  explained, 

6  =  €}  r  =  +  '666  a!  +  '770  y  +  1-527, 

&  =  30°,  r  =  +  '888rf+    0  j^  +  1-868, 

6  =  60°  -  e,      r  =  +  -666  of  -  '770  y'  +  1-527, 

6  =  60°  +  e,      r  =  -  -666  of  +  '770  y'  +  1*527, 
6  =  90°,  r  =  --868#'+    0  ^  +  1-868, 

6  =  120°  -e,>  =  -  '666  of  -  -770  ^  +  1*527, 
30°  +  ft  same  as  30°  —  /S,  reversing  sign  of  the  y7  coefficient. 

90°  +  $  same  as  90°  —  /3,  reversing  sign  of  the  i/  coefficient,  and  whole  interval 
60°  to  120°  same  as  interval  0°  to  60°,  except  that  the  signs  of  the  x  coefficient 
are  reversed,  and  the  remaining  two  intervals,  120°  to  240°  and  240°  to  360°,  are 
merely  repetitions  of  the  interval  0°  to  120°. 
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As    regards    the    interval    0°    to    30°    the    only   intermediate    value    that    I    have 
calculated  is  &  =  15°,  viz.,  we  then  have 

6  =  15°,    r  =  -811  of  +  •4.030'  +  1-787. 

Calculating  for  the  foregoing  values  6  =  0°,  6  =  15°,  6  =  30°,  the  values  of  e,  &,  a, 
these  are  found  to  be 


6=   0°,  6  =  1-018  *7  =  220°   6'  a  =  41  -24 

6  =  15°,  e=   -906  *r  =  206°27'  a  =  10'008 

6  =  30°,  0  =   -868  *r  =  180°  a=   7'604 


Article  Nos.  104  to  113.    Planogram  No.  5.    The  Orbit-pole  on  a  Separator. 

104.  If  the  orbit-plane  rotate  round  a  line  parallel  to  one  of  the  rays,  the 
orbit-pole  will  describe  a  separator  circle,  and  conversely.  I  consider  the  general  case 
of  a  ray  the  six  coordinates  of  which  are  (a,  b,  c,  f,  g,  h),  and  for  which  the  inter- 
sections with  the  orbit-plane  are  given  by 


of  :  y'  :  1  =  (a,  b,  c$a',  /3',  7')  :  -(a,  b,  c$a,  &  7)  :  (f,  g,  h$tf",  £",  7"). 
The  axis  of  #'  is  parallel  to  the  ray 

as  —  A  _y—B_z  -0 

—f     g     h  ' 

that  is,  we  have 

a  :  £  :  y  =  f  :  g  :  h, 
whence,  putting  for  shortness 

fi  =  Vf2"+g3  +  h3  and  II  = 
we  have 


and  thence 

-rr 


and  we  thus  obtain  the  values  of  <t,  /3',  7;  a",  £",  7"  in  terms  of  f,  g,  h  and  the 
variable  angle  H,  viz.,  these  are 

gcostf  ,hf  sin  5"          „     -gsing  hf  cosg 

a  =_6__  +  ___j        a    =_^  m-, 


fcosS    ghsinjff         ^       f  sing    hgcosg 

-Tr~+~na~'     *  =  ~n         nii    ' 


n2sin5'          „ 

'     7  " 
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where  3  is  the   angular   distance   of   the   orbit-pole,  along   the   separator,  from   the 
point  A.    The  foregoing  values  give 

(a,  b,  c$a,£,  y)-0, 


(a,  b, 

JLJ. 

(f ,  g,  h  Ja"  j8",  7")  =  0, 
so  that  the  coordinates  a?',  y'  of  the  intersection  with  the  ray  are  given  in  the  form 

of  :y'  :  1  =  H  :  0  :  0, 
that  is 

#'  =  ^=00  '  =  - 

but  the  value  of  y'  is  determinate,  viz.,  this  is  equal  to  the  perpendicular  distance  of 
the  ray  from  the  point  S. 

105.  In  particular  when  the  rays  are  the  special  symmetrical  system  before 
considered,  then  if  (a,  b,  c,  f,  g,  h)  refer  to  the  ray  1,  we  have  f=0,  g  =  l,  h  =  V3, 
n  =  l,  il  =  2,  and  thence 

a",  /3",y''=-  sin  H, 
For  the  intersection  with  the  ray  1  we  have 


and  for  the  intersections  with  the  other  two  lines 

*'  :  y,'  :  1  = 

(3,    V3,       2      )(-coSjff,        ^VSsin^,    -  JsmS)  -- 
:  -(  8,    V3,        2      )(      0,  1, 
:     (V3,      1,    - 
and 


(-    3,    V3,    2      )(-cosS; 
:-(-    3,    V8,    2      )(    0,    1,        1V8)  :|V3 

:      (-V3,      1,  -2V3)(-sin5;    - 
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that  is,  we  have 


JL_  6cosg-    sing 
"V§  3  cos  g-f  2  sing' 

3 


*2  3  cos 

106.    Writing  herein 


sing' 


JL_  6cosg+    sing 
V3  3  cos  g— 2  sing' 

3 

3cosg-2sing* 


3  2 

cos  co  =  -= ,    sin  co  =  -p^_ 

V13  Vl8 

the  formulae  are  readily  converted  into 


,    tan  a  =  4, 


33°41' 


13  V3 


{- 18 -15  tan  (JET  +  a)}, 
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yi  =  VH  sec  (JT  "  w)'  ys'  =  vs  sec  (H  +  w)> 

where,  in  regard  to  this  angle  co,  it  is  to  be  observed  that  it  represents  the  angular 
distance  from  the  ecliptic  along  the  separator  to  a  point  B,  or  what  is  the  same 
thing,  the  complement  of  the  angular  distance  on  the  separator,  of  the  points- 
A  and  B.  We  have,  in  fact,  a  right-angled  spherical  triangle  ZAB,  Z^  =  60°, 
Z^L  =  90°,  £4  =  60°  whence  sin  60°  =  tan  AS  cot  60°,  that  is,  tan  AB=sin60°tan60°=f, 
or  ^5=90°  -co. 


Hence,  g=  ±  90°,  the  orbit-pole  is  on  the  ecliptic,  g=±(900-a>),  it  is  at  a 
point  B  (the  intersection  of  the  separator  by  one  of  the  other  two  separators),  and 
g  =  0,  it  is  at  the  point  A  on  the  separator. 

The  foregoing  values  of  (#/,  ya')  satisfy  the  equation 


and  similarly  the  values  of  (as/,  y%)  satisfy 


results  which  would  be  useful  for  the  delineation  of  the  planogram. 

107.    As  regards  the  equation  of  the  orbit  we   have  *&/  =  ±  oo  ,  and  consequently 
#/  =  ±  T!  =*  6^  if  for  convenience  6  be  written  to  stand  for  ±  1.    The  equation  of  the 


orbit  then  is 

0  = 

f              > 

of 

tf> 

1 

I 

6 

o, 

0 

rt  (3  cos  H  +2  sin  ST),    -=. 
V3 

(    6  cos  5-  sin  IT), 

3, 

3003*^* 

r8(3cosfl"-2sinjff),      ._ 
v                               V3 

(-  6  cos  E  -  sin  H), 

3, 

3cosg-2sing 
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where 


-T=  (36  cos3  E  +  4  sin2  5)  -  0r3  (9  cos3  5-4  sin2  5)  +  0r3  (9  sin2  H  -  4  cos2  5) 
- 12  V3  cosJ?4-  30  (3  cos  H+  2  sin  H)r*  -  30  (3  cos#-  2  sin  H)  rs, 


V  21  cos3  g  -  4  cos 


sin2  H 


V21 


+  4?  cos 


sn3 


Hence,  writing  tanfi'sX,  and  therefore  sec  5*=  Vl-f  Xs,  which  determines  the  sign 
of  Vl  -f  X2,  and  moreover 


and  thence  also 

which  last  equations,  since  r3,  rs  must  be  positive,  determine  the  signs  of  the  radicals 
jR2,  By ;  the  equation  of  the  orbit  is 

i/         f  0  1     —  40  V3  4-  _R«  —  -R. 

r  =  fe/+         ^ ^(36  +  4X2)-(3-2X)^  +  (3  +  2X)J?3  +     wo^    si, 

12XVl-f  X2  Iv3  J  4X 

where  0  it  will  be  recollected  denotes  +1  or  —  1  at  pleasure. 

108.    I    remark    that    0=4-1    and    0  =  —  1    may  be    considered    as    belonging    to 
positions  of  the  orbit-pole  indefinitely  near  the  separator  on  the  opposite  sides  thereof 


respectively;   the  annexed   figure   represents   a  portion   of  the  blank   spherogram,  and 
the   two   sides   of   the   half-separator  A'(J  will  be   traversed   by  the   orbit-pole,  if  H 
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extend  from  0°  to  90°  -o>  (=56°  19',  value  at  B1}  and  thence  to  90°,  0  =  +  l  belonging 
to  the  side  marked  +  in  the  figure,  and  0  =  -l  to  the  opposite  side.  But  the  same 
result  may  be  stated,  more  conveniently,  in  reference  to  the  blank  spherogram,  as 
follows  : 

fi"=   0°        to  5"=   56°  19',    0  =  +  l  belongs  to  the  outside  of  AB',  viz.  to  positions 

within  the  region  of  convex  orbits, 

0  =  -l,  to  inside  of  AB', 

ff=56°  19'  to  JT=   90°      ,    0  =  +  l  belongs  to  inside  of  ffQ'9 
H=  90°       to  #=123°  41',    0  =  +  1  belongs  to  inside  of  G'B, 

the  last-mentioned  values  being  identical  with  those  for  fl"  =  90°  to  #=56°  19',  0  =  -l: 
viz.  the  formula  for  H  =  90°  +  K,  0  =  +  l  is  equivalent  to  that  for  H=dQ°-K,  0  =  -l. 

109.    I  consider  some  particular  cases. 

Orbit-pole  at   A:    here   H=Q   and   therefore   X=0,  JR^  —  J^  —  4/21;    the   orbit   is 


r=*0af+  -—  (yl  —  1),  viz.  it  is  the  right  line  y  -  1  =  0. 
A 

Orbit-pole  in  the  neighbourhood  of  B.  Suppose  first  H  =  90°  —  a  -  e,  X  =  cot  co  —  e 
cosec2  w  =  |--^e,  3  —  2X,  =-^e,  is  positive,  and  therefore  E3  is  positive,  and  we  have 
J23  =  65  ^  =  4^3;  whence  the  equation  is 


viz.  ^  =  —  1,  this  is 
and  ^  =  +  1,  it  is 


and  so  secondly,  if  fir  =  90°-o)  +  €,  x=|  +  J^e,  3-2X,  =-^e,  is  negative,  or  ^  is- 
also  negative,  viz.  E2=6,  JB8=-4fV3,  and  the  equation  is 


viz.  ^  =  +  1,  this  is 

and  5  =  —  1,  it  is 

r^-rf-V^l+A. 

At  the  point  J5  there  are  thus  four  orbits:   viz.   H=  —  90°  —  o>-e,  5  =  +  l,  and 


_     _  J  =  -l,  these   are   orbits   wherein   the   eccentricity  is  =v^,  =  2'309, 

agreeing  with  that  found  for  the  point  B  in  planogram  No.  1,  or  say  for  an  orbit- 
pole  near  B  in  the  direction  of  the  meridian;  whereas  for  jff=  90° - o> - e,  0  =  -l 
and  H  =  90°  -  o>  +  e,  0  =  4- 1  the  eccentricity  is  V{f  =  1101. 
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Suppose  again  that  the  orbit-pole  is  on  the  ecliptic,  or  say  -H"=90°  —  e,  \  =  +  oca 
and  Vl~j-X2  =  X,  and  the  equation  is 


and  similarly  for  H  =  9QQ  +  e,  X  =  -  ao  ,   J?3=s2Vfx,   .R3  =  -2V|x,   Vl+V«X,   and  the 
equation  still  is 


viz.  6  retaining  the  same  sign,  there  is  no  discontinuity  in  the  passage  through  90°. 

The  eccentricity,  whether  0  =  -f  ]    or  =  — 1,  is  Vff,  =1*018,  agreeing  with  PL 
gram  No.  2. 

110.    For  the  more  complete  discussion  of  the  eccentricity,  we  have 


The  eccentricity  cannot  be  less  than  1,  which  is  evidently  right,  for  the  point  3  being 
at  infinity,  the  orbit  cannot  be  an  ellipse.  We  may  have  e  -  1  (or  the  orbit  a  parabola), 
viz.  this  will  be  the  case  if 


Proceeding  to  rationalize  this  equation,  we  have  first 


viz.  substituting  for  JS3,  Rz  their  values  V21-4X  +  ^X2  and  V21  +  4X  +  ^X2,  this  is 
found  to  be 


or,  what  is  the  same  thing, 


(9  -  4X2)  V3969  +  3384  \2  +  784  X4  -  -  81  +  504  X2  +  104  X4 
whence,  squaring  and  reducing,  we  have 


or,  what  is  the  same  thing, 

43 
or,  finally,  the  condition  for  a  parabola  is 
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111.  I  stop  to  remark  that  this  equation  may  be  obtained  differently,  as  follows. 
Since  the  point  1  is  at  infinity  on  the  axis  of  #,  this  line  will  be  the  axis  of  the 
parabola ;  or  the  equation  of  the  parabola  will  be 


4a2  =  0, 
and  we  have  therefore 


that  is 

1  :  4a  :  4a2  =  o?2-#3  : 
and  therefore 

(yt-yft=-*(** 

as  the  condition  for  a  parabola. 

But  the  values  of  cc2,  y«\  xZ)  y$,  ante  No.  104,  introducing  X  in  the  place  of  H,  are 


V33-2X' 


and  thence 


V3  9-4X2' 


(9  - 


- 

and  substituting  these  values  and  omitting  a  factor  -g  —  TT^,  the  result  is 

— 


viz.  this  is 

that  is 

4\6  -  252X4  -  56TX2  +  729  -  0, 
as  before. 

112.  The  equation  considered  as  a  cubic  equation  in  X2  has  its  three  roots  real> 
but  only  two  of  them  are  positive;  viz.  there  is  a  root  not  very  different  from  1,  and 
which  is  easily  approximated  to  by  writing  X2  =  1  —  a?,  this  gives 

40s  +  24003  -  10680  +  86  =  0, 
a  vn.  59 
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or  nearly  #  =  jfjf5  =  *08;  a  second  approximation  gives  #='0802;   or  we  have  X2-'9198, 
X^'9592,  whence  5  =  43°  49'.    Substituting  in  the  equation 

this  will  be  satisfied  by  0  =  -l,  viz.  the  parabola  belongs  (as  it  obviously  should  do) 
to  a  point  of  AB1  within  the  triangle  BB'B". 

To  obtain  the  other  positive  root  we  may  write  the  equation  in  the  form 

141-75     182-25 
X-bd  +  — ^~, 

the  approximate  value  X2  =  63,  gives  more  nearly  X*  =  65  and  then 

,2    go  ,  141-75     128-24  n 

X==63  +  "65 "4225-  >=6ol77> 

whence  X3=  8'073  or  5r=82°56'.    Substituting  in  the  equation 


we  have  0  =  4-1,  viz.  this  parabola  belongs   to    a  point  of   B'G'   within  the  triangle 
BB'B". 

The  two  values  of  e  for  0  =  +  l  and  0=-l,  are  each  infinite  for  X  =  0,  and 
they  become  equal  for  X  =  oo  (viz.  when  the  orbit-pole  is  on  the  ecliptic),  but 
not  in  any  other  case;  in  fact  they  can  only  do  so  for  9  +  X2=0,  or  else  for 
(3-2X)£3  =  (3-f  2X)53,  that  is,  X (288  + 128 X2)  =  0,  viz.,  X(9  +  4X3)  =  0. 

113.    In  further  explanation  I  give  a  diagram  of  the  eccentricity. 


Fig.  ll. 


The  base  ARC'S  is  here  the  broken  line  AB'C'B'  of  figure  10:    the  ordinates 
along  the  base  J.(7'(=900)  of  the   two  continuous  curves  exhibit  the  values  of  e,  as 
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given  by  0  =  +  l  and  0  =  -l  respectively;  the  dotted  curve  on  the  base  C'B(=C'l?) 
is  merely  the  upper  curve  on  the  base  G'B'  transferred  to  the  base  Q'B,  and  the 
curve  composed  of  the  lower  curve  on  the  base  AC'  and  of  the  dotted  curve  gives 
by  its  ordinates  the  value  of  the  eccentricity  as  the  orbit-pole  moves  along  AB'B 
within  the  triangle  B'BB"\  the  upper  curve  on  the  base  AB'  gives  by  its  ordinates 
the  value  of  the  eccentricity  as  the  orbit-pole  moves  along  AB*  on  the  other  side 
thereof,  that  is,  within  the  convex  region. 

The  base  of  the  diagram  is  graduated  not  for  the  value  of  H,  but  for  that  of 
the  angular  distance  (or  distance  in  longitude)  of  the  orbit-pole  from  the  point  A 
(or  A'} ;  viz.  this  is  the  angle  opposite  E  in  a  right-angled  spherical  triangle,  the  sides 
and  hypothenuse  of  which  are  60°,  Hy  c ;  writing  /?  for  the  angle  in  question  we  have 

2 


2  /    2X\ 

cos  c  =  i  cos  H,    tan  £  =  -=.  tan  H  f  =  -=  J , 


and  any  position  of  the  orbit-pole  on  the  separator  may  be  conveniently  laid  down  by 
means  of  this  angle  $.  The  values  of  /8  corresponding  to  the  before-mentioned  values 
and  \  =  8-073  are  £  =  47°  54'  and  /3  =  83°53'  respectively. 


Article  Nos.  114  and  115.    The  Spherogram  and  Isoparametric  Lines — General 

Considerations. 

114.  We  first  construct  a  blank  spherogram,  as  already  explained  (and  see  also 
Plates  IV.  and  V.),  viz.,  we  draw  on  the  stereographic  projection  a  hemisphere — say 
the  northern  hemisphere :  the  meridians  being  radii  and  the  parallels  of  colatitude 
circles  with  the  pole  as  centre;  the  parallel  of  60°  is  the  regulator  circle,  and  the 
separators  are  great  circles  touching  this  at  the  points  A,  A,  A,  in  longitudes  30°,  150°, 
270°  respectively ;  the  separators  intersect  in  the  points  B,  B,  Bt  in  the  northern  hemi- 
sphere, and  they  are  produced  to  meet  again  in  the  points  B,  B,  B9  of  the  southern 
hemisphere;  but  instead  of  taking  the  whole  northern  hemisphere,  we  omit  portions 
thereof,  and  take  in  the  opposite  portions  of  the  southern  hemisphere;  the  spherogram 
being  thus  bounded  by  portions  of  the  separator  circles,  and  consisting  of  the  inner 
spherical  triangle  5,  5,  B}  and  three  surrounding  triangles  5,  B,  B.  The  inner  triangle 
contains  the  regulator-circle,  touching  its  sides  at  the  points  A,  A,  A  respectively,  and 
dividing  it  into  an  inner  circular  region  and  three  surrounding  regions  A,  B,  A ;  these 
last  are  the  loci  in  quibus  of  the  orbit-poles  which  correspond  to  convex  orbits;  and 
to  mark  them  off  from  the  other  regions,  it  is  proper  to  shade  them  in  the  sphero- 
gram. Excluding  them  from  consideration,  we  have  the  inner  circular  region  and  the 
outer  triangular  regions  separated  off  from  each  other  by  the  shaded  regions,  except 
at  the  points  A,  where  these  are  thinned  away  to  nothing.  The  points  A  are  positions 
of  the  orbit-pole  for  which  the  orbit  is  indeterminate ;  and  consequently  any  parameter 
belonging  to  the  orbit  is  also  indeterminate.  Hence  the  isoparametric  line  for  any 
given  value  of  the  parameter  will  always  pass  through  the  points  A\  that  is,  all  the 
isoparametric  lines  will  pass  through  these  points,  which  are  thus  points  of  connexion 
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between  the  inner  circular  region  and  the  three  outer  regions,  but  it  must  be  recol- 
lected that  for  certain  given  values  of  the  parameter,  the  points  A  may  be  isolated 
points  on  the  isoparametric  line. 

115.  It  is  sometimes  necessary  (more  particularly  as  regards  the  Time-spherogram 
and  isochronic  lines)  to  distinguish  from  each  other  the  several  points  A  and  5;  and 
for  this  purpose  I  consider  the  several  points,  as  situated  in  the  spherogram,  to  be 
accented  in  the  following  manner: 

&          B 
A'         A 
A"       &' 


so  that  the  inner  triangle  is  fflfff"  and  the  outer  triangles  are  BB'B",  B'B^g"  an(j 
"  respectively;  this  distinction  has  been  already  partially  made  in  Fig.  10. 


Article  Nos.  116  to  122.    The  e-spherogram  and  Iseccentric  Lines.    See  Plate  IV. 

116.  Constructing   a   blank    spherogram    as    above,  we   may  from    the   tables    for 
planograms  Nos.  1  and  2  lay  down  numerically  the  values  of  the  eccentricity  at  the 
several  points  of  each  meridian  for  the  longitudes  0°,  30°, . .  330°,  viz. 

LONGITUDES  Planogram  No.  2  shows  that  e  increases  from  0  at 

0°,  60°,  120°,  180°,  240°,  300°.      the   centre   to  oo   at  60°,  then,    60°   to   63°  26'  (shaded 

region),  it  diminishes  from  oo  to  4*912 ;  on  passing  63°  26' 
it  changes  abruptly  to  1*853 ;  thence  diminishes  to  a 
minimum  =  f628  at  59°,  and  again  increases  to  1*018  at 
90°. 

LONGITUDES  Planogram   No.  1,  part   1,  shows   that  e  increases 

10°,  210°,  330°.  from  0  at  the  centre  to  oo  at  60°,  then,  60°  to  73°  54' 

(shaded  region),  it  diminishes  from  oo  to  2*309,  this  last 
value  being  at  a  point  Bt  the  termination  of  the  sphero- 
gram. 

LONGITUDES  Planogram  No.  1,  part  2,  and  for  values  over  90°, 

30°,  150°,  210°.  part  1,  shows  that  e  increases  from  0  at  the  centre  to 

•264  at  60°  (point  A),  '869  at  90°,  and  2-309  at  100°  6', 
point  jB. 

It  will  be  recollected  that,  although  e  has  the  same  value,  2-309  at  the  two 
opposite  points  5,  yet  there  is  an  abrupt  change  of  orbit,  indicated  by  the  change  of 
sign  of  A(=*±e). 

117.  Planogram   No.   3    shows    the    directions   at   the   points   A    of  the   several 
iseccentric  lines.     Planogram   No.  4,  if  the  calculations  were  completed,  would  give  the 
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value  of  the  eccentricity  at  the  several  points  of  the  ecliptic,  but  besides  the  already- 
mentioned  values  1-018  at  0°,  60°,  fee,,  and  -868  at  30°,  90°,  &c.,  the  only  value 
calculated  is  '906  at  15°,  45°,  Ac.  It  thus  appears  that  the  eccentricity  =1*018  for 
longitude  0°  diminishes  through  '906  at  15°  to  -868  at  30°,  and  then  again  increases 
through  -906  at  45°  to  1-018  at  60°,  and  so  on  through  successive  intervals  of  60°. 

118.  Planogram  No.  5,  if  the  calculations  were  completed,  would  give  the  value 
of  e  for  the  arc  AB  within  the  shaded  region  (but  no  values  have  been  found  except 
those  given  by  Planograms  1  and  2,  viz.  e  =  oo  at  A,  =4*912  at  longitude  30°  from  A, 
and  =2-309^  at  £);    and  it  would   also  give  the  value  of   e  for  the   whole  bounding 
arc   ABB  within   the    exterior  triangular   region.     We    have    e  =  oo    at  A,   =1-853  at 
longitude  30°  from  A,  =1  at  distance  #  =  43°  49'  from  A,   =1-101  at  5,  and  then 
proceeding   along   the   arc   55,  =1   at   distance   #  =  82°  56'   from  A,   *  1-018   on  the 
ecliptic,  and,  finally,  =  2'309  at  5.     The  two  values  e  =  l   are  very  important,  as  will 
presently  appear,  with  regard  to  the  parabolic  curve. 

119.  It  is  now  easy  to  trace  the  form  of  the  iseccentric  lines. 

e  =  0,^  the  curve  is  a  point  at  the  centre,  and  for  any  value  less  than  -264  it  is 
a  trigonoid  form  surrounding  the  centre,  the  maxima  radii  being  directed  towards  the 
points  A.  The  points  A  belong  as  isolated  points  to  all  these  curves. 

$  =  •264,  the  curve  is  tricuspidal,  having  a  cusp  at  each  of  the  points  A.  The 
numerical  values  seem  to  show  a  singularly  blunt  form  of  cusp  (the  points  A  are,  in 
fact,  not  ordinary  cusps,  but  singular  points  of  a  higher  order);  but  the  data  do  not 
enable  me  to  draw  with  certainty  the  precise  forms  of  the  arcs  between  the  three 
cusps :  the  wavy  form  was  drawn  purposely,  but  there  is  no  sufficient  evidence  for  its 
correctness. 

120.  It  is  convenient   to  pass   at  once  to   the   case   e  =  l,  or   say  the   parabolic 
curve,  locus  of   the  orbit-pole  when  the   orbit  is  a  parabola.     This   is   a   three-looped 
curve  cutting  itself  (having  a  node)  at  each  of  the  points  A\    and   it  appears   from 
planogram  No.   5  that  each  loop  touches  at  four  points   (two  points,  flr  =  43°49/,  and 
two  points,  H=  82°  560,  ^e  sides  of  the  bounding  triangle  BBB.    The  loop  thus  divides 
the  triangle  BBB  into  six  regions,  viz.  one  within  the  loop,  two  subjacent,  two  lateral, 
and  one  superjacent 

For  any  value  between  e  =  *264  and  e  =  1,  the  curve  is  a  three-looped  curve  inter- 
secting itself  at  the  points  A,  and  such  that  the  loops  lie  wholly  within  those  of  the 
parabolic  curve,  and  the  remaining  portions  between  the  parabolic  and  cuspidal  curves. 

121.  For  any  value  of  e>I,  we  must  imagine  a  three-looped  curve  intersecting 
itself  at  the  points  A,  the  loops  respectively  containing  those  of  the  parabolic  curve, 
and  the  remaining  portions  within  the  regulator-circle  lying  between  the  regulator-circle 
and  the  parabolic  curve;  and  we  must  then  obliterate  so  much  of  each  loop  as  lies 
in  the  shaded  regions,  or   outside  the  spherogram;  viz.  instead  of  a  continuous   loop 
there  will  be  thus  a  broken  loop   with   detached  portions  thereof  in  the   subjacent 
regions,    the   lateral  regions,   and   the   superjacent   region  respectively.    More  precisely 
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this  is  the  form  for  any  value  of  e  from  6=1  to  e  =  ri01,  but  for  this  last  value  the 
unobliterated  portion  for  each  lateral  region  evanesces;  for  any  value  of  &  between 
e  =  1-101  and  e=  2*309,  the  unobliterated  portions  lie  wholly  within  the  subjacent  regions 
and  the  superjacent  region;  for  e  =  2'309  the  portion  within  the  superjacent  region 
evanesces;  and  for  any  greater  value  of  e  the  unobliterated  portion  lies  wholly  within 
the  subjacent  regions,  the  loop  being  thus  a  mere  fragment. 

122.  The  iseccentric  curves  within  the  shaded  regions  form  a  distinct  system:  such 
curves  belong  to  the  values  e=  2*309  to  6  =  00,  and  any  one   of  them  is  a  fragment 
of  a  three-looped  curve  intersecting  itself  at  the  points  A,  obtained  by  obliterating  so 
much  of  the  complete  curve  as  lies  outside  the   shaded  regions.     But  it  is   perhaps 
better  to  disregard  these  curves  altogether,  thus  in  effect  excluding  the  shaded  regions 
from  the  spherogram. 

Article  Nos.  123  to  143.    The  Time-spherogram  and  Isochronic  Lines.    See  Plate  V. 

123.  We    construct    a   blank   spherogram,    and    lay  down    upon   it    the   parabolic 
curve ;  we  may  then  lay  down  (as  will  be  explained)  the  numerical  values,  say  of  the 
times  2713>  but  in  order  to  gain  some  idea  of  the    form   of  the    J^-lines  I  will  first 
consider  the  question  in  a  more  general  manner. 

124.  When  the  orbit  is  a  line,  parabola,  or  hyperbola,  we  may  distinguish  it  by 
the  letters  L,  P,  H  accordingly ;  and  by  the  numbers  1,  2,  3,  written  in  the  proper 
order,  show  the  arrangement  of  the  three  points  on  the  orbit;  observe  that  if  1  be 
the  middle  point  on  the  orbit,  we  may  write  indifferently  213  or  312,  and  so  in  other 
cases,  the  fixation  of  the  middle  number  is  alone  material.    When  the  orbit  is  a  line 
the  distances  of  the  points  are  always  finite;  and  if  the  orbit  be,  for  example,  i!23, 
then  T-x  and  2^  are  each  ==  0,  but  T13  is  non-existent.    For  the  parabola  and  hyperbola 
the  distances  are  in  general  finite ;  but  it  is  necessary  to  distinguish  for  the  parabola, 
e.g.  the  case   Pl23  where  an   extreme   point,  and   for  the  hyperbola,   e.g.   the   cases 
J?l23  and  jffi23  where  one  or  each  of  the  extreme  points,  is  at  infinity.    We  have 
in  these  cases  respectively 

P123,  2^  finite,  2T23  finite,  2^  =  00 

Pi23,  2*=  oo,  r*  finite,  2T31  =  oo 

and  it  may  be  added,  as  regards  P123,  that,  by  a  continuous  change  of  the  parabolic 
orbit  the  point  1  may  change  over  to  infinity  on  the  other  half-branch  of  the  parabola, 
or  the  arrangement  become  P23L  And,  moreover 

jffl23,  Infinite,  2^  finite,  21*  non-existent     . 

#123,  2^  =  00,  2*  finite,  Tn  non-existent. 

E  l2§,  2^  =  oo ,  2^  =  oo  ,  2^  non-existent. 

Thus  the  proper  symbol  L 123,  P 123,  &c.  as  the  case  may  be,  will  always  at  once 
indicate  as  to  each  of  the  times  2^,  2^,  2^,  whether  this  is  =0,  finite,  infinite,  or 
non-existent. 
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125.  We  may  without  difficulty  attach  to  the  several  portions  of  the  regulator, 
the   separators   and  the  parabolic  curve,  to  each    portion  its    proper  symbol  L   P   H 
and  123,  123,  &c.  as  the  case  may  be. 

First,  as  to  the  regulator,  it  is  obvious  that  this  is  separated  by  the  points  A 
into  the  three  portions  Z213,  £321,  £132,  respectively.  And  inside  the  regulator, 
adjacent  to  these,  we  have  portions  of  the  parabolic  curve  P  213,  P  321,  P 132, 
respectively. 

Again,  for  one  of  the  separators,  say  B^B'AB"B*  (see  here  and  in  all  that  follows 
the  notation-diagram,  No.  115) ;  since  the  point  2  is  here  at  infinity  this  must  be  at 
every  portion  thereof  either  #132  or  else  #312.  The  point  B™  is  #132  and  the 
point  Bf  is  #312;  consequently,  as  the  orbit-pole  passes  along  the  separator  from 
B™  to  J3',  the  symbol  is  at  first  #132  and  at  last  E  312;  the  transition  takes  place 
at  the  point  of  contact  of  the  parabolic  curve  which  is  indifferently  P 132  or  P  213. 
(In  further  explanation  of  the  transition,  consider  the  orbit-pole  as  passing  from 
B17  to  5,  not  on  the  separator,  but  indefinitely  near  it;  it  can  only  do  so  by 
twice  crossing  the  parabolic  curve  near  the  point  of  contact;  the  orbit  is  first  #132, 
or  say  #132,  then  P132,  then  an  ellipse,  which  when  the  orbit-pole  again  arrives 
at  the  parabolic  curve  changes  into  P  312;  and  it  finally  becomes  #312  or  #312.) 

126.  Again,  since,  on  the  two  separators  through  BIV,  in  the  portions  adjacent  to 
J3IV,  the    symbols  are  #132  and  #132,  it  is  clear  that   in   the   adjacent   portion   of 
the  parabolic   curve  (terminated  each  way  by  a  point  of  contact  with  these  separators 
respectively)   the    symbol    must    be   PI 32;    at    the    point    of   contact  with    the    first- 
mentioned  separator  B™B'AB"B*,  this  becomes  Pi 32,  =P213;  and  beyond  the  point 
of  contact  it  becomes  P213,  continuing  so  until  it  arrives  at  the  next  point  of  contact 
with  the  separator  B'A'B" ':  there  is  always  in  the  symbol  for  the  parabolic  curve  this 
change  of  form  as  we  pass  through  a  point  of  contact  with  a  separator;    and  there 
is  the  same  change,  when  travelling  along  the  loop  (that  is  without  going  inside  the 
regulator)  we  pass  through  a  point  A.     The  foregoing  considerations  fully  explain  how 
the  proper  symbol  is  to  be  attached  to  each  portion  of  the  regulator,1  the  separators, 
and  the  parabolic  curve:  to  avoid  confusion,  I  have  abstained  from  attaching  them  in 
the  Plate. 

127.  Imagining  the  symbols  attached  as  above,  it  at  once  appears  that,  for  the 
two  portions  A! A  and  A  A"  of   the  regulator  curve,  we  have   S^  — 0;  while,  for  the 
arc  A" A'  of  the  parabolic  curve  we  have  2^  =  00.    Moreover,  2^  can  'only  be  infinite 
on  one  of  the  separators  through  ff"  and  on  the  parabolic  curve;    and  the  symbols 
show  that  the  curve  2T18  is  made  up,  in  a  peculiar  discontinuous  manner,  of  portions 
of  these  two  separators  and  of-  the  parabolic  curve,  as  shown  by  the  strongly  marked 
line  of  the  figure ;  we  have  thus  the  boundary  of  certain  lightly  shaded  regions  within 
which  (as  well  as  within  the  shaded  regions)  T^  is  non-existent ;  excluding  these,  the 
remaining  regions  (instead  of  a  trilateral  symmetry)  have  a  symmetry  about  the  axis 
BB"r ;  there  are  still  four  regions  which  may  be  distinguished  as  the  inner  region,  the 
axial  outer  region,  and  the  lateral  outer  regions;  or,  more  shortly,  as  the  inner,  axial, 
and  lateral  regions. 
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128.  The  times  2^,  2^,  T^  are  calculated,  Planogram  1,  part  1,  for  the  meridian 
long.  90°,  and  ditto  part  2  for  the  meridian  long.  270°;  and  in  Planogram  2  for  the 
meridian  long.  180°.  As  regards  these  last  values,  it  is  easy  to  see  that,  in  order  to 
pass  to  the  meridian  long.  0°,  the  numbers  2,  3  must  be  interchanged;  that  is, 
long.  0°,  the  2^,  27M,  T&  are  respectively  equal  to  the  values,  long.  180°,  2^,  T&,  2723. 
Moreover,  the  numbers  1,  2,  3  may  be  changed  into  2,  3,  1,  or  into  3,  1,  2,  provided 
the  longitude  is  increased  by  120°  and  240°  in  the  two  cases  respectively ;  that  is, 

T*  long,  a  =  Tn  long,  a 

=  Tu  long,  (a  +120°) 
=  2^  long,  (a +  240°). 

129.  By  means  of  the  foregoing  two  relations,  2^  for  the  several  longitudes 
0°,  30°,  60°,  ...  330°,  is  given  as  equal  to  the  T&  2T23,  or  21*,  for  long.  90°,  270°,  or 
180°,  that  is,  to  the  2^,  2723,  or  2^,  of  Planogram  No.  1,  part  1  or  2,  or  of  Planogram 
No.  2.  For  example,  Tn  long.  240°  =  2^  long.  0°  =  2^  long.  180°,  that  is,  it  is  equal  to 
the  To.  of  Planogram  No.  2.  We  thus  find 

Long.  Tn  is  = 

0°  .    .    .    2713  of  Plan.  No.  2 

30° T9  of  Plan.  No.  1,  pt.  2 

60°  .    .    .    2ia  ,j 

90° Tv  of  Plan.  No.  1,  pt.  1 

120°  .    .    .    Ts 

150° T* 

180°  .    .    .    TV 

210° T» 

240°  .    .    .    21,, 

270° Ta 

300°  .    .    .    T, 

330° Ta 

and  observing  that  for  Planogram  No.  1,  part  1  or  2,  we  have  TJ2  =  Ta_,  it  hence 
appears  as  above,  that  the  meridian  30° — 210°  is  an  axis  of  symmetry  of  the 
spherogram.  In  what  precedes  it  has  been  assumed  that  the  colatitudes  only  extend 
from  0°  to  90°,  but  in  the  spherogram  they  extend  for  the  meridians  30°,  150°,  270°, 
to  the  colatitude  106°  6',  the  values  for  the  colatitudes  above  90°  are  those  for  the 
omitted  portions  90°  to  73°  54'  of  the  opposite  meridian. 

NJB.  A  meridian  extends  from  the  pole  in  one  direction  <w%,  unless  the  contrary 
is  expressed  or  implied,  as  in  speaking  of  a  meridian  O8 — 180°. 


476]  ORBIT  OF  A  PLANET  FROM  THREE  OBSERVATIONS.  473 

130.  I  attend,  in  the  first  instance,  to  the  axis  of  symmetry  or  meridian  30°— 210°. 
Proceeding  along  the    meridian   long.  30°   or  towards    the   point   A9  the  value  of   2^ 
decreases  from   1   at  the  centre  to  a  minimum  ='950  at  colatitude  11°  (call  this  the 
point  X\  and  it  then  increases  to   1*983  at  A,  and  thence  to  58'62  at  90°  and   oo 
at  the  parabolic  boundary  of  the   axial  region.    In  the  opposite  direction  it  increases 
from    1    at   the    centre    to   oo    at    the   parabolic   boundary  of   the    inner   region.    The 
minimum    value  *950    on   the   axis    of   symmetry  indicates   a   node   on    the   isochronic 
curve;    that  is,  the  point  X  is  a  node  on  the  isochronic  T-&  =  '950.    This  will  consist 
of  two  branches,  proceeding  from  A\  A",  respectively,  cutting  the  axis  and  each  other 
at  X,  then  again   cutting   at  A,  and   thence   passing    on   into   the  axial   region,  and 
respectively  terminating  on  the  separator  boundary  B'AB"  thereof. 

131.  This  curve,  which  I  call  the  nodal  isochronic,  divides  the  inner  region  into 
a  loop,  antiloop,  and  two  side  regions.    On  each  of  the  meridians  0°,  60°,  the  value 
of    2^3    diminishes   from    1    at    the    centre    to    a    minimum    which    is    less,  and   then 
increases  to  a  maximum  which  is  greater,  than   *950;  the  value  then  diminishes  to  0 
on    the    regulator:    on    emergence    of   the   meridian    from   the    shaded    into    the   axial 
region,  the  value  is  ='909,  and  it  thence  increases  to   oo   at  the   parabolic  boundary 
of  the  axial   region;    these  data  further    determine  the  form  of   the  nodal  isochronic, 
viz.,  each  of  the  two  half  meridians  cuts  the  loop  twice,  and  again  cuts  the  curve  in 
the  axial  region. 

The  nodal  isochronic,  at  each  of  the  points  A',  A",  continues  its  course  into  the 
lateral  region,  returning  to  the  same  point  A  or  A,  so  as  to  form  in  each  of  the 
lateral  regions  a  loop.  Considering  the  loop  as  formed  of  two  branches,  each  proceeding 
from  A  or  A",  the  one  which  is  the  continuation  of  the  course  within  the  inner 
region  I  call  the  lower  branch;  the  other,  the  upper  branch;  and  I  say  that  the 
upper  branch  touches  the  separator  at  A  or  A".  The  two  branches  and  the  entire 
loop  lie  on  the  left-hand  side  (or  side  away  from  A)  of  the  meridians  through 
A  or  A".  As  to  the  contact  of  the  upper  branch  of  this  and  other  isochronics  at 
A  or  A"  with  the  separator,  see  post  No.  142. 

132.  It  is  convenient  at  this  point  to  consider  the  form  of  the  isochronic  curves 
within  the  axial  region.    The  parabolic  boundary  thereof  is  an  isochronic  T&  =  oo ,  and 
it  thence  appears  that  for  any  large  value  of  T^  the  isochronic  curve  (portion  of  the 
curve)  is  a  curve  not   meeting  the    parabolic   boundary,  and  terminated    each  way  in 
the  separator  boundary  B'AB".    As  the  value  of   T-&  diminishes,  the   curve  (which  is 
of  course  always  symmetrical  in  regard  to  the  axis)  bends  inwards  towards  the  point 
A  and  for  T^  =  1*983  (value   on   the    axis   at   A)  the   curve   acquires   a  cusp   at  A. 
I  call  this    the    cuspidal  isochronic;    I  remark    that  it   intersects  in  the  axial   region 
each  of  the  meridians  0°  and  60°, 

As  TIB  further  diminishes  to  any  value  between  1*983  and  "950,  the  curve, 
commencing  in  the  separator  boundary,  passes  through  A  into  the  inner  region,  and, 
forming  a  loop  within  the  loop  of  the  nodal  isochronic,  emerges  through  A  into  the 
axial  region,  terminating  again  in  the  separator  boundary. 

C.  vn.  60 
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133.  On  the  meridians  90°,  33  0°,  through  the  points  £',  5",  respectively,  the  value 
of  2^.  diminishes  from  1  at  the  centre  to  0  at  the  regulator,  where  these  meridians 
are  considered  as  terminating. 

On  the  meridians  120°,  300°  (meridian  at  right  angles  to  the  axis  of  symmetry), 
the  value  of  Tu  diminishes  from  1  at  the  centre  to  a  minimum  less  than  "878,  and 
then  increasing  to  a  maximum  of  over  '895  diminishes  to  0  at  the  regulator.  On 
emergence  of  the  meridian  from  the  shaded  and  half-shaded  region  on  the  parabolic 
boundary  of  the  lateral  region  the  value  is  =  oo  ,  and  it  thence  diminishes  to  1148 
on  the  separator  boundary  B**Bf  or  EVB". 

On  the  meridians  150°,  270°,  which  pass  through  A1,  A",  respectively,  the  value 
of  TU  increases  from  1  at  the  centre  to  T377  at  the  regulator,  and  thence  through 
2-255  at  90°  to  oo  at  B™  or  JS7. 

And  finally,  on  the  meridians  180°,  240°,  the  value  of  T&  increases  from  1  at 
the  centre  to  oo  at  the  parabolic  inner  boundary,  and  then  on  emergence  from  the 
half-shaded  and  shaded  region  at  the  separator  boundary  B'"A  or  B'"A",  the  value 
is  -oo,  and  it  thence  diminishes  to  a  minimum  under  6*343,  and  again  increases  to 
oo  at  the  separator  boundary  B"'1P*  or  B"B*. 


134.  By  what  precedes,  it  appears  that  on  the  separator  boundary  B^ff  or 

of  either  of  the  lateral  regions,  the  values  of  TM  is  at  each  extremity  =  oo  ,  and  at  an 
intermediate  point  =1148;  there  is  consequently  a  minimum  value  less  than  1*148, 
and  therefore  two  points  at  each  of  which  the  value  is  ~  1*983. 

Now  resuming  the  consideration  of  the  cuspidal  isochronic  (T^  =  1-983)  as  regards 
the  remaining  portions  thereof,  viz.,  those  in  the  lateral  and  inner  regions;  and  con- 
sidering first  the  lateral  region  B'"B™]?,  there  will  be  from  each  of  the  points  just 
referred  to  on  the  boundary  IF*ff  a  branch;  one  (which  I  call  the  lower  branch)  from 
the  point  nearer  J3',  passes,  on  the  right-hand  side  of  the  meridian  through  A',  to  A!\ 
the  other  (which  I  call  the  upper  branch)  proceeding  from  the  point  nearer  B™,  cuts 
the  same  meridian,  and  then  on  the  left-hand  side  thereof  arrives  at  A',  touching 
there  the  separator:  at  A"  in  the  other  lateral  region  there  are  in  like  manner  an 
upper  and  a  lower  branch  (situate  symmetrically,  in  regard  to  the  axis,  with  the  upper 
and  lower  branches  at  A')\  and  continuous  with  the  two  lower  branches  there  is  a 
branch  from  A/  to  A!\  through  the  antiloop  of  the  inner  region. 

135.  Imagine  the  given  value   of  T&  as    continuously  increasing  from  the  value 
•950,  which  belongs  to  the   nodal  isochronic;   and  attend  in  the  first  instance  to  the 
form    within    the    lateral    regions.     There    will    be    a    loop    of   continually   increasing 
magnitude  (viz.,  the  loop  for  a  larger  value  of  T^  will  always  wholly  include  that  for 
a   smaller  value);   each  loop   formed  by  an  upper  branch,  which   at  A'  touches   the 
separator,  and  a  lower  branch  the   direction   of   which  frqm  A'  is  variable.     So  long 
as   TU  is  less   than   1-377  (value   afc  A'   along  the   meridian)  the   lower   branch,  and 
consequently  the  whole  loop,  will  lie  on  the  left  hand  of  the  meridian;  but  when  Tn 
is  =1'377,  the  lower  branch  touches  the  meridian,  and  for  any  greater  value  of   T18 
lies  on  the  right  of  the  meridian;  and  in  either  of  the  last-mentioned  cases  the  loop 
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is  cut    by  the    meridian,   and  thus   lies   partly  on    the   left,   and   partly  on   the   right 
thereof. 

136.  Now   by  what   precedes   there   is    on   the   separator   boundary  B'B™  of  the 
lateral    region    a    point    where   T1S  has   a   minimum   value    less    than    1-148,  and    con- 
sequently, for  any  given  value,  say  for  a  value  between  this  minimum  and  1-377,  there 
are  on  B'B17  two  points  where  T&  has  the  given  value.    These  points  cannot  lie  on 
the  loop  of   the    curve  belonging  to   the  given  value  (for  this  loop  is  wholly  on  the 
left  hand  of  the  meridian);   hence  the  complete  curve  for  the  given  value  of  T^  will 
include  (within   the  lateral  region)  besides  the  loop,  a  branch  uniting  the  two  points 
in  question;  say  a  link  branch. 

137.  It  follows  that  there  is  between  Tn=  1'377  and  1-983,  a  value  (to  fix  the 
ideas,  say  =  1*80  ?,  it  being  understood  that  I  do  not  attempt  to  determine  this  value) 
for   which    the   loop    and    link    branch    will   unite    themselves    together,  the    point    of 
junction  becoming  as  usual  a  node;  viz.,  there  will  be  a  curve   i713  =  l*80?   having  in 
the  two  lateral  regions  respectively  the  nodes    Y,   Y\    or   say  the  curve  has  in  each 
lateral  region  a   self-intersecting  loop.     For  any  greater  value  of   2^  (as  for  example 
the  value  1*983  belonging  to  the  cuspidal  curve)  there  are  two  branches  inclosing  the 
self-intersecting  loop;  for  a  less  value,  as  has  been  seen,  instead  of  the  self-intersecting 
loop,  there  is  a  loop  and  link  branch;  at  least  this  is  the  case  until  for  the  minimum 
value  <  1148  of  T^  on  the  separator  boundary  B^B'  the  link  branch  disappears.    For 
smaller  values'  down  to   ri3  = '950,  which  belongs  to  the  nodal  isochronic,  there  is  no 
link  branch,  but   only  the   loop ;    and  as   T13   diminishes  below  this  value,  there  is  still 
a    continually  diminishing  loop,  lying    wholly  on  the    left    hand  of   the    meridian,  and 
with  its  upper  branch  always  touching   the   separator;    and  ultimately  for  2T13  =  0  the 
loop  vanishes. 

138.  We  have  attended  wholly  to  the   lateral   regions;    but  the  consideration  of 
the  axial  and  inner  regions  is  very  easy:  for  any  value  between  the  values  1*983  and 
•950,   there    are    in    the    axial   region   (between    the   nodal   and   cuspidal    curves)  two 
branches    each   proceeding   from   the    separator   to  A,   where   they  unite,  and,   crossing 
each  other,  pass  into  the  inner  region,  forming  a  loop  within  the  loop  of  the  nodal 
isochronic;    and,  moreover,  there  is  in  the  inner  region  a  branch,   the  continuation  of 
the  lower  branches  of  the  lateral  loops,  uniting  the  points  A',  A",  and  lying  between 
the  nodal  and  cuspidal  isochronic.    And  for  T^  less  than  -950  there  are  in  the  axial 
region,  between  the  nodal  curve  and  the  separator,  two  branches,  each  proceeding  from 
the  separator  to    A,  where,  crossing    each    other,  they  enter  the  inner  region  passing 
outside   the  nodal  curve  (or   in  the   side  regions  of  the  inner    region)  to   the  points 
A',  A",  where    they  respectively  join    on  to   the  lower   branches  of  the  lateral  loops. 
Ultimately,  for  TI3=*Q,  the  curve  coincides  with  the  finite  portions   AA',  AA"  of  the 
regulator  circle. 

139.  We  have  finally  to   consider   the   case  Tw  greater   than  1*983:   there  is  in 
the    axial    region    a    branch    lying    outside    the    cuspidal    curve,   and    extending   from 
separator  to   separator;    in   each   lateral  region  two   branches  (lying  outside   those  of 
the  cuspidal  curve)  each  proceeding  from  A!  (or  A")  to  the  separator  boundary 
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or  JETS7,  an  upper  branch  touching  the  separator  at  A'  or  A",  and  a  lower  branch; 
and  in  the  inner  region,  a  branch  (continuation  of  the  lower  branches)  lying  between 
the  cuspidal  curve  and  the  parabolic  boundary  of  the  antiloop,  and  uniting  the  points 
A',  A!'.  In  the  ultimate  case  T13  =  QO  ,  the  curve  coincides  with  the  before-mentioned 
discontinuous  curve  composed  of  portions  of  the  parabolic  curve  and  of  two  separators* 

140.  To  obtain  a  comprehensive  statement  of  the  foregoing  results,  we  may  (as 
in    the    case    of  the   iseccentric   lines)  imagine    the    curves    completed    and    rendered 
continuous  by  the  insertion   of  portions  lying   outside   the    spherogram,  or  within  the 
half-shaded  and  shaded  regions;  which  inserted  portions  are  to  be  ultimately  obliterated. 
The   upper   and   under  branches   terminating  in   the   separator  boundary  of  a   lateral 
region  are  thus  completed  into  a  loop;  the  link  branch  into  a  closed  curve  or  oval; 
the  vanishing   of   the  link   branch   happens  when   the  oval,  on  the  point   of  passing 
outside  the  separator  boundary  of   the  lateral  region,  just  touches  this  boundary;   as 
TU  diminishes    to   the    value   for   which    this    happens,  and    continues   still    further   to 
diminish,  I  think  it  may  be  assumed  that  there  is  some  value  (to  fix  the  ideas,  say 
jPu  =  riO?,  but  I   do  not  attempt   to   determine   it)  for  which   the   oval   becomes   a 
conjugate   point,   viz.,   for  this   value    T^  =  110?   the   curve    will   have   two   conjugate 
points  (nodes)  Z',  Z",  outside  the  two  lateral  regions  respectively. 

141.  We   may  now   state  the   forms   of  the   curve.    The   points   A,  A\  A",  are 
always  nodes,  viz.,  A1,  A",  nodes  with  real  branches,  but  A  is  either  a  conjugate  point, 
a  cusp,  or  a  node  with  real  branches. 

T-&  >  1*983 :  two-looped  curve,  containing  within  it  A  as  a  conjugate  point : 
as  T&  diminishes,  the  curve  bends  inwards  towards  A,  and 
TU  =  1*983 :  cuspidal  isochronic ;  A,  a  cusp* 

TU  <  1'983,  the  curve  cuts  itself  at  A}  having  thus  acquired  an  internal  loop :  as 
TU  diminishes,  changes  occur  first  as  regards  the  lateral  loops,  and  afterwards  as  regards 
the  internal  loop;  viz.,  each  of  the  lateral  loops  is  gradually  pinched  together  until 

TX  =  T80  ?  there  are  two  new  nodes  F',  F",  each  lateral  loop  being  a  figure  of  8. 

As  TU  diminishes  the  figure-of-8-loop  breaks  up  into  a  loop  and  oval,  which  oval 
continually  diminishes  until  for 

3^=1*10?  the  ovals  have  each  become  conjugate  points,  or  there  is  a  curve  with 
two  conjugate  points  Z'9  Z".  As  T^  diminishes  the  conjugate  points  have  disappeared, 
and  we  have  again  a  curve  with  an  internal  and  two  lateral  loops;  but  in  the 
meantime  the  internal  loop  and  the  branch  A! A!1  are  continually  approaching  each 
other;  and,  T^  —  '95Q9  nodal  isochronic,  there  is  a  node  X  on  the  axis.  The  curve 
consists  of  two  figures  of  8,  each  crossing  itself  at  one  of  the  points  A',  A",  and  the 
two  crossing  each  other  at  the  points  A,  X. 

As  TU  diminishes,  the  curve  breaks  off  from  X  on  each  side  of  the  axis  so  as 
not  any  longer  to  cross  the  axis  (except  at  A),  that  is 
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2^  < -950;  curve  is  a  chain  intersecting  itself  at  A1,  A,  A"  \  viz.,  from  each  loop 
there  pass  two  branches,  one  inside,  the  other  outside,  the  regulator,  uniting  themselves 
at  A  with  the  branches  from  the  other  loop  outside  and  inside  the  regulator 
respectively;  and  finally 

TK  =  0,  the  curve  is  the  arc  A'AA"  of  the  regulator  circle. 

142.  There    is    not   in   the    several    curves    any   discontinuity  of    direction    at    the 
point   A'  or  A" ':   the   branch   from  A  within   the  shaded  or  half-shaded  region,  emerges 
at  A'  or  A"  into  the  lateral  region,  uniting  itself  with  the  upper  branch  of  the  loop; 
it  can   only  do  this  in  virtue  of   its  being  at   A1  or  A"  a  tangent    to  the  separator 
(for    otherwise    it    would    cross    the    separator    and    regulator    into    the    inner    region); 
that  is,  the  continuation   thereof,  or  upper  branch  of  the   loop,  must  at  the  point  A' 
or  A"  touch  the  separator ;  it  has  been  previously  throughout  assumed  that  this  is  so. 

143.  It    is    to    be    observed,   both  as    regards    the    iseccentric    and    the    isochronic 
curves,  that  there  is  a  real  meaning  in  the  obliterated  portions;  viz.,  to  any  position 
of   the  orbit-pole  on    such   obliterated   portion  of   the  curve  there  corresponds  a  conic 
determined   by  means   of  a  given   trivector,  but  which,  by  reason  of  its  being  a  convex 
hyperbola,   or  hyperbola  such   that    the    three    points    do  not   lie    on   the   same   branch 
thereof,  is  not   regarded  as   an  orbit.     The  obliterated  portions  have  been  in  the  present 
Memoir  considered   only  so   far  as  they  present  themselves  in  continuity  with  the  curves 
which  are   the  loci  of  the  pole   of  a  proper  orbit,  and  for  the  purpose   of  explaining 
the  course  of  these  curves ;  and  the  curves  completed  as   above  are  not  the  complete 
loci  which  would   be    obtained   if,  instead    of    the   selected    conic    called  the  orbit,   we 
had    considered    simultaneously    the    four    conies    determined    by    means    of    any  given 
trivector ;  such  extension  of  the  theory  would,  it  is  probable,  be  interesting  geometrically ; 
but  it  would  be  devoid  of  all  astronomical  significance. 
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477. 
ON  THE  GRAPHICAL  CONSTRUCTION  OF  A  SOLAR   ECLIPSE. 


[From  the  Memoirs  of  the  Royal  Astronomical  Society,  vol.  xxxix.  (1870 — 1871), 
pp.  1—17.    Bead  January  13,  1871.] 

THE  present  Memoir  contains  the  explanation  of  a  Graphical  Construction  of  a 
Solar  Eclipse,  which  (it  appears  to  me)  is  at  once  easy,  and  susceptible  of  considerable 
accuracy :  I  think  that  if  made  on  the  suggested  scale  (radius  =12  inches)  we  might 
by  means  of  it  construct  a  diagram  such  as  the  eclipse-diagrams  of  the  Nautical 
Almanac,  with  at  least  as  much  accuracy  as  could  be  exhibited  in  a  diagram  on  that 
scale. 

Article  Nos.  1  to  9.     General  Explanation  of  the  Construction. 

1.  We  may  imagine  the  celestial  sphere  as  seen  from  the  centre  of  the  Earth 
stereographically  projected  at  each  instant  during  the  eclipse — the  radius  of  the  bounding 
circle  of  the  projected  hemisphere  being  a  given  length,  say  twelve  inches,  which  is 
taken  as  unity — in  such  wise  that  the  centre  of  the  Moon  is  always  at  the  centre  of 
the  projection,  say  M,  and  the  pole  (suppose  the  north  pole,  say  N)  of  the  Earth  on 
a  given  radius:  its  position  on  this  radius  will  in  strictness  be  variable,  viz.  distance 
from  centre  =  projection  of  Moon's  N.P.D.  =  tan|A.  Suppose,  for  a  moment,  that  the 
position  at  each  instant  of  the  Sun's  centre  were  also  laid  down  on  the  projection, 
so  as  to  obtain  the  projection  of  the  Sun's  relative  orbit;  this  will  be  a  terminated 
short  line  A'B'  (fig.  1),  nearly  straight,  and  lying  near  the  centre  of  the  projection 
(this  relative  orbit  is  not  to  be  actually  laid  down,  but  it  is  replaced,  as  will  presently 
be  explained,  by  a  relative  orbit  on  a  very  enlarged  scale);  if  at  any  instant  the 
position  of  the  Sun  on  the  relative  orbit  be  denoted  by  £',  then  the  straight  line 
MS'  is  the  projection  of  the  arc  of  great  circle  through  the  centres  of  the  Moon  and 
Sun,  so  that  E  being  the  angular  distance  of  the  centres,  the  length  of  the  line 
MS'  is  sstan^,  or  (E  being  small)  it  is 
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2.  Produce  S'M  through  the  centre  Jf  to  a  point  Z,  and  consider  Z  as  repre- 
senting a  point  on  the  Earth's  surface:  to  determine  the  geographical  position  of  Z, 
we  must  consider  the  projected  meridian  NZ  which  passes  through  Z:  the  arc  NZ, 

Fig.  l. 


regarded  as  a  projection,  represents  the  N.  P.  D.  or  colatitude  of  Z,  and  the  actual 
angle  at  N  which  the  tangent  of  NZ  makes  with  the  line  NM  is  equal  to  the 
celestial  angle  ZNM  which  is  =  Moon's  hour-angle  from  Z9  or  what  is  the  same  thing 
=  difference  of  Moon's  hour-angle  from  Greenwich  and  of  the  longitude  of  Z  (as  the 
figure  is  drawn,  Z  ZNM  =  Moon's  hour-angle  E.  of  Greenwich,  less  E.  longitude  of  Z). 

3.  Now,  considering  the  Moon  and  Sun  as  seen  from  Z,  we  may  disregard  the 
parallactic  depression  of  the  Sun,  and  attribute  to  the  Moon  a  displacement  equal  to 
the  difference  of  the  parallactic  displacements  of  the  Moon  and  Sun ;  that  is,  regarding 
the  zenith  distances  ZM,  ZSr  as  equal,  we  may  consider  the  Moon's  centre  as  depressed 
by  parallax  in  the  direction  of  the  arc  M8'  through  an  arc  MQ',  =sin~1P'sin£M, 
where  f = '99837  (</  — TT')  is  the  quantity  thus  designated  in  the  Appendix  to  the 
Nautical  Almanac  for  1836,  viz.  it  is  =<?  —ir ,  the  difference  of  the  equatoreal  horizontal 
parallaxes  at  the  time  of  the  eclipse,  multiplied  by  a  factor  '99837,  which  answers  to 
a  distance  of  Z  from  the  Earth's  centre  =  Earth's  radius  for  latitude  45°.  And  if  we 
take  Q7  such  that  its  angular  distance  from  $'  =  sum  of  angular  semidiameters  of  the 
Sun  and  Moon,  the  locus  of  Q'  is  very  nearly  a  circle  about  the  centre  S',  and  the 
corresponding  positions  of  Z  give  the  positions  on  the  Earth  where  the  limbs  are  in 
exterior  contact,  or,  what  is  the  same  thing,  give  the  penumbral  curve  on  the  Earth's 
surface  for  the  position  Sf  of  the  Sun. 


4.    Instead  of 
we  may  write 


Arc  M $  =  sin-1  P  sin  ZM9 
AxcMQ'  =        FsinZM, 
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or,  using  p  to  denote  the  linear  distance  ZM  in  the  projection,  we  have  p  = 

2n 

and  therefore  sin  ZM—  0  p    ,  hence 


, 

and  the  linear  distance  MQ'  in  the  projection  is  =  tan£areMQ',  say  this  is  =  }  arc 
or  calling  this  linear  distance  i*  we  have 


5,  Hence,  if  instead  of  the  original  representation  of  the  Sun's  relative  orbit  we 
consider  an  enlarged  representation  thereof  and  of  the  depressed  positions  Q'  of  the 
Moon,  obtained  by  increasing  the  several  distances  from  the  centre  of  the  projection 
in  the  ratio  \F  to  1,  and  if  instead  of  A!,  B\  S'}  Q',  we  use  A9  B,  S,  Q,  as  referring 
to  this  enlarged  representation,  then  representing  by  r  the  linear  distance  MQ,  we  have 

2 

r  =  -p-,rx,  and  consequently 


We  have  here  r  representing  the  parallactic  depression  corresponding  to  the  zenith 
distance  ZM,  where  p  =  tan  £  ZAf  ;  that  is,  ZM=9Q°,  p  =  l,  and  therefore  r  =  l;  but  for 
ZM=9Q°  the  parallactic  depression  is  =  P';  that  is,  the  scale  of  the  enlarged  repre- 
sentation of  the  Sun's  relative  orbit,  or  say  simply  the  scale  of  the  relative  orbit  (for 
on  the  original  scale  it  was  never  actually  constructed  at  all)  is  such  that  we  have 
P'  (=  about  60')  represented  by  the  radius  of  the  bounding  circle  of  the  projected 
hemisphere,  =  12  inches. 

6.  The  process  is,  construct  the  relative  orbit  on  the  scale  F  =  radius  of  bounding 
circle  :  take  S  for  the  position  at  any  given  instant  of  the  Sun  in  the  relative  orbit, 
and  with  centre  8  and  radius  —s  +  o-  (sum  of  the  angular  semidiameters,  of  course 
on  the  same  scale)  describe  a  circle.  The  positions  A  and  B  of  the  Sun  at  the 
beginning  and  end  of  the  eclipse  respectively  are  such  that  this  circle  just  touches 
the  bounding  circle  externally,  viz.  the  distances  of  A  and  B  from  the  centre  of  the 
projection  are  each  =  radius  of  bounding  circle  +  s  +  <j.  At  any  intermediate  instant 
the  circle,  radius  $  +  cr,  lies  wholly  or  partly  within  the  bounding  circle;  in  the  latter 
case  we  attend  only  to  the  arc  thereof  which  lies  within  the  bounding  circle.  Taking 
then  Q  any  point  whatever  on  the  circle  or  arc  in  question,  we  join  Q  with  the 
centre  M  of  the  projection,  and  produce  this  line  through  M  to  a  point  Z9  such  that 
the  distances  MQ,  MZ,  being  r,  p  respectively,  we  have  as  above 


or,  what  is  the  same  thing,  writing  0  in  place  of  #,  and  regarding  this  angle  6  as 
a  variable  parameter,  the  relation  between  r,  p,  may  be  expressed  by  means  of  the 
two  equations,  p  —  tan^,  r  =  sin0. 

c.  viz.  61 
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7.  Practically  the  construction  may  be  performed  very  easily  by  means  of  a  straight 
•edge  twenty-four  inches  long,  graduated  from  the  centre,  one  half  of  it  for  the  values 
of  r,  and  the  other  half  for  the  corresponding  values  of  p  (that  is,  the  first  half  is 
graduated  for  sin  6,  and  the  second  half  for  tanJ0):  we  have  thus,  corresponding  to 
the  circle    or  arc  of   circle    which   is   the  locus  of    Qt  a  closed    curve,  or  arc   thereof 
terminated   each  way  at  the  bounding  circle,  for  the  locus  of  Z\  which  curve  or  arc 
of  a  curve  is  the  penumbral  curve  on  the  Earth's  surface  for  the  position  8  of  the 
Sun  in  the  relative  orbit. 

8.  The  north  pole  of  the  Earth  occupies  in  the  projection  a  given  position,  viz. 
it  is    situate    on    a  given  radius   at   a   distance  =  tan  £  Moon's  N.P.D. ;    which  N.P.D. 
may  be  considered  as  being  throughout   the    eclipse  constant,  and   equal  to  its  value 
at  the  middle  of  the  eclipse.    But  in  order  to  arrive  at  the  geographical  signification 
-of   the   figure   it    is    necessary   to   lay   down    on    the    projection    the    position   of   the 
meridian  of  Greenwich;  which  position,  it  will  be  remembered,  varies  according  to  the 
position  of  8.    Supposing  this  done,  we  could  of  course  (at  least    theoretically)  draw 
the  whole  series  of  meridians  and  parallels,  and  thereby  determine   the  latitudes  and 
longitudes  of   the  several  points   of  the  penumbral    curve,  or  (if   need  is)  transfer   it 
to  a  different  projection  of  the  Earth's  surface.    The  actual  description  of  the  meridians 
and  parallels  would,  however,  be  very  laborious,  and  fortunately  it  can  be  avoided  by 
means  of  a  single  blank  projection  and  a  slight  modification  of  the  foregoing  process, 
as  will  be  explained. 

9.  But  before  considering  how  this  is,  it  is  proper  to  remark  that  constructing  as 
above  a  figure  of  the  penumbral  curves  corresponding  to  the  several  positions  of  the 
Sun:  by  what  precedes  these  different  curves  may  indeed  be  considered  as  belonging  to 
the  same   position  of  the  north  pole  in   the  projection,   but  they  belong  to  different 
positions  of  the  meridian  of  Greenwich;    and  thus  they  do  not  constitute  a  represen- 
tation of  the  penumbral  curves  each  in  its  proper  terrestrial  position,  but  only  a  repre- 
sentation in   which   the  penumbral   curves  are  affected    each   of  them   by  a   different 
displacement  in  longitude. 

Article  Nos.  10  to  13.    Modification  in  order  to  the  Applicability  of  a  Single  Blank 

Projection. 

10.  Imagine  a  stereographic  projection  of  the  meridians  and  parallels  on  the  plane 
of  a  meridian,  radius  of  this  meridian,  that  is  of  the  bounding  circle  of  the  projected 
hemisphere,  being  =12  inches  as  before;  and  the  poles  N,  2  being  of  course  opposite 
points  on  the  circumference   of   the    bounding   circle — the  meridians  and  parallels  are, 
however,  to  be  produced  outside  the  bounding  circle;  say  this  is  the  "blank  projection," 
and  let  its  centre  be  denoted  by  Jtfi.    Then,  if  at  any  point  M  on  the  radius  MN9 
we  draw  the  chord  CD  at  right  angles  to  JtfiJV,  and  on   CD  as  diameter   describe  a 
circle,  this  will  cut  out  from  the  blank  projection  a  new  projection   having  the  last- 
mentioned  circle  for  its  bounding  circle,  and  in  which  N  is  the  north  pole;  viz.  the 
meridians  of   the   blank   projection  will  be   meridians,  and  the  parallels  of  the  blank 
projection  will  be  parallels,  in  this  new  projection.    And,  moreover,  if  the  longitudes 
are  reckoned  from  the   meridian   NMMI}  then  the   meridian   of  a  given  longitude  in 
the   blank    projection    will    in    the    new    projection    be    the    meridian    of    the    same 
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longitude— but  the  parallel    of   a    given   colatitude    c  in    the  blank  projection  will,   in 

the  new  projection,  be  the  parallel  of  a  different  colatitude  c', — the   relation   of   c,  c' 
being,  however,  a  very  simple  one,  as  presently  explained. 

Fig.  2. 


11.  The   blank   projection   thus   at   once    gives  a  projection   in  which   the  north 
pole  N  has  any  assumed  position  whatever;  and  it  is  easy  to  see  that  in  order  that 
its  distance  MN  from    the   centre  of   the   projection  may  represent  a  given  angle  A, 
we  have  only  to  take  M^M «  cos  A  (that  is  =12  inches  x  cos  A),  the  corresponding  value 
of  MO  being  MO  —  sin  A   (that  is  =  12  inches  x  sin  A).    Hence  A  denoting  the  Moon's 
N.P.D.  at  the  middle  of  the  eclipse,  we  can  by  means  of  the  blank  projection  construct 
a  projection  such    as    that    above    referred    to,   only  the  radius  of   its  bounding  circle, 
instead  of  being  unity  (12  inches),  is  in  the  reduced  ratio  of  1  :  sin  A. 

12.  The  figure  of  the  penumbral  curves  as  originally  constructed  requires,  therefore, 
to  be  reduced  in  the  ratio  1  :  sin  A,  viz.   each  of   the   distances  from  the  centre  M 
should  be  reduced  in  this  ratio;   this  could  of  course  be  done  easily  enough  with  a 
pair  of  proportional  compasses;  but  by  means   of  a  different  graduation  of  the  straight 
edge   we   may,  in  the  first  wistmce,  construct   the   penumbral   curves    on   the   proper 
reduced  scale;    viz.   assuming   that  we   have   on  the   proper   scale  a   proportional-scale 
figure  such    as   is   here   shown,  the   line  Mr  (=12  inches)  being  graduated   for  sin  0, 
and  the  line  MA  (also  —  12  inches)  for  tan  -J-0,  and  a  set  of  parallel  lines  being  drawn 
through  the  last-mentioned   graduations — then  taking   the  distance  lf/>  =  sinA,  that  is 
=  12  inches  x  sin  A,  and  drawing  the  line  Mp,  this  line  will,  it  is  clear,  be  graduated 
for  sinAtan^0:  so  that  we  may  from  the  figure  graduate  the  straight  edge,  the  one 
half  of  it  by  means  of  the  line  Mr,  and  the  other  half  of  it  by  means  of  the  line 
Mp\    and  with  the   straight  edge   thus   graduated,  at   once   lay  down   the   penumbral 
curve  on  the  scale  now  in  question.    And  we  thus  obtain  a  figure  containing  as  well 
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the  penumbral  curves,  as  the  meridians  and  parallels  which  serve  to  fix  their  terrestrial 
position. 

Pig.  3. 


13.  It  remains  in  the  new  projection  to  find  the  eolatitude  belonging  to  any 
given  parallel.  Supposing  that  the  eolatitude  in  the  blank  projection  is  =o',  then  it 
may  be  shown  that  the  eolatitude  c  of  the  same  parallel  in  the  reduced  projection  is 
given  by  means  of  the  equation 


from  which  e  might  be  calculated  numerically:  but  the  required  value  may  also  be 
obtained  graphically.  In  fact,  considering  the  parallel  which  cuts  JV2  (see  fig.  2)  in 
a  point  R,  then,  if  by  lines  drawn  from  C  as  a  centre  we  project  ff,  R,  2,  on  the 
circumference  of  the  bounding  circle  of  the  new  projection—  say  the  projections  'of  these 
points  are  n,  r,  s,  respectively,  the  arc  ns  is  a  semicircle,  and  the  arcs  nr  sr  are 
respectively  the  N.P.D.  and  the  S.P.D.  of  the  parallel  in  question.  It  may  be  added 
that  in  the  new  projection  the  equator  is  represented  by  the  parallel  through  the 
points  C,  D;  so  that  if  this  cuts  #2  in  Q,  and  the  point  Q  be  in  like  manner 
projected  on  the  bounding  circle—  say  its  projection  is  q,  then  the  arcs  nq,  sq,  will  be 
each  of  them  a  quadrant,  and  the  arc  qr  will  be  the  latitude  of  the  parallel  in 
question. 

Article  Nos.  14  to  18;    As  to  the  Construction  of  the  Eelative  Orbits. 

14.  It  is  convenient  to  notice  that  if  e,  e',  be  the  values  of  the  equation  of 
time  at  the  preceding  and  following  Greenwich  Mean  Noons  (viz.  e  or  e'  =G.MT  of 
apparent  Noon)  then  that  the  Sun's  hour-angle  K  of  Greenwich  at  the  Greenwich 
mean  time  t  is 
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and  that  if  a,  a',  are  the  R.A.'s  of  the  Moon  and  Sun  respectively,  then  h'-h  =  a'-a} 
which  is  also  of  the  form  A  +  Bt.  In  the  reduced  projection,  the  Moon  is  always  at 
the  centre  Jf;  by  means  of  the  values  of  h' —  h  we  lay  down  at  any  instant  the 
Sun's  position  in  R.A.  and  then  by  means  of  the  values  of  A',  the  position  of  the 
meridian  of  Greenwich;  and  we  thus  at  any  instant  read  off  the  terrestrial  longitude 
of  any  point  of  the  reduced  projection,  or  say,  of  a  point  on  the  penumbral  curve. 

15.  With  regard  to  the  construction  of  the  relative  orbit,  it  is  to  be  observed 
that  if  at  any  instant  the  hour-angle  and  N.P.D.  of  the  Moon  are  h,  A,  and  those 
of  the  Sun,  ti,  A',  then  taking  M  as  origin,  and  the  axes  Mat,  My,  in  the  direction 

Fig.  4 


of  NM  produced,  and  perpendicular  hereto  to  the  right  (or  eastwards),  then  the 
rectangular  coordinates  of  S1  are  approximately  o;=|(A/  — A),  y  =  £(7i'  — /i)sinA,  where 
h'-h  is  equal  to  the  difference  of  RA.  of  the  Sun  and  Moon.  Hence,  in  the  adopted 
relative  orbit,  the  coordinates  of  S  would  be 

CD  s  — p—  12  in.        y  =     p,    sin  A  .  12  in. 

where,  Pf  being  reckoned  in  minutes,  A7  — A  and  h'  —  h  are  also  reckoned  in  minutes. 

16.  Moreover,  A  may  be  considered  as  constant  during  the  eclipse:  and  the  relative 
orbit,  assumed  to  be  a  straight  line,  will  be  determined  by  means  of  two  points 
thereof;  viz.  knowing  the  values  of  A7  — A,  and  h' —  h  at  about  the  time  of  the 
beginning  and  at  about  the  time  of  the  end  of  the  eclipse,  we  construct  by  these 
formulae  two  points  of  the  orbit,  and  joining  them  by  a  straight  line,  we  have  the 
orbit.  Also  the  position  at  any  instant  of  the  Sun  in  this  relative  orbit  will  be 
•obtained  by  considering  its  motion  therein  as  being  uniform.  I  think  there  is  no 
advantage  in  the  adoption  of  a  more  accurate  construction:  for  although  we  may  for 
.any  given  instant  use  the  accurate  values  of  A,  A,  A7,  A7,  and  so  construct  the  position 
in  the  relative  orbit,  and  the  corresponding  penumbral  curve,  yet  if  in  the  deter- 
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mination  of  the  geographical  significance  thereof,  we  were  to  use  for  each  curve  a 
different  value  of  A,  the  simplicity  of  the  construction  would  disappear;  and  it  is, 
moreover,  doubtful  whether  the  trifling  corrections  would  not  be  within  the  limits  of 
the  necessary  errors  of  the  drawing. 

17.  But  if  MS'  be  =E,  and  /#.¥$'  =  0,  the  accurate  values  for  the  coordinates 
of  S'  are  #  =  tan|--E.  cos  5,  ?/  =  tan-|--Er.sin0,  and  the  values  for  the  coordinates  of  S 

2  2 

are   x  —  ^  -  -,tan^  #.cos0.  12in.,  y  =  -p?  -  ~,tan-|.Z?.  sin0.  12in.,  where  P  is  still 
Jr  •  arc  JL  jt   .  arc  J. 

TT 

reckoned  in  minutes,  and  of  course  arc  V  =  ,AQAr.  .    As  the  scale  is  considerable,  it  is 

lUoUU 

worth  while  to  inquire  whether  the  employment  of  the  accurate  formulae  would  produce 
an  appreciable  difference  in  the  position  of  S. 

We  have  sin  0  +  sin  A'  =  sin  Qi  —  h)  -s-  sin  E,  that  is,  sin  E  sin  0  =  sin  (hf  —  h)  sin  A',  and 
cosj&=cos  A  cos  A'  -1-  sin  A  sin  A'  cos  (/*,'  —  A);  or  putting  for  shortness  A'  —  A  =  a,  W  —  h  =  j3, 
we  have  sin  E  sin  6  «  sin  £  sin  A',  and  cos  E  =  cos  a  —  sin  A  sin  A'  .  2  sin2  \  j8.  Hence, 
attending  to  the  equations  cos3  £  #  —  2  (cos3  J  a  -  sin  A  sin  A'  sin2  J  /3)  and  sin2  J  E  = 
2(sin2£a-t-sin  Asin  A'sin2^$),  we  find 


d  —  ainfrjScos^ff  sinA' 

~~       cos3  ^  a  —  sin  A  sin  A'  sin2  ^  £ ' 

and 

IT?       ft  —    /s^n2  i  a  H-  sin  A  sin  A'  sin2  ^  /3  sin2  £  $  cos2  £  /?  sin2  A' 

tan  4 -fir  cos    -  y  COS2 1  a  -  sin  A  sin  A'  sin2  fft  ~  (cos2  J  a  -  sin  A  sin  A'  sin2  ^  0)» 3 

whence,  considering  a,  ft  as  small  quantities  of  the  same  order,  and  neglecting  terms 
of  the  third  order,  we  have  tan  |  E  sin  0  =  sin  J  $  cos  |  /S  sin  A',  or  what  is  the  same 
thing,  =sin  JySsinA,  or  finally,  =|-j8sinA,  that  is  ^  (A'  —  A)  sin  A,  which  is  the  foregoing 

rr T 

approximate  value,  and  thus  in  the  adopted  orbit  y  =    p/    12  in.  =  approx.  value.    As 

regards  the  expression  for  tan  ^E  cos  0,  writing  for  a  moment  fi  =  sec2 1  a  sin  Asin  Ax  sin3  £/3, 
the  quantity  under  the  radical  sign  is 


and,  taking  this  to  the  third  order,  it  is 

+    •   ".n/i  ,+    21   \ 
=  tan2  a  +  fl  (1  +  tan2  4  a) 

x  *  ' 

which,  substituting  for  fi  its  value,  is 


where  sin  A  -sin  A'  cos3  J  £  =  sin  A  -  sin  (A  +  a)  cos2  J& 
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or  neglecting  herein  terms  of  the  second  order,  this  is 

=  sin  A  -  (sin  A  +  sin  a  cos  A)  cos2  ^  & 

=  -  sin  a  cos  A,  ==  -  2  tan  £  a  cos2  £  a  cos  A, 

so  that  to  the  third  order  the  quantity  under  the  radical  sign  is 

_,     a  i        2  tan  ^  a  sin2  J  /9  sin  A  cos  A 
"        **  5o?la  5 

and  to  the  second  order,  that  is  finally  neglecting  terms  of  the  third  order, 

sin2  i  $  sin  A  cos  A 
--          - 


or,  what  is  the  same  thing, 

=  £  a  -  sin  A  cos  A  . 

18.    Hence,  writing  a=(A'  —  A)  arc  1',  /9  «  (A7  -  h)  arc  T,  and  passing  to  the  adopted 
orbit,  we  have 

x  =     p/     12  in.  -  £  sin  A  cos  A     p/    12  in.  x  (A7  —  A)  arc  1', 

viz.  putting 

A'  —  h 
y  =  —  p7—  sin  A  .  12  in. 

we  have 

x  =s  —  p  —  12  in.  -  y  .  •£  cos  A  x  (A'  —  h)  arc  1', 


or  say 


The  value  of  the  second  term  may  amount  to  about  ^  of  an  inch,  and  thus  be 
sensible,  but  there  is  no  difficulty  in  taking  account  of  it. 


Article  No.  19.    As  to  the  Equation  r  =  -jTT  • 

19.    It    may  be   remarked    that   the    equation   r=  a    -i  »    W^C']L    served    for   the 
graduation  of  the  straight  edge,  was  in  effect  obtained  from  the  equations 

2 

,    F  sin  z  =  sin  E,    p  = 


by  assuming  therein  i&&^E  =  ^E  and  si&E  =  E  respectively.    But  the  elimination  of  E 


_       2  tan  iE  Fr 

and  z  can  be  effected  without  this  assumption,  viz.  we  have  sin  E  =  =: 
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and  then  as  before,  sin  z  =  ^  —  r^vr-  —  i—  —«,  whence  the  relation  between  r  and  p  is 

l-htan-|£     l-{-p- 

found  to  be 

_    2p 


which  however  assumes  that  P'  is  reckoned  in  parts  of   the  radius;    reckoning  it  as 

P'  7T 

before  in  minutes,  we  must,  instead  of  P',  write  P'  arc  V  =  1AO  '   ,  viz.  the  numerical 

lUoUU 

value  is  about  ^,  and  taking  it  to  be  this  number,  the  formula  is 


--- 
14400 

where  r,  p   are  reckoned  in  parts    of  the   radius  (=12  inches).    Supposing   that  rx  is 

9n  /  7™  2      \ 

calculated  from  the  formula  rt  =    "^  2  ,  then  we  have    very  nearly  r  =  ?'j  f  1  -f  TTZooJ  > 

and  rx  being  =1  at  most,  the  correction  is  inappreciable:  if  however  this  were  not 
the  case,  the  more  accurate  formula  might  have  been  used;  the  only  difference  being 
that  the  making  of  the  graduation  would  have  been  more  laborious. 


Article  No.  20.    Remark  as  to  the  Geometrical  Theory  of  the  Projection  of  the  Pemimbral 

Curve. 

20.  The  stereographic  projection  of  the  penumbral  curve  on  the  Earth's  surface 
(assumed  to  be  spherical)  is,  as  I  have  elsewhere  shown,  a  bicircular  quartic.  It  may 
be  shown  that  the  stereographic  projection,  as  given  by  the  foregoing  approximate 
method,  is  a  bicircular  quartic:  we  have,  in  fact  a  circle,  the  equation  of  which  in  the 
polar  coordinates  r,  6  is 

(r  cos  0  -  a)2  +  r3  sin2  5=^8°-, 

and  where  (6  being  unaltered)  r  is  changed  into  p,  where  r=  2f\  ,  that  is  -  =  \  (p  +  -)  . 

The  equation  of  the  circle  is 

r2  -  2ar  cos  d  +  a2  -  fr  =  0, 
or  say 


and  the  transformed  equation  is  therefore 


-      =0, 

that  is 

(a2-)82)(p2  +  l)2-4acos^(p2  +  l)-fV  =0, 

or  in  rectangular  coordinates 
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that  is 


where    p2  =  ^  +  2/2;    the    form   of  the   equation    shows    that   the    curve   is    a  bicircular 

2 

quartic.    Writing  for  shortness  —  —  ^  —  m,  the  equation  is 

a?  —  $&  A 


=  0, 

that  is 


or,  what  is  the  same  thing, 

{(^-^ma) 
which  putting  #  +  |ma  for  x  is 


viz.   the  terms   of  the  fourth  order  being  (a?  +  y*f,  and  there  being  no  terms  of  the 
third  order,  the  curve  represented  by  this  equation  is  a  bicircular  quartic. 


Article  Nos.  21  to  30.    Practical  Details  and  Application  to  Eclipse  of  December  21-22, 

1870. 

21.  There  are  some  practical  details  which  it  is  proper  to  explain,  using  to  fix 
the  ideas  the  eclipse  of  December  21-22,  1870:  the  constant  value  of  A  (see  infrA) 
is  taken  to  be  +  90e  +  22°35'(1). 


I  have  a  blank  projection  (radius  12  in.  as  above)  with  the  meridians  and  parallels 
each  at  intervals  of  5°.  And  also  another  blank  form  which  has  on  it  merely  a 
circle,  radius  12  in.,  graduated  as  to  one  quadrant  thereof  with  lines  about  l^in.  long, 
inwards  towards  the  centre.  It  contains  also  in  a  corner  the  foregoing  proportional- 
scale  figure. 

22.  On  the  blank  projection  I  measure  off,  downwards  from  the  centre,  a  distance 
M^M  =  12  sin  22°  35'  (=  4*61),  distances  all  in  inches;  and  then  with  the  centre  M  and 
radius  MC—12  cos  22°  35'  (=  11*08),  describe  a  circle  which  is  the  bounding  circle  of 
the  reduced  projection.  With  this  same  radius  I  describe  on  the  second  form,  con- 
centric with  the  12-inch  circle  and  above  the  horizontal  diameter  thereof,  a  semicircle: 
and,  cutting  out  the  included  area,  replace  it  with  tracing  cloth.  The  form  thus 
prepared  is  placed  over  the  blank  projection,  so  that  the  semicircle  shall  coincide  with 
the  corresponding  semicircle  on  the  blank  projection,  and  the  two  sheets  are  fixed 
together  by  their  lower  edges,  and  by  folding  down  the  remaining  sides.  We  have 
thus  the  upper  half  of  the  reduced  projection,  represented  by  the  semicircle,  with  the 

1  See  Plate,  which  exhibits  in  dotted  lines  the  blank  projection  under  the  other  blank  form;  the  part  within 
the  red  semicircle,  as  seen  through  the  tracing  cloth,  the  rest  really  hidden. 
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meridians  and  parallels  marked  out  thereon  by  lines  seen  through  the  tracing  cloth. 
See  the  Plate;  the  dotted  line  shows  a  paper  scale  afterwards  affixed  to  the  second 
form  or  upper  sheet.  Observe  that  so  far  the  only  eclipse-datum  made  use  of  is  the 
value  A =90°  +  22°  85'. 

23.    We   have  for  the  eclipse  in   question,  taking   t  for  the  G.M.T.  in   hours, 
positive  or  negative  according  as  the  time  is  after  or  before  G.M.  Noon,  Dec.  22,  and 

V  also  in  hours, 

£'=Oh'02-M-9996, 

and  then  taking  the  values  of  a,  d,  A,  A'  from  the  N.A.  we  have  as  follows: 


G.M.T 

1870,  Ita. 

«+»- 

a= 

a'= 

A=90°+ 

A'=90°-i- 

K&-. 

A'-A 
in  Minutes 
of  Arc. 

h'~h 
in  ditto. 

d    h 

h  m      s 

h    m      s 

h  ni      s 

o         1        II 

o      /       " 

h    m      s 

/ 

, 

21  22 

0  1  13-42 

17  56    1-84 

18  1  48-72 

22  27    8-5 

23  27  17-1 

0    7    0-30 

60-143 

-  86-620 

22    3 

5  1    7-37 

18    9  26-74 

18  2  44-27 

22  43  12-5 

23  27  13-9 

4  54  24'90 

44-023 

+  100-632 

and  moreover 


Moon's  Parallax 
Sun's  ditto 


a'  =  60'  38"'6 
TT'=        91 


<r'-ir'  =  60  29-5  =  60'-49 
P  =60-39 

Moon's  Semidiam.     s  =16'33"'2 
Sun's  ditto  s'  =  16l7'9 


in.=      6-53 


whence 


viz.  this  is  the  radius  of  the  circles  used  in  the  construction  of  the  penumbral  curves. 
24.    We  have  for  #,  y  the  formulae 

A""A12in.+y(A/»A)0'00006, 


viz.  I  find  Dec.  21,  22h, 


hf  —  h  ,  „ .        .    . 
—p-  12  in.  x  sin  A, 


«- 11-95  --06=    11-89, 
y  -15-80, 
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and  Dec.  22— 3h, 

0=  8-75  +  -11  =       8-85, 

y=  +1845, 

where  I  have  taken  account  of  the  small  corrections  to  the  approximate  values  of  x: 
it  may  he  added  that,  using  the  conjunction- value  52'9"'4  of  A' -A,  we  have  at 
conjunction, 

x  =  10-36,    y=0. 

25.  We  thus  lay  down  on  the  relative  orbit  the  two  points  22h  and  3h,  and  the 
point  of  conjunction  or  intersection  with  the  axis  of  0;    the  three  points   are  found 
to  be  sensibly  in  a  straight  line:    the  distance  between  the   extreme  points  is  about 
34  inches,  representing  5  hours,  so  that  the  scale  is  nearly  7  inches  to  an  hour:  the 
line  is  then  graduated  to  quarters  of  an  hour.    We  then,  by  means  of  the  distance 
12 +  6'53  =  18-53,  mark  off  on  the  relative  orbit,  the  points  B,  E,  which  correspond  to 
the   beginning  and  end  of   the  eclipse  respectively:    the  times   as  read   off   from  my 
figure,  and  compared  with  the  true  times  given  in  the  KA.  are 

from  figure  N-  A. 

Beginning  22h12m*5  22  13'6 

End  2  40  -5  2  411 

26.  With  centre  B  describing  a  circle  radius  6*53  this  will  of  course  just  touch 
the   12-inch  circle,  and  the  penumbral  curve  will   be   a  mere   point,  viz.,  this  is  the 
point   B'   on    the    bounding   circle,  opposite    to    the   point    of   contact.     And   so   with 
centre  E  describing  a  circle  of  the  same  radius   6*53,  that   will  just  touch  the  12-inch 
circle,   and    the    penumbral    curve   will   be    a   mere   point,  viz.,  the   point   E'   on   the 
bounding  circle,  opposite  the  point  of  contact. 

27.  I  draw  the   circles    corresponding   to  the    times  22h30m,  45m,  23hOm,  viz.,  so 
much  of   each  as  lies  within  the  12-inch  circle.     Each  of  these  is  then  transformed 
into   a  penumbral   curve,  drawn  in  the   upper   semicircle  on   the   tracing   doth.    For 
this   purpose    we    construct    a    straight   edge    of  paper,   the    one    half  graduated    for 
12  sin  0,  the  other  half  for  11*08  tan£0,  by  means  of  the  proportional-scale  figure,  as 
already  explained:   0  =  0°  to  90°  at  intervals  of  5°,  is  quite  sufficient;  the  points  on 
any  particular  penumbral  curve  are  laid  down  in  pairs  with  the  utmost  facility,  and 
the  curve  is  traced  by  hand  from  4  or  5  pairs  of  points. 

28.  We  then  graduate  for   latitude;   viz.,  we  see  through  the  tracing  cloth,  the 
equator  cutting  the  vertical  radius  in  Q,  and  a  parallel  cutting  the  same  radius,  say 
in  JR;    drawing  lines   from  (7,  we   refer   these   to   the   points   q,  r   on   the   bounding 
circle,  viz.,  on  the  quadrant  thereof  which  is  graduated  by  means  of  the  graduation- 
lines  of   the    12-inch   circle;    and   we   thus   read   off   the  latitude   of  the  parallel  in 
question;   this  latitude  is  then   marked  for  each   parallel  on   the  vertical  radius  from 
Q  up  to  the  bounding  circle,  viz.,  not  on  the  tracing  cloth,  but  on  the  paper  affix; 
and  we  then  on  this  same  radius  (on  the  paper  affix)  interpolate  the  positions  where 
this  would  be   intersected  by  the  parallels   for  the   colatitudes,  5°,  10°,  15°,  &a    Or 
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(what  is  perhaps  hetter)  we  may  without  marking  the  latitudes  of  the  parallels  of 
the  blank  form,  construct  directly  the  last-mentioned  graduations;  viz.,  marking  off  on 
the  bounding  circle  from  the  point  q,  equal  intervals  of  5°,  and  from  any  such  mark 
drawing  to  0,  a  line  to  meet  the  vertical  radius,  the  point  of  intersection  is  the 
point  belonging  to  the  parallel,  latitude  equal  to  the  corresponding  multiple  of  5°. 

29.  Finally,  we  must  (not  on  the  tracing  cloth  but  on  the  paper  affix)  graduate 
an  arc  of  the  equator  for  the  position  of  the  meridian  of  Greenwich,  that  is  for  h. 
We  have 

At  22h        /*  =  -2h-f  0    7    0-30  =  -1  52  52'30  =  -2S  18-08 


At     3h        £  =  -2h  +  4  54  24'90  =  +  2  54  24*90  =  -h43  36'20 


The  equator  is  already  graduated  in  longitude  by  means  of  the  meridians  of  the 
blank  projection:  hence  we  lay  down  the  marks  for  22h  and  3h  in  the  positions 
belonging  to  —28°  13',  and  +43°  36'  respectively.  And  then  since  the  interval  of 
5  hours  answers  to  71°  49',  that  of  1  hour  will  answer  to  14°  22',  so  that,  measuring  off 
these  intervals  of  longitude,  we  have  the  marks  for  the  intermediate  times  23h,  Oh,  lh,  2h  ; 
or  it  might  be  proper  to  find  in  this  way  the  marks  corresponding  to  each  interval 
of  20m  of  time,  answering  to  about  5°  of  longitude;  the  further  subdivisions  would  be 
proportional  to  the  intervals  of  time. 

30.  I  have  in  this  way  read  off  the  positions  of  the  points  Bf  and  Ef  belonging 
to  the  beginning  and  end  of  the  eclipse;  the  values,  as  compared  with  the  true 
ones,  are 

Prom  Pigure  N.  A. 

o  o      ' 

B'    latitude     N.  34  35  37 

longitude  W.  47  45  44 

E'    latitude     K  26  26     5 

longitude  W.  3S£  37  16 

I  remark  that  my  figure,  although  drawn  carefully,  is  not  drawn  with  anything 
like  the  degree  of  accuracy  which  would  be  easily  attainable;  and  I  think  that  far 
better  results  might  be  obtained.  I  merely  from  a  scale  lay  down  tenths  and  estimate 
hundredths  of  an  inch,  but  certainly  fiftieths  might  be  laid  down  from  a  scale, 


Plate  VI. 
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478. 
ON    THE    GEODESIC   LINES   ON   AN   ELLIPSOID. 


[From  the  Memoirs  of  the  Royal  Astronomical  Society,  voL  xxxix.  (1872),  pp.  31  —  53. 

Read  January  13,  1871.] 

THE  fundamental  equations,  in  regard  to  the  geodesic  lines  on  an  ellipsoid,  were 
established  by  Jacobi,  viz.,  representing  by  a,  6,  c,  the  squares  of  the  semiaxes,  that  is, 
taking  the  ellipsoid  to  be 

&          tf         z* 

a    +    J  +    7   =1 

(where  a>b>c),  if  we  introduce  the  elliptic  coordinates  Ji,  k,  and  write 


. 


>  +  &     ' 

or,  what  is  the  same  thing, 

a  (a  +  h)  (a  +  A;) 

*    —  ~7~ TT7 C~  j 


(c-a)(c-b)  ' 
then,  if  $  be  an  arbitrary  constant,  the  differential  equation  of  a  geodesic  line  ia 


(1) 
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and  the  expression  for  the  length  of  any  arc  of  the  curve  is  given  by 


-f/ 
_j  < 


I  propose  in  the  present  Memoir  to  develope  the  theory  to  the  extent  of  showing 
how  we  can,  by  means  of  the  first  of  these  equations,  explain  the  course  of  the 
geodesic  lines;  and  for  given  numerical  values  of  a,  6,  c,  calculate,  construct,  and 
exhibit  in  a  drawing  the  course  of  these  lines:  I  attend  more  particularly  to  the 
series  of  geodesic  lines  through  an  umbilicus  (which  lines  pass  also  through  the 
opposite  umbilicus),  and  to  the  case  where  the  semiaxes  are  connected  by  the  equation 
ac  —  62=0,  a  relation  which  simplifies  the  formulae. 


General  Considerations  as  to  the  Course  of  the  Lines. 

1.  It  .  will  be  observed  that  h  and  k  enter  into  the  formulae  symmetrically  :  it 
will  be  convenient  to  distinguish  between  these  coordinates  by  considering  h  as 
extending  between  the  values  -  a,  —  6  ;  and  k  as  extending  between  the  values  —  6,  -  c. 
Thus: 

h  =  const,  denotes  a  curve  of  curvature  of  the  one  kind,  viz.  : 

A  =  —  a,  the  principal  section  ABA'  (or  major-mean  section),  h<=  —  &,  the  curves 
UU'  and  Z7"Z7'"  (or  portions  of  the  umbilicar  section  ACA'C');  similarly, 

k  =  const,  denotes  a  curve  of  curvature  of  the  other  kind,  viz.: 
&  =  —  c,  the  principal  section  CBC'  (or  minor-mean  section),  &  =  —  6,  the  curves  UU'" 
and  U'U"  (remaining  portions  of  the  umbilicar  section  AOA'G"). 


_  -^"' 


0' 

2.  To  any  given  (admissible)  values  of  A,  k  there  correspond  eight  points,  situate 
in  the  eight  octants  of  the  surface  respectively;  but,  unless  the  contrary  is  expressed, 
it  is  assumed  that  the  coordinates  #,  y,  z,  are  positive,  and  that  the  point  is  situate 
in  the  octant  ABC. 

3,  The  constant  /9  may  have  any  value  from  +a  to  +c;  viz.,  if  it  has  a  value 
between   a   and   6,  or  say,   if  —  ft   has   an  A-value,   then   the   geodesic   lines  wholly 
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between  the  two  ovals  of  the  curve  of  curvature  h  =  —  ft  (being  in  general  an  indefinite 
undulating  curve  touching  each  oval  an  indefinite  number  of  times).  Similarly,  if  ft 
has  any  value  between  6  and  c,  or  say,  if  -0  has  a  fc-value,  then  the  geodesic  line 
lies  wholly  between  the  two  ovals  of  the  curve  of  curvature  k  =  -/3  (being  in  general 
an  indefinite  undulating  curve  touching  each  oval  an  indefinite  number  of  times). 
The  intermediate  case  is  when  j8  =  6,  or  say  when  — /3  has  the  umbilicar  value:  here 
the  geodesic  line  is  in  general  an  indefinite  undulating  curve  passing  an  infinite 
number  of  times  through  the  opposite  umbilici  U,  U",  or  U',  EP";  to  fix  the  ideas, 
say  through  U,  U". 

Lines  through  an  Umbilici®. 

4.  I  attend  in  particular  to  the  last-mentioned  case,  and  thus  write  /3  — 6.  We 
may  in  the  formula  (1)  fix  at  pleasure  a  limit  of  each  integral;  and  writing  for 
convenience 

h 


k 

^w~]k     6+1 V  (a  +  k)(c 
the  equation  (1)  becomes 

Const.  =  ft  (h)  +  V  (*). 

5.    It  is  to  be  observed,  in  regard  to  these  integrals,  that  writing  h  =  -  a  +  u,  we 

have  

du 


.> 

u  (a  -  c  -  u) 
which,  for  u  small,  is 


1       /  a    fudu          Z*Ju    /   a 

— ^— — —    A      I  I  ____  .»-.  i       /     ___^ „ ^ ^ . 

a-bV  a-cJo  *Ju'         a-bV  a-c* 


By  the  assistance  of  this  formula  the  value  of  the  integral  may  be  calculated  by 
quadratures;  viz.,  the  formula  gives  the  integral  for  any  small  value  of  u,  and  we 
can  then  proceed  by  the  method  of  quadratures.  The  integral  becomes  infinite  for 
h  —  —  b:  suppose  that  we  have  by  quadratures  calculated  it  up  to  &  =  —  6  —  m  (m  small), 
then  to  calculate  it  up  to  any  value  —  6  —  m  +  u  nearer  to  —  6,  we  have 


where    the   second   term   is    positive,   and    the    value    thus   increases   slowly   with   u, 
becoming  as  it  should  do  =00  for  u  —  m  or  h  =  —  6, 

1  Except  when  the  contrary  is  stated,  the  symbol  "log"  denotes  throughout  the  hyperbolic  logarithm. 
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6,    Similarly  in  the  second  integral  writing  k  =  -c  —  vt  we  have 

•urn-  r  dv  J~ G+v 

W~Job-c-vV  (a-c-v)v> 
which,  for  v  small,  is 


1       /    c     fdv       _2Vu    /   c 
gl^V^J  vV      ~ttV  a-c' 


which  is  of  the  like  assistance  in  regard  to  the  calculation  by  quadratures.  And  if 
we  have  by  quadratures  calculated  the  integral  up  to  h=~b+n  (n  small),  then,  to 
calculate  it  up  to  any  value  ~b+n-v  nearer  to  -6,  we  have 


where   the   second   term    is    positive,   and    the    value    thus   increases    slowly  with    v, 
becoming  as  it  should  do  =00  for  v  =  n,  or  k=-b. 


7.    It  may  be  remarked  that  in  II  (h)  and  M*  (K)  respectively  the  coefficient  of  the 

logarithmic  term  has  in  each  case  the  same  value  =A/T TTTL — N*    As  regards  the 

V  (a  —  0)(0  —  c)  ° 


initial  terms  Vw  and  Vz>,  the  coefficients  are  -  f  A/-~^~  and  ^—\/-^—  respec- 

a  —  6  V  a  —  c  6  —  c  V  a  —  c       r 

tively,  which  are  equal  if  —JL-s—L—    orac-&2  =  0. 

(a  —  0;     (0  —  c; 


8.  We  may  consider  the  two  geodesic  lines  U(K)  ±^(k)  =  const  ;  suppose  that 
these  each  of  them  pass  through  the  point  P,  coordinates  (hQ}  kQ)  in  the  ABC  octant 
of  the  ellipsoid;  then  for  one  of  them  we  have  H  (A)  -  ¥  (i)  =  H  &)  -  ¥  (*bX  and  for 
the  other  of  them  we  have  IL(h)+^(K)^IL(h0j+^(kQ):  I  attend  first  to  the  former 
of  these,  say  n(A)-¥(fc)=Cf  (where  G  is  -  H  (A0)  -  ¥  (£<>))  ;  and  I  say  that  this 
denotes  the  curve  Z7PZF7.  In  fact,  by  reason  of  the  equation  H  (K)  and  ^  (i)  must  both 
increase  or  both  diminish  ;  they  both  increase  as  h  passes  from  hQ  to  -  6,  and  as  k  passes 
from  A0  to  -6:  we  may  have  A  =  -6  +  «,  fe=-6  +  v  where  «  and  ^  are  both  indefinitely 
small,  the  functions  II  and  ^  being  then  indefinitely  large,  but  II  -^  =  (7;  and  we 
have  thus  a  series  of  points  nearer  and  nearer  to  the  umbilicus  Z7;  that  is,  we  have 
the  portion  PU  of  the  curve.  Tracing  the  curve  in  the  opposite  direction,  or  con- 
sidering h  as  passing  from  hQ  to  -a,  and  k  as  passing  from  k,  to  -c,  then  if  C  be 
positive,  k  will  attain  the  value  -  c,  before  h  attains  the  value  -  a,  say  that  we  have 
simultaneously  &  =  ^,  A«-c;  the  equation  is  H(AI)-'V(-o)  =  Oi  that  is,  n(AO  =  (7; 
and  the  geodesic  line  then  arrives  at  a  point  P,  on  the  axe  CB  of  the  minor-mean 
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principal  section.  The  function  ^  then  changes  its  sign,  viz.,  considering  it  as  always 
positive,  the  equation  is  now  II  (A)  +  ty  (k)  =  <7,  k  passing  from  the  value  -c  towards 
-6,  that  is,  ¥(&)  increasing,  and  therefore  II  (h)  diminishing,  or  h  passing  from  ^ 
towards  the  value  -a;  until  at  last,  say  for  &  =  &2,  we  have  A  =  -a,  that  is, 
0=lI(-a)  +  ^(^),  or  C  =  ^(A2);  the  geodesic  line  here  arrives  at  a  point  P2  on  the 
arc  BAf  of  the  major  mean  principal  section.  The  function  II  then  changes  its  sign, 
viz.,  II  denoting  a  positive  function  as  before,  the  equation  is  -  II  (A)  +  ¥  (A)  =  £7  ; 
h  passes  from  -a  towards  -6,  that  is  II  (h)  increases,  and  therefore  W(k)  must  also 
increase,  or  k  pass  from  L  towards  —  6:  we  have  at  length  A  =  —  6  —  tt,  k  =  -b  +  v, 
u  and  v  being  each  indefinitely  small;  and  therefore  II  and  ^  each  indefinitely  large 
(but  —  II  +  M/1  =  0)  ;  that  is,  we  arrive  at  the  umbilicus  U",  completing  the  geodesic 
line  UPU". 

9.  If   instead  of   0  =  +   we  have   0  =  -,   everything  is   similar,  but   the   geodesic 
line  proceeding  from    U  in  the  direction    UP  will  first  cut  the  arc  BA  of  the  major 
mean    section   at    a    point   Pa  ;    then    the    arc  BC'  of   the    minor    mean   section    at    a 
point  P2;  and,  finally,  arrive  as  before  at  the  umbilicus   U'". 

10.  The   intermediate    case    is  when   (7  =  0,  viz.,  we  have   here    II  (A)  —  'V  (&)  =  0  ; 
the  geodesic   line    here  passes    from    U  in  the   direction   UP  to  JS  (extremity  of   the 
mean  axis,  h  =  —  a,  k  =  —  c)  ;    II    and    ty   then    each    change    their   sign,  so   that,  con- 
sidering them  as  positive,  the  equation  still  is   II  (h)  —  f  (K)  =  0,  and  the  geodesic  line 
at  last  arrives  at  the   umbilicus    U".     It  will   be   easily  understood   how  in  the  like 
manner  n  (A)  +  ¥  (A)  =  0  refers  to  the  line   UPTJ'". 

11.  Reverting  to  the  equation  II  (A)  —  ^(/c)  =  0,  or  as  I  will  now  write  it 


which   belongs    to    the   portion    UP  of  the   geodesic   line   UPU",  we  require  when  A 

is  =_J_W)  and   4ss  —  6  +  fl  (w   and  w  indefinitely  small)  to   know   the   ratio   of   the 

increments  u,  v\  this  in  fact  serves  to  determine  the  direction  at    U  of  the  geodesic 
lino  through  the  given  point  (A0,  7c0). 

12.    For  this  purpose  writing  A  =  —  6  —  -w,  we  find 


A 


(a~6-t*)(&- 
which  IB 

(<*-i>du 


_     /          6       ""] 
V(a-6J(6-o)J 


-  6 


and,  when  u  is  indefinitely  small,  this  is 


(a-b)(b-c)    °  "5 
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Similarly,  when  &  =  -&+ty  where  v  is  indefinitely  small 

c  dv  (    /  b  —  v  /         b          |         / 


6-c 


13.    Each  of  the  integrals  is  of  the  dimension  -J  in  a,  6,  c,  and  the  difference 
of  the  integrals  may  be  represented  by 


we  have  therefore 
where 


/          b  M     /"<*-&  du  (    /  b  +  u  /         b         } 

V  (a-6)(6-o)        Jo     T  [V  (a~6-^)(&-c  +  ^) "  V  (a^)(&^"c)j 


f6-cd<M   /  l-v  j         b       "] 

J0      o  |V  (a-6  +  «)(6-o-«)     V  (o-6)(6-c)J 


14.    Suppose  the  inferior  limits  replaced  by  the  indefinitely  small  positive  quantities 
«,  c'  respectively;  and  for  the  variable  in  the  second  integral  -write  —  u;  then 


^    /  6  +  M  __    /          b         [ 

«  V  (a-B-.«)(6-o  +  tt)    V(a-&)(6-c)J' 


,, 

it  being  understood  that  the  values  u  =  —  e'  to  ^  =  +6  are  omitted  from  the  integration  : 
this  is 

a-b    e 


_  r  <^&  dw    / 6+^ / 

J  ^<&— c)  M   »  (a  —  6  —  w)  (&  —  c  4- 1&)     >   (cj  — 
with  the  same  convention  as  to  the  integral ;  or  if  e'  =  e,  then 

M-M'       I         ^          1     a  — 6 
where 

/          b  M  _  f  a~&  du     I b  +  u 


the    omitted   elements   being   from   M  =  — e    to   zi  =  +  e;    that   is   (in  the   language   of 
Cauchy)  we  take  for  the  integral  its  principal  value.    And  hence 


15.    By  what  precedes   this  is    =n(A0)-^(&0);    or  if   we   write   simply  (A,    k) 
instead  of  (h^  fe0)»  that  is,  consider  the  geodesic  line   UP,  which  is  drawn   from  the 
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point  P,  coordinates  (h,  k),  to  the  umbilicus  ?7,  the  coordinates  of  a  point  consecutive 
to  the  umbilicus  are  —6  —  u,  —  b  +  v,  where  u,  v  are  connected  by  the  last-mentioned 
equation,  in  which  M'  is  a  transcendental  function  depending  on  (a,  b,  c)  but  inde- 
pendent of  the  particular  geodesic  line. 

16.    If   for   the   geodesic   line   through   the   point    B,    or   say   for   the   J3-geodesic 


-  =  —  ,  then  Mf  =  -  log  —  ,  and  we  have  in  general 

U       U(]  &  UQ  to 


(a-&)(6-o) 
a  result  which  I  proceed  to  further  transform  as  follows: 


I       VU» 

§' 


If  #o,   2/o»   *0    refer    to    the    umbilicus    U,  then    considering    first    the    consecutive 
point  P  on  the    geodesic   line  (coordinates    -  6  -  w,  -  6  +  v)  and  next  the   consecutive 


3 


point  Q  on  the  umbilicar  section,  we  have  for  these  two  points  respectively, 

7          A-  Va  (v  —  u) 

ft  tf>  •—         ___      *i     _      .  -  L-J1J.-1     _  ---« 

V(a  —  6)  (a  —  c)  ' 


i  Vo  (W  —  v) 

•—:•=;•"  -  ~;: ) 
V (6  -  c)  (a  -  c) 
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say  these  are  a,  &  y,  and  a',  $',  y';  and  then 


eta! 


a-c     [a  —  b    6-cj  '       (a-&)(6-c)5 

bwo 


whence 


and  hence 


that  is, 

^ 


where  if  U  is  the  umbilicus,  P  the  consecutive  point  -b-u,  -l+v,  and  UQ  the 
element  of  the  urnbilicar  principal  section,  $=  Z.PUQ,  180° -$=  ^.PUQ[.  For  the 
U-geodesic  we  have 

2  log  tan  ^00  =  log  —  =  Jf . 
17,    The  foregoing  equation  for  U(h)-f(k)  now  becomes 


viz.,  00  is  the  south  azimuth  of  the  5-geodesic  at  the  umbilicus,  a  mere  function  of 
(a,  6,  c)  and  0  is  the  south  azimuth  at  the  umbilicus,  of  the  geodesic  line  under 
consideration,  so  that  we  may  consider  the  geodesic  line  to  be  determined  by  the 
south  azimuth  <f>  as  its  parameter. 
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Formulae  for  the  case  ac  -  62  =  0. 
18.    I  annex  the  following  investigation  in  regard  to  the  case  oc-63  =  0. 

We  have  in  general 

1  ^_       V-  as  (a  -  6)  (6  -  c)  +  V-  'b(a+lpj  (0  +  0) 


+  b 


boo  +  ac  V  (a  +  a?)  (i 

P  +  0 
In  fact,  denoting  the  logarithm  by  log-p---5,  we  have 


cte    gP-Q 
where 


=  (&a?4-  ac)(&  +  #) 
that  is 


which  proves  the  theorem. 

19.    Hence  in  the  particular  case  oc  =  6a  we  have 

1 ,     v^T(q  -  6)'(6"^c)  +  V-  6  (a  +  h)  (c  +'K) 

^~cj       *J~"h(d^-  b)  (b  -c)  -  V^ 

1  f  h  dh 


-i/ 


dh 
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* 


8 


(o-6)(6-o)       V-A(a-6)(6-o)-  V-  6  (a  +  A)(o  +  A) 


dh 


'(a-b)(b-o)  h 

viz,  we  see  that  II  (K)  depends  on  the  more  simple  integral 

(h  dh 

20.    Similarly 


h 
°g 


V-  A  (a  -  6)  (6^7)  +  V-  6  (a 


dk 


that  is 


or  say 


! 
g 


a-b)(b-c)    °*J-k(a-b)(b-c)->S-l 


where 


that  is,  "9(k)  depends  on  the  more  simple  integral, 

dk 


J  kVk(a 


"Write  h=—  b  —  u,  k  =  —  b  +  v,  where  u  and  v  are  indefinitely  small,  then 
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where 

™     I1  ~  JITS)  j1  +  b 


and 

T7»-  V      +  ft"^)    V      "~   &^"c 


21.     Compaiing    with     the    result    obtained     for    the    general    case    the    two    agree, 
if  only 


r  dh  A/  —!L— 

J-ab  +  hV  (aH-/0(o  +  /t) 


whore    on    the    left-hand    side   the    integral   has    its  principal  value :    a    result  which  must 
therefore  hold  good  when  ac  =  6a. 


Catvulation  of  the   Umbilicwr  Geodesies  for  Ellipsoid  a:6:c  =  4:2:l. 

22.  As  a  specimen  of  the  way  in  which  we  may,  on  a  given  ellipsoid,  calculate 
the  course  of  a  geodesic  line,  I  take  the  semiaxes  to  be  as  2  :  V2  :  1,  or,  for  con- 
venience, a  =  1000,  k  =  500,  c  =  250  ;  and,  considering  the  geodesic  lines  through  the 
umbilicus,  I  calculate  by  quadratures  the  functions 


r 


The  results  do  not  pretend  to  minute  accuracy:  I  have  not  attempted  to  estimate 
or  correct  for  any  error  occasioned  by  the  intervals  (10  units)  being  too  large;  and 
there  may  possibly  be  accidental  errors. 
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TABLE  I. 


-A= 

n' 

TL(h) 

-ft 

IT 

n(A) 

-h 

II' 

n<A) 

1000 

CO 

0 

840 

27-6 

6746 

630 

51-5 

13972 

999 

231-4 

462 

830 

27-8 

7023 

620 

54-1 

14499 

998 

164-0 

659 

820 

27-9 

7301 

610 

59-2 

15066 

997 

134-2 

809 

810 

28-1 

7582 

600 

65-5 

15689 

996 

116-5 

934 

800 

28-4 

7865 

590 

72-1 

16377 

995 

104-4 

1044 

790 

28-7 

8151 

580 

80-9 

17142 

990 

74-6 

1492 

780 

29-2 

8440 

570 

93-0 

18011 

980 

54-0 

2135 

770 

29-7 

8735 

560 

106-8 

19010 

970 

45-1 

2630 

760 

30-3 

9035 

550 

127-6 

20183 

960 

40-1 

3056 

750 

31-0 

9341 

540 

159-1 

21616 

950 

36-6 

3439 

740 

31-8 

9655 

530 

211-5 

234G9 

940 

34-2 

3794 

730 

32-6 

9977 

520 

316-7 

26111 

930 

32-5 

4127 

720 

33-6 

10308 

510 

632-7 

30858 

920 

31-2 

4446 

710 

34-7 

10650 

505 

1265-0 

35602 

910 

30-2 

4753 

700 

36-0 

11004 

504 

1581-2 

37014 

900 

29-4 

5051 

690 

37-4 

11371 

503 

2107-7 

38834 

890 

28-8 

5342 

680 

39-0 

11754 

502 

3162-3 

41398 

880 

28-4 

5628 

670 

40-8 

12153 

501 

6324-1 

45792 

870 

28-1 

5911 

660 

42-0 

12567 

500 

00 

00 

860 

27-9 

6190 

650 

45-4 

13005 

850 

27-8 

6469 

640 

48-2 

13473 

478] 


ON  THE  GEODESIC  LINES  ON  AN  ELLIPSOID. 


505 


TABLE  II. 


-* 

tf 

*(A) 

-A 

#' 

*(*) 

-A 

*' 

*(*) 

250 

00 

0 

320 

45-5 

4655 

440 

107-1 

12207 

251 

232-2 

462 

330 

46-1 

5114 

450 

127-9 

13383 

252 

165-5 

661 

340 

47-3 

5581 

460 

159-2 

14818 

253 

136-0 

811 

350 

48-9 

6062 

470 

211-6 

16673 

254 

118-6 

939 

360 

51-1 

6562 

480 

316-7 

19314 

255 

106-8 

1051 

370 

53-8 

7086 

490 

632-7 

24062 

260 

78-1 

1514 

380 

57-2 

7641 

495 

1265-0 

28806 

270 

60-5 

2207 

390 

61-4 

8235 

496 

1581-2 

30218 

280 

51-7 

2768 

400 

66-7 

8875 

497 

2108-1 

32037 

290 

48-2 

3268 

410 

73-2 

9575 

498 

3162-3 

34602 

300 

46-3 

3741 

420 

81-6 

10349 

499 

6234-1 

38995 

310 

45-5 

4200 

430 

91-4 

11214 

500 

00 

CO 

23.  But  it  is  obviously  convenient  to  revert  these  Tables  so  as  to  have  for  the 
common  arguments  a  series  of  uniformly  increasing  values  of  II  or  S?,  viz.,  we  obtain 
by  interpolation  the  values  of  h  and  k  belonging  to  the  given  values  of  II  or  M>, 
and  thus  obtain  the  following  Table.  Here,  in  any  line  of  the  Table  the  values  of 
h,  k  are  such  that  II  (&)- ¥(*)  =  (),  viz.,  the  values  in  question  belong  to  successive 
points  of  the  jB-geodesic.  And  to  obtain  the  values  for  any  other  geodesic  line 
n(&)-'¥l(£):s±500m,  we  have  only  to  take  each  value  of  k  from  the  line  m  lines 
above  or  below  the  line  from  which  h  is  taken ;  and  similarly  the  table  gives  at  once 
the  values  belonging  to  a  geodesic  line  II  (h)  +  W  (k)  -  500  m. 


C.  VII. 
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TABLE  III. 


n=*= 

h 

D. 

k 

D. 

n=*= 

h 

D. 

k 

D. 

0 

1000 

250 

13000 

650-1 

446-7 

1-2 

1-4 

20-6 

7-8 

500 

998-8 

251-4 

14000 

629-5 

454-5 

3-4 

3-1 

18-3 

6-5 

1000 

995-4 

254-5 

15000 

611-2 

461-0 

5-5 

5-2 

15-7 

5-3 

1500 

989-9 

259-7 

16000 

595-5 

466-3 

7-8 

7-3 

13-6 

4-9 

2000 

982-1 

267-0 

17000 

581-9 

471-2 

9-5 

8-2 

11-8 

3-8 

2500 

972-6 

275-2 

18000 

570-1 

475-0 

11-5 

9-4 

10  -0 

3-8 

3000 

961-1 

284-6 

19000 

560-1 

4788 

12-8 

10-3 

8-5 

2-6 

3500 

948-3 

294-9 

20000 

551-6 

481-4 

14-5 

10-7 

7  '3 

2-2 

4000 

933-8 

305-6 

21000 

544-3 

483-6 

15-6 

11-0 

6-2 

2-0 

4500 

918-2 

316-6 

22000 

538-1 

485-6 

16-5 

10-9 

4  (9 

2-2 

5000 

901-7 

327-5 

23000 

533-2 

487-8 

17-2 

10-8 

4-6 

2-1 

5500 

884-5 

338-3 

24000 

528-6 

489-9 

17-7 

10-4 

81 

2-1 

6000 

866-8 

348-7 

26000 

520-5 

492-0 

17-9 

10-1 

4-5 

2-1 

6500 

848-9 

358-8 

28000 

516-0 

494-1 

18-1 

9-5 

4-2 

1-7 

7000 

830-8 

368-3 

30000 

511-8 

495-8 

17-9 

9-2 

3-0 

1-2 

7500 

812-9 

377-5 

32000 

50S-8 

497-0 

17-6 

8-6 

2'1 

0-8 

8000 

795-3 

386-1 

34000 

506-7 

497-8 

17-3 

8-0 

2'0 

0-5 

8500 

778-0 

394-1 

36000 

504-7 

*J  \7 

498-3 

16-8 

7-7 

1-2 

0-5 

9000 

761-2 

401-8 

38000 

503-5 

JL  £t 

498-8 

16-3 

7-1 

1-0 

9500 

744-9 

408-9 

39000 

.  . 

JL  V 

499-0 

15-6 

6-6 

10000 

729-3 

415-5 

40000 

502-5 

14-9 

6-2 

0«fi 

10500 

714-4 

421-7 

42000 

501-9 

V  \J 

14-3 

5-9 

(H 

11000 

700-1 

427-6 

44000 

5014 

V  V 

13-5 

5-3 

n-i 

11500 

686-6 

432-9 

45800 

501-0 

V  TC 

12-8 

5-0 

12000 

673-8 

437-9 

oo 

500 

500 

23-7 

8-8 

478]  ON  THE  GEODESIC  LINES   ON  AN  ELLIPSOID.  507 

Graphical  Construction:  Projection  on  the  Umbilicar  Plane. 

24.    The  most  convenient   mode   of   delineation    of   the  geodesic  lines  is  obtained 
by  projecting  them  orthogonally  on  the  umbilicar  plane:  the  contour  of  the  figure  is 


here  the  umbilicar  section,  or  ellipse  —  h  —  =  1  ;  and  the  curves  of  curvature  of  each 

a        C 

series  are  projected  into  elliptic  arcs  lying  within  the  ellipse  in  question,  the  one  set 
cutting  at  right  angles  the  axes  A  A',  the  other  cutting  at  right  angles  the  axes  CO1  '; 
the  equations  of  the  complete  ellipses  being 


and 

a    a  - 


,—  rj\—,  -  fv-         . 
a  (a  +  ft)        c(c  +  k) 

25.  I  constructed,  by  means  of  the  table,  a  drawing  of  this  kind  for  the  ellipsoid 
a,  6,   c  =  1000,   500,   250,   the  lengths  Va  and  Vc  being    taken  to    be    12   inches   and 
6  inches  respectively:    the   process   consists  in   taking    from  the  table  for   a  series  of 
values   TL**yr  (say  11  =  ^  =  1000,  =2000  &c.),  the  values  of  h  and  ft,  laying  down  for 
such  values  the  elliptic  arcs  which  represent  the  two  curves  of  curvature  respectively, 
thus  dividing   the    bounding   ellipse  into   a    series   of   curvilinear  rectangles,  and  then 
obtaining    the    geodesic    lines    by   drawing   the    diagonals    of  these   rectangles,   and    of 
course  rounding  off  the  corners  so  as  to  form  continuous  curves.    The  Plate  shows  on 
a  reduced  scale  so  much  of  the  drawing  as  is   comprised  within   a   quadrant  of  the 
bounding  ellipse  (viz.  it  is  a  representation  of  an  octant  of  the  ellipsoid). 

Elliptic-Function  Formulae. 

26.  I  have  in  all  that  precedes  abstained  from  the  use  of  elliptic  functions,  since 
obviously  the   form  Vl  —  ft2  sin2  <£  of   the   radical   of  an   elliptic    function  is  in  nowise 
specially  appropriate    to   the   present   question.     But  (more   particularly  in  the  above- 
mentioned  case  ac-6a=0,  where  the  radical  is  V&(a  +  A)  (c  +  A)  without  any  exterior 
factor  1)  4-  h  in  the  denominator)  the  formulae   are   expressible  easily  and  elegantly  by 
elliptic  functions,  and  it   is   desirable  to   make  the   transformation.    Reverting   to  the 
formulae    which,  in   the   case  in   question   (viz.   when   ac-&9  =  0),   give   the   values  of 
II  (h)  and  ^  (k)  ;  and  writing  therein  h  »  -  a  +  (a  -  c)  sin3  <j>,  k  ~  -  a  +  (a  -  c)  sin2  ^  ,  also 


v^ 


G  C 

1  --  ,    Or   -  =s  1  ~  AJ2,    =  /C/2, 

a         o> 


we  have 


.._.      ___ 
o  Va  -  (a  -  c)  sin2 
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27.    Hence 


where 

J3"  = .  — ; 

VI  —A;2  sin2  9 

(observe,  as  h  passes  from  -a  to  -&,  0  passes   from    <£  =  0  to   sin2</>  =  ^p —  and 
from  JET=0  to  jff  =  l). 

Similarly 


where 

*Q  sin  TT  cos 


~  _ 

l-yc2sn2  AT 

and  as  k  passes  from  -c  to  —  Z>,  -vfr  passes  from  \ir  to  sina^r  =  r-—  ,  and  K  from  0  to  1. 


28.    The  before-mentioned  identical  equation 

/          A  = 

V  (a  +  A)(c  +  fc) 


is  by  the  same  transformation  converted  into 

p**l—  (1  —  /c')sir 
Jo    l-OL  +  ArOsir 


To  prove  this,  I  remark  that  the  equation  is 


_o 
•viz.  this  is 


or,  what  is  the  same  thing, 


where  II,  (—  1  — «')  denotes  the  principal  value  of  the  integral 

f*dA  1  1 

Jo     9 1  -  (1  +  «')  sin4  ^  A<^' 
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Now  (Leg.  Fonct  Ellip.,  t.  I.,  p.  71),  we  have 


\vhere,  upon  examination,  it  will  appear  that  II,  (  —  r-^j  in  fact  represents  the  principal 

\    sin*  (// 

value  of  the  integral 

1  ic 

Writing  herein  sin3  6  =  ^  -  ,  ,  and  therefore  cos2  6  =  -  ,  ,  or  tan2  6  =  /e',  this  is 

JL  ™~  K  JL  T"  /C 


and  the  formula  (pr),  p.  141,  attributing  therein  to  6  the  foregoing  value,  becomes 

Tlf(-l-K'}  =  Et  +  ^\Fl£!(0)-ElF(e)\. 

/C    (  ) 

But  6  is  the  value  for  the  bisection  of  the  function  F/9  viz.,  we  have 

whence 

or  the  formula  in  question  gives 

n, 

whence 


the  result  which  was  to  be  proved 

29.    The  value  of  M'  (observing  that  ?  --  -,-r/i  —  \=—  7=  —  7^  =—7;  -  A.)  is 
V  *=          (a-b)(b-o)     V^_^ca    o,(l-KJ) 


which  is 

-t^ 

that  is  wo  have 

Jf-CL-^ 

or,  what  is  the  same  thing, 

log  tan  i<£0= 
that  is 


(<^0  the  South  azimuth  of  the  jB-geodesic  at  the  umbilicus). 

30.    I  purposely  calculated  the  Table  by  quadratures  as  being  a  method  available 
where  the  equation  ac-&*=0  is  not   satisfied;   but   in  the  present    case,  where  this 
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equation  is  satisfied,  the  table  might  have  been  calculated  from  Legendre's  Tables  of 
Elliptic  Integrals.  Observe  that  a  =  1000,  6  =  500,  c  =  250,  gives  «=  ^V3  or  angle  of 
modulus  =  60°.  As  an  instance  of  the  comparison  C),  suppose  h  =  -  800,  then  sin2  <j> 
log  sin  <£  =  9-71298,  £=31°  5'. 

/          b  I     500         ^ 

V  (a-b)(b  -c)  =  V  50O50  =  "50~  = 


n<A)  =  -03163  .F(310  5')  +  '03163  h.  1.  6'7582, 

=       '56166 
163 


.F3105'=      -56329 
LI.  6-7582=    1-91075 


2-47404 
x  by        -03163 

•0782043 

or  multiplying  by  100,000  (factor  introduced  into  my  Table)  this  is  =7820*43.  The 
value  II(-  800)  =  7864  given  by  my  Table  agrees  sufficiently  well  with  this,  the  correct 
value. 

31.    I  calculate  also  the  angle  <£0}  viz.  we  have 

h.  Ltan^o---^.^    =  i  •?,  (60°).        Leg-  vo1-  m-  Table  VIIL 

=  i  2-15651  =  '53913, 
whence  by  Leg.  Table  iv. 


or 

^0 

This  exceeds  90°,  and  since  at  the  umbilicus  the  tangent  plane  is  at  right  angles 
to  the  plane  of  projection,  the  JJ-geodesic  should  in  the  drawing  proceed  (as  it  in 
fact  does)  from  If  in  the  sense  UO,  touching  the  bounding  ellipse  at  the  point  U. 

1  In  the  present  calculation,  log  denotes  an  ordinary  logarithm,  the  hyperbolic  logarithm  being  distinguished 
ash.1. 
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479. 


THE  SECOND  PART  OF  A  MEMOIR  ON  THE  DEVELOPMENT 
OF  THE  DISTURBING  FUNCTION  IN  THE  LUNAR  AND 
PLANETARY  THEORIES. 


[From  the  Memoirs  of  the  Royal  Astronomical  Society,  vol.  xxxix.  (1872),  pp.  55—74. 

Read  January  12,  1872.] 

THE  present  communication  is  a  sequel  to  my  paper,  "The  First  Part  of  a  Memoir 
on  the  Development  of  the  Disturbing  Function  in  the  Lunar  and  Planetary  Theories," 
Memoirs  RA.S.,  vol.  xxvm  (1859),  pp.  187—215,  [214],  and  I  have  therefore  entitled  it 
as  above,  but  it,  in  fact,  relates  only  to  the  Planetary  Theory.  In  the  First  Part,  I  gave 
in  effect,  but  not  explicitly,  an  expression  for  the  general  coefficient  D(j>  /)  in  terms 
of  the  coefficients  of  the  multiple  cosines  of  &  in  the  expansions  of  the  several  powers 
(ra  +  /*-2r7/cos0)"*-*>  or  say  (a2-ha'2-2aa'cos0)~«--*;  viz.,  at  the  foot  of  page  208 
I  speak  of  the  term  involving  cos(jZ7+/C7'/)  as  having  a  certain  given  value;  the 
term  in  question  is  D  (j,  /)  cos  (jU  +/D7)  ;  and  consequently  the  expression  for 
)  is 

D  (jt  /)  = 


the  omission  was,  however,  a  material  one,  inasmuch  as  this  expression  for  the  general 
coefficient  serves  to  connect  my  formulae  with  Leverrier's  development,  Annales  de  VObserv. 
de  Paris,  t.  L  (1855),  pp.  275—330  and  358—383,  and  I  resume  the  question  for  the 
purpose  of  applying  it. 

Formula  for  the  general  Coefficient  D  (j,  /). 

In  the  First  Part,  the  reciprocal  of  the  distance  of  the  two  planets,  or  function 
{r*  +  r'*  -  2rr'  (cos  17  cos  U'  +  sin  U  sin  tT'  cos  $>)}-* 
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is  taken  to  be  developed  in  multiple  cosines  of  U,  IT,  the  general  term  being 


where  j,  j'  have  each  of  them  any  integer  value  from  —  oo  to  +  oo  (zero  not  excluded),  but 
so  that  j,  j'  are  simultaneously  even  or  simultaneously  odd.  We  have  D  (-j,  —  /)  =  -D(j,/) 
and  D  (/,  j)  =  D  (j,  /)  ;  and  it  hence  appears  that  the  really  distinct  values  of  the 
coefficient  may  be  taken  to  be  those  for  which  j  is  not  negative,  and  as  regards 
absolute  magnitude  is  not  less  than  /  ;  and  for  such  values  of  j,  j'  we  have  the  above- 
mentioned  expression 


which  I  proceed  to  explain  and  develope. 

HI  (#  —  J)  and  II#  (#  being  a  positive  integer)  denote  respectively  J.f,..(#-i), 
and  1.3.3...  0;  in  particular  for  x=Q,  the  value  of  each  factorial  is  =sl. 

t\  denotes  sin^$. 

The  coefficients  R$*  are  those  of  the  multiple  cosines  in  certain  developments,  viz. 
we  have 


where,  as  usual,  i  extends  from  —  oo  to  oo  and  R^4  =  Rx\    'Writing  with  Leverrier 


aa'  (a?  +  a!*  -  2<m'  cos  E)  ~  *  =  }  £#  cos  t'jff, 
a2  +  a'2  -  2aax  cos  £)-*  »  ^  SO1'  cos  iJ?"; 


then  2ft*  2ft«,  2JJ2*,  2ft*  are  the  same  functions  of  r,  /  that  A\  »,  G\  D*  respectively 
are  of  a,  a7. 

The  expression  of  M£  is 
Jf  *  =  (—)»-&  (W) 


and,  finally,  in  the  expression  for  J)(j9  /),  %  has  every  integer  value  from  0  to  oo, 
and,  for  any  given  value  of  0,  ^  extends  by  steps  of  two  units  from  the  inferior 
value  —(«-/)  to  the  superior  value  cc-j. 

It   is    convenient    to    write    0  =  J(j  +/)  +  *;    we    have    then    a-    extending    from 
-40'-?")-*  to  -i(j-JO+*i  or  writing  9r  =  -iO'-/)H-ft  ^  ^as  the  s  +  l  values  5, 


-2,   5-4,  ...-5,  viz.  for  $  =  2p+l  the  values   are   ±1,   ±  3,  ...  ±  (2p  -hi),   and  for 
they  are  0,  ±2,  ±4,...±2p. 
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Making  these  changes  we  have 

A  y\  _  ^  ^1  (4  (3  +/)  +  s  ""  ij  J 

j)  —   n      -i+i17 


where 


viz.   this  is  (-)"   into  the  product   of  two  binomial  coefficients,   each  belonging  to  the 
exponent 


Particular  Cases,  j+j'=*Q,  2,  4,  6,  being  those  required  in  the  Planetary  Theory. 
Considering  successively  the  cases  j-f  j'  =  0,  2,  4,  6,  we  have,  first, 


^/    y 

^(  )      _-___._ 
which,  developed  as  far  as  T?°,  is 


whore,  and  in  what  immediately  follows,  A,  B,  C,  D  are  used  to  denote  functions  (not 
of  (a,  a')i 


Secondly, 


which,  developed  to  rf,  is 


0.  vii.  65 
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Thirdly, 


which,  developed  to  i)*,  is 

<•) 


and,  fourthly, 


which,  developed  to  07",  is  simply 


The  foregoing  formulae,  although  obtained  on  the  supposition  j  =  0,  or  positive, 
apply  without  alteration  to  the  case  j  =  negative,  and  the  entire  series  of  terras  of  an 
order  not  exceeding  6  as  regards  17  may  be  written, 


+  W  (j,  -j  +  2)    cos  (jU+(-j  H-  2)  ZT) 
+  W  (j,  -j  +  4)    cos  (jU  +  (-j  +  4)  17') 
+  2D  (j,  -j  +  6)    cos  (jU+  (-j  +  6)  U'\ 
where  j  has  every  integer  value  from  —  oo  to  +00. 

Comparison  with  LEVERREER. 

This  is  in  fact  what  Leverrier's  expression  becomes  on  putting  therein  e  =  e'  =  0. 
To  verify  this,  observe  that  Leverrier  having  denned  his  A\  B1,  (7s,  I)*,  as  above,  writes 
further 

JS*. 


#  =  £((7^  + 
ff  =  ^  (  D*-8  + 
2*  = 
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(consequently  E~i  =  Ei,  <?-*  =  (?',  #-'  =  H\  i-*2  =  It,  8-^  =  8^  T-4+l  =  Ti),  and  that  the 
terms  in  question,  putting  in  the  coefficients  e  =  e'  =  Q,  are  with  him 

{(1){  +  (11)'  if  +  (17  )<  tf  +  (20  )'  rf\    cos  (V!  -  i\),  . 

{(212)*  if  +  (218)*  V  +  (221)*  r,*}     cos  [iff  -  (i  -  2)  X  -  2r'], 

{(372)'  ^*  +  (375)'  T?"}    cos  [«'  -  (i  -  4)  X  -  4<|, 

{(449)*  fl»J     cos  \il'  -  (i  -  6)  X  -  6-r'], 

where,  substituting  for  (1)':,  (11)*,  £c.,  their  values,  the  coefficients  are 


«  -  y  (f  0»-«  +  00  +  if  . 

-  if  T\  =  ^  . 
and 


Writing  herein  j  in  place  of  i,  and  for  .4^  i?*"1,  &c.,  the  equal  values  A~J,  2H+1,  &c., 
we  have  precisely  the  foregoing  coefficients  D(j,  -j),...D(j,  -j+6). 


Tlie  Development  m  Powers  of  e,  e'. 
Tho  complete  expression  of  the  reciprocal  of  the  distance  is  obtained  from 

D(j,  -j)        cos  (JU-JU1) 
+  W  (j,  -j  +  2)  cos  (jU+  (-j  +  2)  U'} 
+  W  (j,  -j  +  4)  cos  (  JU+  (-j  +  4)  17') 
+  2D  (j,  -j  +  6)  cos  (JU  +  (-j  +  6)  U'), 

by  writing  therein  for  r,  r',  U,  U',  instead  of  the  circular,  the  elliptic  values,  that  is 

thu  values 

r   =a  elqr(e,  L  —  II)  ,    =a  (!  +  «;), 

r'  =a'clqr(e',  I'  -IT)  ,    =»'(!  +  at), 

u  -n-e  +  eit»(«,  L-iL),  =n- 

')  I'-IT),    =tt'- 


L,  II,  ©  the  mean  longitude  in  orbit,  longitude  of  perihelion  in  orbit,  and  longitude  of 
node;  and  the  like  for  L',  IT,  ©';  "elqr"  =  elliptic  quotient  radius,  "  elta  "  =  elliptic  true 
anomaly;  or,  what  is  the  same  thing,  if  we  write  elta(e,  L  —  !!)  =  £-  11  +  eltt(e,  L-Ii), 
and  the  like  for  elta(e',  L'-U'),  then 

jj=L-@  +eltt(e,  l-H),    =L-@+y, 
',  L'-TT),    =X'-0'+/. 

65—2 
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The  process  for  doing  this  is  explained,  First  Part,  pp,  205  —  207,  [214],  viz.,  writing 
r  =  a(l  +  #),  /-a'  (!+#'),  and  restoring  j'  (instead  of  its  value  -j,  ...-j-fr-6,  as  the 
case  may  be),  we  have  a  general  term 


where  D  (  j,  j')  now  denotes  the  value  obtained  by  writing  a,  a!  in  place  of  r,  r  and 
f9  f  are  the  true  anomalies  elta  (e,  L  —  U)  and  elta  (ef,  L'  -  IT).  And  the  second 
factor,  %*afa>  into  the  cosine,  is  given  as  a  series 

22  ([cos]*  +  [sin]*)  ([cos]*'  +  [sin]*')  cos  [i  (L  -  II)  +  i'  (Lf  -  IT)  +j  (II  -  ®)  -j'  (IT  -  ©')], 

where  [cos]*,  [sin]*  are  functions  of  e,  [cos]*',  [sin]*'  functions  of  e'.  Or,  what  is  better, 
the  term  #*#'*'  into  the  cosine  may  be  written  #*  of*'  cos  [  j  (L  -  0  +  y)  +j'  (L'  -  ©'  -1-  z/')], 
and  the  expansion  then  is 

22  ([cos]*  +  [sin]*)  ([cos]*'  +  [sin]*')  cos  [i  (£-11)  +  i'  (i'  -  IT)  +  j  (L  -  @)  +  j'  (I'  -  ®')], 

where  as  before  [cos]*,  [sin]*  are  functions  of  0,  [cos]*',  [sin]*'  are  the  same  functions 
of  ef>  viz.  the  e-functions  are  those  given  in  the  two  "datum-tables"  (a?0..,  #7)cosjy 
and  (#°...#7)sinjy,  taken  from  Leverrier,  which  I  have  given  in  my  "  Tables  of  the 
Developments  of  Functions  in  the  Theory  of  Elliptic  Motion,"  Memoirs  RA.S.  vol.  xxix. 
(1861),  pp.  191  —  306,  [216].  In  order  to  better  show  which  are  the  symbols  referred  to, 
we  may,  instead  of  [cos]*,  &c.,  write  [a?*cosjy]*,  &c.,  the  formula  will  then  be 


22  ([«•  cos  jyf  +  [af  sin^]*)  ([a'*'  cos  JYf  +  [%'*'  sin  /</']*') 


and  if  we  attribute  to  i,  i'  any  given  values,  that  is,  attend  to  any  particular  multiple 
cosine, 

cos  [i  (L  -  E)  +  i'  (L'  -  HO  +  j  (L  -  ©)  +  /  (Z'  -  ®')], 

the  coefficient  hereof  will  be 


where  a,  a"  each  extend  from  zero  to  infinity,  but  to  obtain  the  expression  up  to  a 
given  order  p  in  e,  e',  we  take  only  the  values  up  to  a  +af=p. 

Particular  Case. 

Thus,  for  instance,  in  cos  [j  (L  -  @)  -/  (Lf  -  ©')]  the  terms  independent  of  e'  are 

-°  0'.  -  J 

+   1  a 
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which,  observing  that  in  the  present  case  the  sine  terms  vanish,  is 


384 


e* 
46080 


1          -8f 


+96^         -    1280/ 

-54j2        +  3920  j4 
-   3440J2 


+  4          -4S/2       -     360  j* 


+  4          -96,f        -i-   1920  ji4 


144         -   3880  j» 


+ 14400 


+  14400 


1 

O    ' 

1_ 

1.2.3  C 

1 
1.2.3.4* 

1 
OT5'°  \fa. 

_1_ 
1.2. .6* 

1 
1.2.. 7*"  \dn. 


0(3,  -j) 


viz.  the  term  in  &  is 


viz.  writing  ^  =  0,  and  therefore  D(j,  —  j)  =  |J."^',  bhe  term  in  69  is 


which,  conformably  with  Leverrier's  subscript  notation 
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I  write 


The  term  in  question  is  given  by  Leverrier  as  (4e)a(2)*,  =  e2.£(2),  h=i  and  ^  =  ^?:, 
^  +  jda*),  which  agrees. 


Similarly  the  term  in  e4  is 

.54j2-48f(    X-96J2(    )2  +  144(    )3  +  144( 


=  ^{(96j*-54JO^-48?M, 

i  Oo 

and   the   term   in    question   is   given   by   Leverrier   as   (£0)4 (4)*  =  a4 .  ^ (4),  A=i   and 

77l  .—,    yd  J 

=s  «4  i  f  i  /    0^2  i  i  fjVA  A  i  —.£2  A  *  —  2i2  -4  *  -i-  3.A  *  -4-  3^.  *1 
which  agrees.    I  have  not  made  the  comparison  of  any  more  terms. 

LEVERRIER'S  Results  expressed  in  terms  of  the  Arguments,  L'  —  ®,  i'-IT,  i-®,  Z  — II. 

The  angles  which  Leverrier  uses  in  his  arguments  are  I',  \,  0,  -or',  and  T',  viz. 
we  have, 


a,  =^+(0  -6), 


where  L,  II,  ®  are  the  mean  longitude  of  the  planet  m,  its  perihelion  and  the  mutual 
node,  all  in  the  orbit  of  m;  and  similarly  L\  II',  &  are  the  mean  longitude  of  the 
planet  m',  of  its  perihelion  and  of  the  mutual  node,  all  in  the  orbit  of  m7.  On 
substituting  the  foregoing  values  of  I',  \,  fee.,  ©',  as  it  should  do,  disappears,  and  the 
arguments  are  all  of  them  linear  functions  of  L'-&9  IT-®7,  i-@,  II-®;  or,  if 
we  please,  of  J7-®',  I'  -II',  i-®,  £-11,  that  is  of  the  distances  of  each  planet 
from  its  own  perihelion  and  from  the  mutual  node.  It  is,  I  think,  convenient  to  use 
these  last  angular  distances,  and  accordingly  in  Leverrier's  arguments,  I  write, 
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and  for  the  purpose  of  reference  form  as  it  were  an  Index  to  his  result  as  follows : 

Reciprocal  of  Distance  =  as  follows : 
Terms  of  order  Z&TQ  :  terms  of  orders  2,  4,  6,  having  the  same  arguments* 


i'-©' 

z'-ir 

Z-0 

.c-n 

(1)'                             (  1     .  .    20)        .  . 

COS 

* 

0 

-  i 

0 

(21)'  (Je)  (K)            (21    -.30)        .. 

JJ 

fc 

-hi 

-  i 

-i 

(31)*  (i  «)'&«?           (31    ..34)        .. 

}> 

$ 

+  2 

—  i 

-2 

W(i«)'(i«7           (35    ..35)        .. 

;j 

i 

+  3 

-  i 

-3 

(36)*  ($e)V                 (36    ..39)        .. 

}j 

i 

0 

-t  +  2 

-2 

(40)*(£s)(£eV          (40    ..43)        .. 

5J 

i 

-1 

-i  +  2 

-1 

(44)*  (ie')V                (44    ..47)        .. 

J) 

i 

-2 

-*  +  2 

0 

(^(\ef(y)-rf          (48    ..48)        .. 

» 

i 

+  1 

-t  +  2 

-3 

(«)I(j«)(jOV      <49   ••   49)      •• 

J? 

i 

-3 

-t  +  2 

+  1 

Terms  of  the  first  order :  terms  of  orders  3,  5,  7,  having  the  same  arguments. 


i'-OT 

L'-IL' 

i-0 

z-n 

(  50)'  £  a                 (  50    .  .      69) 

cos 

i 

0 

-  -i 

+  1 

(  70)'  £e'                (  70    ..      89) 

)) 

^ 

+  1 

-  i 

0 

(  90)'(}«)»(JO      (  90    ..      99)        .. 

)) 

i 

+  1 

—  i 

-2 

(100)*  (Ja  )  (J«y      (100    ..    109)        .. 

» 

i 

+  2 

-  •£ 

-1 

(HO)*^)3^?     (HO    ••    H3)        .- 

)) 

i 

+  2 

—  i 

-3 

(114)'(ie)2(ie')3     (114    ..    117)        .. 

)] 

i 

+  3 

—  i 

-2 

(HS)<(£e)4(^')3     (118    ..    118)        .. 

» 

i 

+  3 

-  i 

-4 

(119)«(£e)3(i«7     (119    ..    119)        .. 

!I 

i 

+  4 

-  i 

-3 

(120)*(l«)if           (120    ..    129) 

» 

i 

0 

-t  +  2 

-1 

(130)*  (^e;)  r;2           (130    ..    139) 

1) 

i 

-1 

-t  +  2 

0 

(140)'(i«)V           (140    ..    143) 

» 

i 

0 

-t  +  2 

-3 

(144)'  (ie)^^')1?2  (144    .-    147)        .. 

)) 

i 

+  1 

-t+2 

-2 

(148)'(i«)«(i«')'j'(l«    .-    151)        .. 

)) 

i 

-1 

-t  +  2 

-2 

(152)'  (£e)  (10*^(152    ••    155>        •• 

}> 

i 

-2 

-t  +  2 

-1 

(156)«  \e    (ie')Sa(156    ..    159) 

)) 

i 

-2 

-t  +  2 

+  1 

(160)'  (}  e')3*?2           (16°    ••    163) 

}} 

i 

-3 

-t  +  2 

0 

(164)«(|e-)4(Je')^(164    ..    164) 

)J 

i 

+  1 

~i  +  2 

-4 

(165)4(|fl)'(ie')V  (I65    ••    I65) 

)l 

i 

+  2 

-t  +  2 

-3 

(166)«(|e)s(|e')V(166    ..    166)        .. 

» 

i 

-3 

~t  +  2 

+  2 

(167)<(i*)(K)V(167    ..    167)        .. 

» 

i 

-4 

-i  +  2 

+  1 

(168)'  (J  e  j8^4           (168    ..    168) 

)} 

i 

0 

-t  +  2 

«.  3 

(169y(je)a(ie')^a69    ..    169)        .. 

)» 

i 

-1 

-t  +  4 

-2 

(170)<(|e)(£e')V(170    ..    170)       .. 

» 

i 

-2 

~i  +  4 

-1 

(171)<(£e')V          (171    .-    171)       .. 

)) 

i 

-3 

~i  +  4 

0 
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Terms  of  second  order:  terms  of  orders  4>,  6,  having  the  same  arguments. 


Z;-0X 

z'-ir 

L-® 

i-n 

(172)'(J«)»               (172    ..    181)        .. 

cos 

i 

0 

—  i 

+  2 

(182)*(Je)(J«r)        (182    ..     191)        .. 

1J 

i 

+  1 

-  i 

+  1 

(192)*  (£e')2              (192    ..    201) 

» 

i 

+  2 

—  i 

0 

(202)*  (£e)8  (!<?')       (202    ..    205) 

JJ 

i 

+  1 

—  i 

-3 

(208)*  (J«)  (!«')'      (206    ..    209) 

I> 

i 

+  3 

-  i 

-1 

(210)*(Je)4(|e')2      (210    ..    210) 

» 

i 

+  2 

—  i 

-4 

(SliydtfftO4      (211    .-    211)        .. 

)) 

i 

+  4 

-i 

-2 

(212)V                  (212    ..    221) 

I) 

i 

0 

-i  +  2 

0 

(222)*  (J«)  (J*1),*  (222    ..    225) 

)) 

i 

+  1 

-i+2 

-1 

(226)«(J«)(JO^  (226     ..    229)        .. 

1) 

i 

-1 

-i  +  2 

+  1 

(230)*(£e)V           (230    ..    230) 

)) 

i 

0 

^4+2 

-4 

(381J«fttf(iO  ^  (231    ••    231>        •• 

)> 

i 

-1 

-i  +  2 

-8 

(282)*(1«)»(JOV  (232    ..    232)        .. 

J) 

i 

-2 

~i  +  2 

-2 

(233)*  (£  a)  (£e')V  (233    ..    233)        .. 

)) 

i 

-3 

-t  +  2 

-1 

(234)*(£e')V           (234    ..    234)        .. 

)J 

i 

-4 

-*+  2 

0 

(235)<(£e')!(Je')V(235    ..    235)        .. 

» 

i 

4-2 

-»+2 

-2 

(236)*  (J«)»  (IOW  (236    ..    236)        .. 

)) 

i 

-2 

-*+  2 

+  2 

(237)«(£e)V           (237    ..    237) 

)) 

i 

0 

-4  +  4 

-2 

(238)<(£«)  (Je')  jf  (238    ..     238)        .. 

» 

i 

-1 

-i  +  4 

-1 

(239}*(£e')V          (239    ..    239) 

JJ 

i 

-2 

-i  +  4 

0 

Terms  of  third  order:  terms  of  orders  5,  7,  having  the  same  arguments. 


i'-®' 

L'-ie 

£-© 

L-n 

(240)*  (£e)3             (240    ..    249)        .. 

cos 

i 

0 

—  i 

+  3 

(250)<(je)a(i«')      (250    ..    259)        .. 

» 

i 

+  1 

—  i 

+  2 

(260)«(£e)(Je')2     (260    ..    269)        .. 

» 

i 

+  2 

-  i 

+  1 

(270)«(£e')»             (270    ..    279)        .. 

» 

i 

+  3 

—  i 

0 
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Z'-®' 

I'  -IS? 

i-0 

z-n 

(280)'(Je)<(JO      (280    ..     283)        .. 

cos 

i 

+  1 

-  i 

-4 

(284)'  (iO  (iO4      (284    ..     287)        .. 

JJ 

-I 

+  4 

—  i 

-1 

(288)'(JO'(JOa     (288    ..     289)        .  . 

J) 

i 

4-2 

-  i 

-5 

(290)'  (J  02(-J03      (290    ..     299)        .. 

5J 

i 

0 

-t  +  2 

+  1 

(300)*  (JO^            (300    ..     309) 

JJ 

i 

+  1 

-i  +  2 

0 

(810)'  (JO*  (40V1  (310    ..     313)        .  . 

J> 

i 

-1 

-z  +  2 

+  2 

(814)'  (40  (40V  (314    ..     317)        .. 

?) 

i 

+  2 

-•  +  2 

-1 

(318)'(JOV          (318    ••     318)        •• 

35 

i 

0 

-^  +  2 

-5 

(319)'  (4  O4  (4  0^(319    ••    319)        .. 

JJ 

i 

-1 

-t  +  2 

-4 

(320)*  (£  0s  (JO  V  (320    ..     320) 

5? 

i 

-2 

-i  +  2 

-3 

(321)'  (4  0s  (40V  (321     ..     321)        .. 

» 

i 

-3 

~z  +  2 

-2 

(322)'  (JO  (JOV  (322    ..     322)        .. 

JJ 

i 

-4 

~*  +  2 

-1 

(323)'(J«')V           (323    ..     323) 

JJ 

i 

-5 

-i  +  2 

0 

(324)'  (£0*  (JOV  (324    .  .     324)        .. 

7J 

i 

-2 

-i  +  2 

+  3 

(325)<(Ja)«(i«')V(325    .  .     325)        .. 

J5 

i 

+  3 

-t  +  2 

-2 

(326)'  (JOV           (326    ..    329) 

JJ 

i 

0 

—  i  +  4 

-1 

(330)*  (JO1?4           (330    ..     333) 

J5 

i 

-1 

~*  +  4 

0 

(834)'(JO*(JO^  (334    ..    334)        .. 

91 

i 

+  1 

-i  +  4 

-2 

(335)*  (JO  (JOV(33»    .  .     335) 

» 

i 

-  2 

-4  +  4 

+  1 

of  fourth  order:  terms  of  order  6,  and  of  same  argument. 


Z'-®' 

£'-ir 

£-0 

z-n 

(336)«(£e)4              (336    .,    339) 

cos 

t 

0 

—  i 

+  4 

(340)J(£e)'(£e')       (340    ..    343)        .. 

» 

i 

+  1 

-i 

+  3 

(344y(^)»(|08     (344    ..    347)       .. 

>» 

i 

+  2 

—  i 

+  2 

(348)*  (£e)  (|e')s      (348    ..    351)        .. 

J» 

i 

+  3 

-i 

+  1 

(352)*  (£e')4              (352    ..    355)        .. 

» 

i 

+  4 

—  i 

0 

(356)'  (}a  )"(£«')       (356    ..    356) 

» 

i 

+  1 

-  t 

-5 

(357)*(£e)(£e')6      (357    ..    357)        .. 

)) 

i 

+  5 

-»-l 

0 

0.   VII. 
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Terms  of  fourth  order  (concluded): 


i'-®' 

L'-IL' 

L-® 

£-11 

(358)«(|e)V           (358    ..     358) 

COS 

i 

0 

~i  +  2 

+  2 

(3«2)«(ia)(*«V    <362    '•    364)        •' 

99 

* 

+  1 

-i+2 

+  1 

(SeeyQOV          (366    ..    369) 

99 

i 

4-2 

-i+  2 

0 

(370)£(|e)3(£e')'73  (370    ..    370) 

99 

i 

-1 

-^4-  2 

+  3 

(371)«(|e)(|e')V  (371    ..    371)        .. 

99 

i 

+  3 

-<  +  2 

—  1 

(372)V                   (372    .  .    375) 

99 

i 

0 

-  i  -f  4 

0 

(376){(fe)(i«'h4    (376    ..    376)        .. 

99 

i 

+  1 

-4  +  4 

-1 

(377)«(|e)(£eV    (377    ..    377)       .. 

5J 

i 

-1 

-i  +  4 

+  1 

Terms  of  fifth  order:  tertns  of  order  7  having  the  same  arguments. 


Z'-<H>' 

L'-tt' 

i-© 

z-n 

(378)*  (J  6  )5              (378    ..    381) 

cos 

i 

0 

—  i 

+  5 

(382)*  (1  e)2(|e')      (382    ..    385) 

3J 

i 

+  1 

—  i 

+  4 

(886)'  (J  e  )3  (|  e7)2     (386    .  .    389) 

53 

i 

+  2 

—  i 

+  3 

(390)*  (J«y(i*7     (39°    ••    393) 

)) 

i 

+  3 

-  i 

+  2 

(394)*  (J  5)  (£e')4     (394    ..    397) 

9) 

i 

+  4 

—  i 

+  1 

(398)*  (fey  ^          (398    ••    *01) 

9) 

i 

+  5 

-  i 

0 

(402)«(J  «)•(£«')      (402    ..    402) 

JJ 

i 

+  1 

-  i 

-6 

(403)*'(iO(^^)6     (403    ..    403) 

53 

i 

+  6 

—  i 

-1 

(404)*^e)V           (^04    ..    407) 

99 

i 

0 

-i  +  2 

4-3 

(408)*(f6)2(ieV  (408    ..    411)        .. 

JJ 

i 

+  1 

-4  +  2 

4-2 

W(H&6')V(412    '•    415)        •• 

JJ 

i 

4-2 

~i  +  2 

4-1 

(416)i(|e')V          (416    ..    419) 

99 

i 

+  3 

-i  +  2 

0 

(420)*  ($  0  )4  (|  e')  if  (420    .  .    420) 

99 

i 

-1 

-  i  +  2 

+  4 

<421)«(la)<*rf)V(«l    -.    421)        .. 

JJ 

i 

+  4 

-t  +  2 

—  1 

(422)<(^e)i74           (422    .  .    425) 

>9 

i 

0 

~t  +  4 

+1 

(428)*  (Jrf)^            (426    ..     429) 

99 

i 

+  1 

-i  +  4 

0 

(430)*(^)2(|eV  (430    ..    430)        .. 

99 

i 

-1 

-*  +  4 

+  2 

(my(l*)(WJ  (431    ..    431)        .. 

99 

i  ' 

+  2 

-*  +  4 

-1 

(432)*  (Ja)tf           (432    ..    432)        .. 

JJ 

i 

0 

-t  +  6 

-1 

(433y*(^')77*           (433    ..    433) 

JJ 

i 

-1 

-i  +  Q 

0 
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Terms  of  sixth  order. 


£'-©' 

z'-n' 

L-® 

z;-n 

(434)'  (|  6  )6              (434     ..     434) 

cos 

i    •  - 

0 

—  i 

+  6 

(435)'(j6)'(i6')      (435    ..    435) 

9) 

i 

+  1 

-  i 

+  5 

(436)*  (£  ^  )4  (J  e')2     (436    .  .     436)        .  , 

3> 

i 

+  2 

-<-  i 

+  4 

(437)*  (£e  )»(£«')*     (437    ..    437) 

J) 

i 

+  3 

—  i 

+  3 

(438)'(^6)2(^')4     (438    ..    438) 

71 

i 

+  4 

-  i 

+  2 

(439)*  @  a)  (£e')5     (439    ..    439) 

9) 

i 

+  5 

—  i 

+  1 

(440)'  (ie')6              (440    ..     440) 

JJ 

i 

+  6 

-  •£ 

0 

(441)*(|e)V            (441     ..     441) 

JJ 

i 

0 

-i  +  2 

+  4 

(442)*(J«)»(Jfll)vl  (442     ..     442) 

J) 

i 

+  1 

-i  +  2 

+  3 

(443)*(|e)3(|e')V(443     ..     443) 

9) 

i 

+  2 

-*  +  2 

+  2 

(444)*  @«)  (|e')V(444    ..     444) 

3> 

i 

+  3 

-  i  +  2 

+  1 

(445)'Q-(s')V           (445    .  .     445) 

>J 

i 

+  4 

-i  +  2 

0 

(446)*(Ja)V           (446    ..     446) 

JJ 

i 

0 

-t  +  4 

+  2 

(447)*(J«)(J«')ij*     (447     ..    447) 

9) 

i 

+  1 

-4  +  4 

+  1 

(448)*(i^)V           (448    ..    448) 

7) 

i 

+  2 

-i  +  4 

0 

(449)V                    (449     ..     449) 

» 

i 

0 

-  1  +  6 

0 

Terms  of  seventh  order. 


Z'-®' 

.z/~n' 

£-0 

£-n 

(450)*  (£e)7              (450    ..    450) 

cos 

i 

0 

—  i 

+  7 

(451)«(|e)6(|e')3     (451    ..    451) 

)) 

i 

i 

-  i 

+  6 

(452)*(£e)6(£e')!     (452    ..     452) 

>»  . 

i 

2 

-  i 

+  5 

(453)*(£e)4(£e')'     (453    ..    453) 

)) 

i 

3 

-i 

+  4 

(454)*(£e)3(£e')4     (454    ..    454) 

» 

i 

4 

—  -i 

+  3 

(4M)*(i  «)»(*«?      (455    ••    455) 

91 

i 

5 

—  i 

+  2 

(456)«(£e)  (|e')«     (456    ..    456) 

» 

i 

6 

-  1 

+  1 

(457)'  ($«y              (457    ..    457) 

» 

*•  . 

7 

—  i 

0 

(458)*(£e)V           (458    ..    458) 

)) 

^ 

0 

-*  +  2 

+  5 

66—2 
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£'-«' 

z/-n' 

Z-® 

i-n 

(459)*  (|  eyftOtf  (459    ..    459)        .. 

cos 

i 

+  1 

-i+2 

+  4 

(460)4(|e)*(ie')V(460    ..    460)        .. 

» 

i 

+  2 

-i+2 

+  3 

(461)<ft6)2(i«')V(461    ..    461)        .. 

)) 

i 

+  3 

-i+3 

+  2 

(462)*  ft  a)  Qe')V(462    ..    462)        .. 

»l 

i 

+  4 

-i  +  2 

+  1 

(463)s(£e')V          (463    ..    463)        .. 

>J 

i 

+  5 

-i  +  2 

0 

(464)*  (|e)V          (464    ..    464)        .. 

)) 

i 

0 

-i+4 

+  3 

(«5)*fteF(i«^  (465    ..    465)        .. 

» 

i 

+  1 

-i  +  4 

+  2 

(«6)'fta)  (iOV(«6    ..    466)        .. 

}) 

i 

+  2 

-  i  +  4 

+  1 

(467)!(|e')V          (467    ..    467)        .. 

» 

i 

+  3 

-i+4 

0 

(468)'  (|  eh6           (468    ..    468)        .. 

» 

i 

0 

-i+  6 

+  1 

(469y(£e'),s           (469    ..    469)        .. 

J> 

i 

+  1 

-*  +  6 

0 

Here  the  several  coefficients  are  ultimately  given  in  terras  of  the  before-mentioned 
quantities  A\  ff,  G\  D\  E\  ffi,  H\  L\  ff,  P  (functions  of  a,  a'),  and  their  differential 
coefficients  in  regard  to  a 


as  follows:—  we  have  leverrier,  pp.  299—330,  a  list  of  functions  (1),  (2),...  (154)  of  the 
form  (l)  =  fE%  (2)  —  a'JF+lft  +  JKV,  (8)  =  -MJ?  +  JT^  +  Z,*,  &c.,  involving  i  A,  and 
&  and  its  derived  functions  KJ,  Z,*,  &c.  The  coefficients  of  the  several  cosines  are 
given  by  means  of  tne  fonctions  in  question,  thus,  first  coefficient,  above  denoted  as 
(I)''(1...20),  is 


where  (!)*  =  (!),  (2)4=  (2)  ...writing  in  the  functions  (1),  (2)...  (10),  A-»,  and  Z»-^l«; 
(11)'  =  (1),  (12)*  =  (2),  &c.5  writing  &.«  and  &  =  -&, 
(20)*  =  (1),  writing  A  =  i  and  JST*  =  -  ff* 

and  so  on  for  the  various  component  coefficients  (1){,  (2)*  ...  (469)*. 

But  the  resulting  expressions,  for  the  several  integer  values  t—  10  to  +10  are 
worked  out  in  the  Addition  tt  (Numerical  Tables  for  fe  Calculation  of  the  Coefficients 
of  the  Veoelopmnt  of  the  Disturbing  Fwetion),  pp.  358-383.  And  this  Addition 
contains  also,  indicated  by  the  letters  8  and  A  respectively,  the  expressions  of  the 
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terms  which  experience  an  alteration  in  passing  from  the  development  of  the  reciprocal 
of  the  distance  to  those  of  the  disturbing  functions  m'  upon  m,  and  m  upon  771' 
respectively. 

We  have 

Disturbing  Function   m'  upon  m 


r  cos  H 


+  - 


Disturbing  Function  m  upon 


\- 


r'cosH     I 


The   expressions  of  —  ro™_   an<j  _ 


t  developed   to   the  third   order  in    the 


eccentricities  and  inclination,  are  given,  Leverrier,  pp.  272  and  274.  Expressed  in  the 
terms  of  the  foregoing  arguments  L  —  ®',  &c.,  and  in  terms  of  a,  of  in  place  of  a 
and  a,  these  are  as  follows  : 


v  cos  If      a    . 

L>-« 

L'-U' 

L-. 

L-U 

-l  +  i^W*)^ 

cos 

1 

0 

-1 

0 

-  ee' 

„ 

+  1 

H-l 

-1 

-  1 

+  *e-%ee'*-%eri* 

J) 

+  1 

0 

-1 

+  1 

_i6  +  lee'2  +  £e3  +  |e>72 

„ 

+  1 

0 

-1 

-1 

—  2ef  +  e*e'    +  -§-e/3  +  2  e'rf 

3) 

-hi 

+  1 

-1 

0 

-%e*e' 

„ 

+  1 

-f  1 

-1 

-2 

+  fV««'2 

„ 

-1 

H-2 

+  1 

-1 

-  |$  ee'* 

„ 

+  1 

+  2 

-1 

-1 

+^°       

» 

+  1 

0 

+   1 

-1 
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rcosiT     a  . 

;*-=^mt0 

L'-® 

L'-IL' 

L-® 

i-n 

_lfi2 

COS 

+  1 

0 

-1 

+  2 

-fe2            

JJ 

+  1 

0 

-1 

-2 

+  3  ee' 

JJ 

+  1 

+  1 

-1 

+  1 

-  |  e'2          

JJ 

-1 

4-2 

+  1 

0 

-%7-e'2          

JJ 

4-1 

-2 

-1 

0 

-  if             

JJ 

+  1 

0 

+  1 

0 

-^e3           

JJ 

+  1 

0 

-1 

+  3 

-  J  e3           

J5 

+  1 

0 

-1 

-3 

~  I  «V         

JJ 

+  1 

4-1 

-1 

+  2 

-T^ee"8        

JJ 

-1 

+  2 

4-1 

+  1 

+  &««'*         

JJ 

+  1 

4-2 

-1 

4-1 

-  |  <P          

JJ 

-1 

4-3 

+  1 

0 

-¥«"*          

JJ 

+  1 

+  3 

-1 

0 

-  \  erf         

JJ 

+  1 

0 

+  1 

+  1 

-2eV         

JJ 

+  1 

+  1 

0 

+  1 

r'  cos  H    cd  . 

T'     G\r 

T'      TT' 

ZG\ 

r    TT 

i*     «* 

-I+^+^HY  

COS 

i 

0 

-i 

0 

-  ee'  

JJ 

+  1 

+  1 

-i 

-i 

-  2  «  +  ee'z  +  |es4.2fi,a 

JJ 

+  1 

0 

-i 

-i 

+  f«'_feV_fey  

JJ 

-i 

+  1 

+  1 

0 

••     JL  ^'  -L  1  1&0    J.  ^  p^  J.  1  af*$ 
'S'wr'Tvv'T'jrt?         i     "3?  &  II                41                          •    • 

JJ 

+  1 

+  1 

-i 

0 

T  T  g"  06                        *   *                           *,                           .    ,                           ,» 

JJ 

+  2 

-i 

-2 

+  2 

-f^e2*'         

JJ 

4-1 

4-1 

-1 

-2 

4                        **                  **                  **                  ** 

J> 

4-1 

+  2 

-1 

-1 

"r    W    v  "W                  •    •                       »   .                       ••                       ,    • 

„ 

4-1 

-1 

+  1 

0 

""•   -jf   ^r                 ».                  »,                  .,                   t  t 

J) 

+  1 

0 

-1 

+  2 

—  2T  e2 

JJ 

+  1 

0 

-1 

-2 

+  3  ee'          

J» 

-1 

+  1 

4-1 

+  1 

"ie/S          

JJ 

-1 

+  2 

+  1 

0 
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r'  cos  H      a  . 

Z'    ®' 

£'     IT 

If  —  ® 

L    n 

r*           a?  mt° 

-  §  e'2 

cos 

+  1 

4-  2 

-  1 

0 

-  >?a                 

5) 

+  1 

0 

+  1 

0 

-  J  <?            

)) 

+  1 

0 

-  1 

+  3 

-  -VL  e3 

JJ 

+  1 

0 

-  1 

-3 

+  f  £  ev 

„ 

-1 

+  1 

-h  1 

+  2 

-  A  eV 

„ 

+  1 

+  1 

-  1 

+  2 

-  J  ee'2 

„ 

-1 

+  2 

+  1 

4-  1 

-  Jj-  e'3 

„ 

-1 

+  3 

+  1 

0 

-  J  *'3           

91 

+  1 

-1-3 

-1 

0 

-   2  6772 

„ 

+  1 

0 

+  1 

+  1 

-*^     

» 

+  1 

+  1 

+  1 

0 

It  is  hardly  necessary  to  observe  that,  to  obtain  the  expressions  of  the  Disturbing 
Functions,  these  additional  terms  are  to  be  combined  with  the  corresponding  terms 
in  the  expression  of  the  reciprocal  of  the  distance:  thus,  in  the  Disturbing  Function 
£1  (w'  upon  m),  the  entire  term  depending  on  cos  \L'  —  ©'—(£  —  ®)]  is 


=  m'  J2  (1,  .  .  .  20),=1  +  ^  (-  1  +  \(#  +  4*)  +  T72)}  cos  [(£'  -  0')  -  (Z  -  0)], 
where,  however,  the  supplemental  term  is  taken  to  the  third  order  only. 
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ON   THE   EXPRESSION    OF    DELAUNAY'S    /,  g,  h,  IN   TERMS    OF 
HIS  FINALLY  ADOPTED  CONSTANTS. 

[From  the  Monthly  Notices  of  the  Royal  Astronomical  Society,  vol.  xxxn.  (1871 — 72), 

pp.  8—16.] 

WE  have  in  Delaunay's  lunar  theory, 

I,  the  mean  anomaly  of  the  Moon, 

g,  the  mean  distance  of  perigee  from  ascending  node, 

7i,  the  mean  longitude  of  ascending  node, 

quantities  which  vary  directly  as  the  time,  the  coefficients  of  t,  or  values  of  -?-,  -^,  -^, 

cit    at     at 

being  given  in  his  Theorie  du  Houvement  de  la  Lime,  vol.  n.  pp.  237,  238.  But 
these  values  are  not  expressed  in  terms  of  his  constants  a  (or  ri),  e,  y,  finally  adopted 
as  explained  p.  800,  and  it  seems  very  desirable  to  obtain  the  expressioDS  of  I,  g,  h, 
in  terms  of  these  finally  adopted  constants:  I  have  accordingly  effected  this  trans- 
formation (which  I  found  less  laborious  than  I  had  anticipated).  It  will  be  convenient 
to  imagine  the  a,  n,  e,  y  of  pp.  237,  238  replaced  by  A,  N,  E,  T  respectively.  This 

being  so,  and  writing  m  for  the  -  of  p.  800  we  have,  p.  800, 
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and  hence  calculating  N  from  the  formula  N*A*  =  iM,  we  find 


(-  W+ 


suppose. 


The  values  of  E,  P  are  given  p.  800,  but  for  the  present  purpose  we  only  require 
E*,  and  T2  to  the  fifth  order,  viz.  the  values  of  these  are  at  once  found  to  be 


whence  also  E'  =  &  and  r4=-y*. 

The  formulae  of  pp.  237  —  238  now  give 

I  =  nt  -l  +  [-  ft  m2  -  W  m3]      +  Q 

" 


( 
» 
T2  -  ^Uli4  e2  -  ^"^^  e'2)  m«  (1  +  Q)-« 


+  (- 


(Observe  that  writing  herein  Q  =  0,  and  omitting  the  terms  in  m*  and  m5  in  the 
coefficient  of  (1  +  Q)-1,  and  the  term  in  m5  in  the  coefficient  of  (1  +  Q)-2,  we  have  the 
original  formula  of  p.  237) 


C.  vu. 
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{where  writing  Q  =  0,  and  omitting  the  terms  in  m4  and  m5  in  the  coefficient  of 
(1  +  Q)-1,  and  the  term  in  m5  in  the  coefficient  of  (l  +  Q)"2,  we  have  the  original 
formula  of  p.  237).  And 


(where  writing  Q  =  0,  and  omitting  the  terms  in  wi4  and  m?  in  the  coefficient  of 
(1  +  Q)~a,  and  the  term  in  m5  in  the  coefficient  of  (1  +  Q)"2,  we  have  the  original 
formula  of  p.  238).  We  hence  have 


where  (omitting  the  terms  in  -j 


+  (-  W  +  W  7s- 
7s  ~ 
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G  =  - 


'  =      (f  -  J£  7=+  I  «"+  4  e'2-  ^  /+  15 


7s  -  W1  e2  + 

7s  -  W1  ^  + 
+ 

+ 


B'  =      (-  f  +  ^  7s-  I  e3-  |  e'2) 


ma 


+ 


-       eVs- 


0"  =  -  f  ms 

'-  67-2 
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And  in  terms  £Q,  &Q,  B"Q,  we  have 

Q=     (l- 


and  in  the  terms  (7Q2,  C'Q3,  (7"Q2,  simply  Q2=??i4.    Hence  finally  the  required  values  of 
I,  g,  h,  are 


W  +  T  7s  +  W  «a  - 


f 
7s- 


h=>. 

I  *•          O35 

+( 
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which  values  satisfy,  as  they  should  do,  the  equation  l  +  g  +  k  =  nt.  I  recall  that  the 
precise  signification  of  the  constants  is  as  follows  :  n  is  the  coefficient  of  t  in  the 
expression  of  the  Moon's  longitude  in  terms  of  the  time,  a  the  corresponding  elliptic 
value  of  the  mean  distance  (?i2a3  =  sum  of  masses),  e  the  eccentriciby,  such  that  in  the 
expression  of  the  longitude  the  coefficient  of  the  leading  term  of  the  equation  of  the 
centre  has  its  elliptic  value 


and  7  the  sine  of  the   half-inclination,  such   that  in  the  expression   of  the   latitude  the 
•coefficient  of  the  leading  term  has  its  elliptic  value 


m 

n't   a!  are    the    mean    motion    and    mean    distance    of   the    Sun,   m  =  — ,   and   e'  is  the 

n 

•eccentricity  of  the  Sun's  orbit,  considered  as  constant. 
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ON  THE   EXPRESSION   OF  M.    DELAUNAY'S  h+g  IN  TERMS  OF 
HIS  FINALLY  ADOPTED  CONSTANTS. 


[From  the  Monthly  Notices  of  the  Royal  Astronomical  Society,  voL  xxxn.  (1871  —  72), 

p.  74.] 

I  TTAT>  the  pleasure  of  receiving  from  M.  Delaunay  a  letter  dated  Paris,  17th  Dec. 
1871,  in  which  he  informs  me  that,  on  referring  to  his  papers,  he  had  found  there 
expressions  for  I,  g,  h,  identical  with  those  given  by  me  in  the  November  Number  of 
the  Monthly  Notices,  —  with  only  a  single  typographical  error,  ff  e'2ms  instead  of  f|e/am* 
[ante  p.  532,  corrected]  in  my  expression  of  h. 

M.  Delaunay  mentions  also  that  he  had  obtained  four  additional  terms  in  the 
expression  for  h+g  (longitude  of  the  Moon's  perigee),  and  that  the  complete  expression 
in  terms  of  the  finally  adopted  constants  is 


~  *§i*  7s  - 


[Observe  that  h  +  g  is  =nt  —  l,  and  compare  with  the  expression  for  I,  ante  p.  532.1 
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482. 


NOTE    ON    A    PAIR    OF    DIFFEEENTIAL    EQUATIONS   IN   THE 

LUNAR  THEORY. 


[From  the  Monthly  Notices  of  the  Royal  Astronomical  Society,  vol.  xxxil.  (1871  —  72), 

pp.  31—32.] 

THE  equations 


Ztp*Tt 

taking  therein  j-jfe  =  l  in  effect  present  themselves  in  the  Lunar  Theory,  and 
particular  integrals  in  series  have  been  obtained,  the  development  being  carried  to  a 
great  extent;  but  I  give  the  results  only  as  far  as  w4,  viz.,  writing 

t  —  mt  »  J)) 
we  have 


+£&m4  sin4D, 
-  =  1+  £m2  -m™>* 


4-  £  m4  cos4J). 

o 

In  the  Lunar   Theory  j  and  k  are  properly  each  =  -  -gr  ($  the  mass   of  the 

l  +  m' 

Earth,  m'  that  of  the  Sun),  but  they  are  taken  to  be  =  1  ;   the  numerical  difference 
is  inappreciable;  but  there  would  be  a  considerable  theoretical  advantage  in  retaining 
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in  the  equations  the  coefficients  j,  Jc  [regarded  as  each  of  them  =  k]  :  in  fact,  the 
developments  could  then  be  arranged  according  to  the  powers  of  k,  that  is  according  to 
the  powers  of  the  disturbing  force;  whereas,  when  k  is  taken  =1,  we  have  only  a 
development  in  powers  of  m,  and  since  m  also  presents  itself  through  the  coefficient 
2  —  27)i  of  t  in  2v  —  2m£,  terms  which  are  really  of  different  orders  in  regard  to  the 
disturbing  force,  are  united  together  into  a  single  term  :  so  that,  instead  of  a  term 
of  the  form  (Ak  +  £&2  +  &c.)  m?,  where  A,  B,  are  numerical,  we  have  the  term 
(  A  4-  B  +  .  .)  mP9  where  of  course  A  +  B..  is  given  as  a  single  numerical  coefficient. 
There  is  no  equal  advantage  in  retaining  the  two  coefficients  k,  j,  as  this  only  serves 
to  show  how  a  term  arises  from  the  central  and  tangential  forces  respectively;  thus 
retaining  these  coefficients,  the  integrals  as  far  as  m2  are 


2  sin  2jD, 
-  -  1  -f-  £m2&H-(£&  +  ij)m2cos2.Z), 

agreeing  with  the  former  result  when  &=j==l;  but  there  is,  nevertheless,  some  interest 
in  retaining  the  two  coefficients.  I  hope  to  develope  the  results  somewhat  further, 
and  to  communicate  them  to  the  Society. 
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ON   A  PAIR   OF   DIFFERENTIAL    EQUATIONS   IN    THE   LUNAR 

THEORY. 


[From  the  Monthly  Notices  of  the  Royal  Astronomical  Society,  vol.  xxxn.  (1871  —  72), 

pp.  201—206.] 

I  CONSIDER  the  differential  equations 


dt 
which  when  j'  =  &  =  l  give  the  following  equations  in  the  lunar  theory  (L=>t  —  mt): 


+  cos  2  J3  [ms  +  ^  m 


or  as  far  as  m7, 
p  =  1  -  $m* 

+  cos2J!)[ 
+  cos  4J)  [ 

+  cos  6D  [ 
c.  vn.  68 
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(-  is  given  by  M.  Delaunay  only  as  far  as  m5,  the  additional  terms  of  -  and  expression 
for  p  were  kindly  communicated  to  me  by  Prof.  Adams)  ;  and 


{Delaunay,  t.  n.  pp.  815,  836,  845). 

To  integrate  the  original  equations  write 


where  the  suffixes  indicate  the  degrees  in  the  coefficients  k,  j  conjointly  :  the  equations 
for  pn,  vn  take  the  form 


where  Fn,  U^,  Pn,  Qn  do  not  contain  pn  or  ^.    From  the  second  equation  we  have 


where    fl»   is   a   constant   of  integration,  the  integral   \Pndt  containing  only  periodic 
terms  ;  and  then  adding  twice  this  to  the  first  equation  we  have 


which  determines  pw;  and  substituting  its  value  in  the  other  equation  we  have  ^, 

Cut 

and  thence  vn;  the  constant  Q,n  is  determined  so  that   -^  may  contain  no  constant 

at 
term.    We  have 


&C. 


&c. 
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Q,  =  km*  {Svj  sin  2D  +  pi  (i  +  f  cos  2J5)}, 
Q3  =  fern2  {-  3^0  sin  2D  -  S^2  cos  2D 
i .  3  sin  2D 


&c. 


In  particular  attending  to  the  values  of  Pl9 
original  form 


P^jm^-f  sinSD), 

P2  =  jw2  (-  3^  cos  jD  -  Sft  sin  2J9), 

P3  =  jma  |_  3^  cos  2j)  +  3^2  s£n  22) 

2D 


the  equations  for  ft,  ^  are  in  their 


whence  in  the  transformed  form  they  are 


and 


Thus  the  constant  term  of  pl  is 
this  must  vanish,  or  we  have  0! 


cos  2D)  +         -  cos  W. 

1  —  771 


+  |&ra2,  giving  in         a  constant  term  -  Sf^  -  km* 
;  and  the  equations  thus  become 


and  then  completing  the  integration 


)       «n 
+W     (l-m)(3-8m  +  WCOs2A 

v  -  f  ^  +  l>3q-8^  +  ^)] 

1  1(1  -  m)  (3  -  8m  +  4m2)  "*"  (1  -  m)8  (3  -  8m  -1-  4m2)j  ' 

which  are  the  accurate  values  of  pi  and  Vi> 
Expanding  as  far  as  m8  we  have 

Pi  -  i  (-$«#)  +  COB  SJ)  I   jfc(-^ma-|m8-  ^.m*-^me-  ^  m6) 


mf- 


which  for  j  =  Jfc  is 


=  k(-    m8  -  -^  m8  - 


m5-  Jfttf  m6)  , 
68—2 
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and 


Vl=  sin2D{    k(  }  m*+#m?+  ft  m4+  sjf-  m5+ 

+  j(    S 
which  for    =  &  is  Ii(  # 


I  have,  not  in  general,  but  for  the  value  j  =  k,  calculated  p2  and  v2  as  far  as  m6: 
I  have  not  made  the  calculation  for  p3  and  %,  but  their  values  may  be  deduced  from 
the  foregoing  values  of  p,  v;  the  final  expressions  (whea  j=k)  of  p,  =1 
and  «,  = 


+  cos2D{   4(-   wi2-fms-^m4-^m! 

m6) 


+  cos6D{ 
and 


m6) 
m6) 


m6)]; 

which  for  &  =  1  agree  with  the  foregoing  formulae  (verifying  them  as  far  as  m5);  the 
present  formulae  exhibit  the  manner  in  which  the  expressions  depend  on  the  several 
powers  of  the  disturbing  force. 
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484. 


ON   THE   VARIATIONS    OF   THE   POSITION   OF   THE   ORBIT   IN 

THE  PLANETARY  THEORY. 


[From  the  Monthly  Notices  of  the  Royal  Astronomical  Society,  vol.  xxxn.  (1871 — 72), 

pp.  206—211.] 

IT  has  always  appeared  to  me  that  in  the  Planetary  Theory,  more  especially  when 
the  method  of  the  variation  of  the  elements  is  made  use  of,  there  is  a  difficulty  as 
to  the  proper  mode  of  dealing  with  the  inclinations  and  longitudes  of  the  nodes, 
hindering  the  ulterior  development  of  the  theory.  Considering  the  case  of  two  planets 
m,  w',  and  referring  their  orbits  to  any  fixed  plane  and  fixed  origin  of  longitudes 
therein,  let  6,  ff  be  the  longitudes  of  the  nodes,  <f>,  $  the  inclinations  (p  =  tan  0  sin  6, 
g  =  tan  <£  cos  0,  &c.,  as  usual);  then  the  disturbing  functions  for  m,  w!  respectively  are 
developed,  not  explicitly  in  terms  of  <£,  <£',  6,  &,  but  in  terms  of  $,  the  mutual 
inclination  of  the  two  orbits,  and  of  ®,  &  the  longitudes  in  the  two  orbits  respectively 
of  the  mutual  node  of  the  two  orbits;  <E>  and  ©,  ®'  being  functions  (and  complicated 
ones)  of  $,  <f>,  0,  6\  Moreover,  although  in  the  general  theory  of  the  secular  variations 
of  the  orbits  of  the  planetary  system,  0,  $,  &c.,  are,  as  above,  referred  to  one  fixed 
plane  (the  ecliptic  of  a  certain  date),  yet  in  the  theory  of  each  particular  planet  it 
is  the  practice,  and  obviously  the  convenient  one,  to  refer  for  such  planet  the  0,  $ 
to  its  own  fixed  plane  (the  orbit  of  the  planet  at  a  certain  date),  the  effect  of  course 
being  that  $,  and  consequently  p,  q,  instead  of  being  of  the  order  of  the  inclinations 
to  the  ecliptic,  are  only  of  the  order  of  the  disturbing  forces.  It  has  occurred  to  me 
that  the  last-mentioned  plan  should  be  adhered  to  throughout;  viz.,  that  for  each 
planet  w,  the  position  of  its  variable  orbit  should  be  determined  by  6,  the  longitude 
of  its  node,  and  0,  the  inclination  in  reference  to  the  appropriate  fixed  plane  (orbit 
of  the  planet  at  a  certain  date)  and  origin  of  longitude  therein.  The  disturbing 
functions  for  the  planets  m  and  mf  will  of  course  depend  not  only  on  6,  6',  <f>,  ft, 
but  on  the  quantities  $,  ©,  ®'  which  determine  the  mutual  positions  of  the  two  fixed 


542  ON  THE  VARIATIONS  OF  THE  POSITION  OP  [484 

planes  of  reference  and  origins  of  longitude  therein,  these  last  being  however  absolute 
constants  not  affected  by  any  variation  of  the  elements;  so  that  as  regards  the  variation 
of  the  elements  the  disturbing  functions  are  in  fact  given  as  explicit  functions  of  the 
variable  elements  9,  ff>  <£,  <f>'  ;  and  where  <£,  <£'  and  therefore  also  p,  q,  p',  <j[  are  only 
of  the  order  of  the  disturbing  forces. 

I  proceed  to  work  out  this  idea,  for  the  present  considering  the  development  of 
the  Disturbing  Function  only  as  far  as  the  first  powers  of  p,  q,  &c.  For  comparison 
with  the  ordinary  theory,  observe  that  in  this  theory  the  disturbing  function  contains 
only  the  second  powers  of  the  p,  q,  &a,  made  use  of  therein;  these  are  in  fact  of  a 
form  such  as  P+j),  Q  +  J,  ...  where  P,  Q  are  absolute  constants  and  p,  q,  ...  are  the 
j?,  q,  ...  of  the  present  theory;  the  ordinary  theory  gives  therefore  in  the  disturbing 
function  a  series  of  terms  involving  (P+_p)s,  (P+p)(Q  +  q\  ...  which  I  now  take 
account  of  only  as  far  as  the  first  powers  of  p,  q,  ...  viz.,  they  are  in  effect  reduced 
to  P2  +  2Pp,  PQ  +  Pq  +  Qp,  &c.  ...  The  present  theory  is  thus  not  now  developed  to 
the  extent  of  giving  the  p,  q,  ...  of  the  ordinary  theory  in  the  more  complete  form 
as  the  solutions  of  a  system  of  simultaneous  linear  differential  equations,  but  only  to 
the  extent  of  obtaining  for  these  p,  q,  ...  respectively  the  terms  which  are  proportional 
to  the  time. 

I  commence  with  the  following  subsidiary  problem.  Consider  a  spherical  triangle 
ABC  (sides  a,  6,  c,  angles  A3  £,  C,  as  usual),  and  taking  the  side  c  as  constant,  but 
the  angles  A  and  J5  as  variable,  let  it  be  required  to  find  the  variations  of  C,  a,  b 
in  terms  of  variations  dA,  dB  and  the  variable  elements  C,  a,  b  themselves.  Although 
the  geometrical  proof  would  be  more  simple,  I  give  the  analytical  one,  as  it  may  be 
useful 

We  have 

cos  G  =*  -  cos  A  cos  5  +  sin  A  sin  B  cos  c, 
and  thence 

-  sin  CdC  ~     (sin  A  cos  B  +  cos  A  sin  B  cos  c)  dA 
+  (sin  B  cos  A  +  sin  A  cos  B  cos  c)  dB 

sin  B  sin  c  ,  ,     sin  A  sin  c  ,„ 

88        »er»7>     dA+  —  i  -  dB, 
tan  0  tan  a 

that  is 

sin  0  sinjBcosi  ,  , 


sin  a 
or  finally 

-  dC  =     cos  bdA  +  cos  adB. 

Next 

sin  A 

sma=     sine  ^—77, 
sin  G 

or,  differentiating, 

cos  a  da  =          (sin  C  cos  AdA  -  cos  G  sin 
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or,  substituting  for  dC  its  value, 

I  ^  (sin  ^  cos  -^  +  cos  ^s^n  -^  cos  &)  +  d-S  cos  (7  sin  A  cos  a  [, 


sin  of,,  sin  A  sin&  cos  a 
-       - 


that  is 


1      f  ,  A  sin  A   .    7       ,  .       )      sin  (7 

-r-  n  -I  a  A  —  —  sin  6  +  dB  cos  G  sin  A  )>  +    .  —  , 
sine;  (ana  J      sine 


or,  on  the  right-hand  writing  -  —  instead  of  -s  —  -  .  this  is 
ft  5  sma  sine 

cZc&  ==    -s  —  ^  (d4  sin  6  +  dB  cos  (7  sin  a)  ; 
sin  o 

and  similarly 

db  =     -T—  »  (c?5  sin  a+dA  cos  (7  sin  &). 

sm  Cf  v  y 

Now  let  the  continuous  lines  represent  the  orbits  of  m,  mr  at  certain  dates, 
0,  Q  the  origins  of  longitude  therein;  and  the  dotted  lines  the  variable  orbits  of  the 
planets  respectively. 


Write 

0(7-©, 


Then,  answering  to  the  notation  of  the  lemma,  we  have 

a  =  ff,    b  =  6,    0  =  *,  d4  =  fc  dB  =  -^, 

or  say        =  tan  <^>,  =  —  tan  <£', 


whence 

(7'J?  =  a  +  da, 


sin  ^  —  tan  </>'  cos  <£  sin 
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=  6+  J^(-tan0'sm6'+tan$cos3>sin0), 
v 


sin 


/  Cf  =  G  +  cZtf  =  *  -  cos  5  tan  <£  +  cos  0'  tan  <£',  =  *  -  q  +  ?'. 

Suppose  v,  v'  are  the  longitudes  of  the  planets   in  their  two  orbits  respectively; 
that  is 

v  =  OA  +  Am  =®  +  0  +Am, 


whence 

C'm  =  C'A+Am,  =v  -®  "          #~P  cos<1>)' 


say  these  values  are  v  —  ®  +  %,  v'  —  &  +  x',  &  +  y.    Then  if  H  is  the  angular  distance 
'  of  the  two  planets, 


^ 

cos(t;-  ®)  cos  (v/  -  ®0  +  sin  (v  -  ®)  sin  (^  -  @0  cos  $ 
+  x  [-  sin  (v  -  ®)  cos  (v'  -  ®0  -1-  cos  (v  -  ®)  sin  (vf  -  ®')  cos  <J>] 
4-  «'  [-  cos  (v  -  ®)  sin  (^  -  ©')  +  sin  (v  -  ®)  cos  (<or  -  ®')  cos  <J>] 


=  cos.ff-h  V  suppose. 

The  disturbing  function  for  the  planet  m  disturbed  by  m7  is 

1  r  cos  S] 


£l  =  m' 


3     J' 


(fi  =  —  JB,  if  JJ  is  the  disturbing  function   of   the  Mfcanique   Qeleste);    and    the  term 
hereof  which  involves  V  is 


_        _ 

d  .  cos  H 

where  after  the  differentiation  cos  H  is  replaced  by  cos  jB", 

rrf  r 
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viz.,  this  is  a  linear  function  of  #,  #',  y,  that  is  of  p>  q,  p',  c[3  with  coefficients  which  of 
course  involve  the  other  variable  elements  and  the  time;  bat  it  will  be  remembered 
that  ®,  ®',  <E>  are  not  variable  elements,  but  are  absolute  constants.  The  variations 

of  p   depend   upon    -7-    and    those    of  q    on    -r- ,  and   the   quantities  p,  q,  p'>  ^  ... 
ctq  ap 

disappear    from   these    differential    coefficients    -T-,   -T-;    that   is,  disregarding   periodic 

terms,  and  the  variations  of  the  elements,  we  obtain  -£,  -g  as  absolute  constants,  or 

at     at 

reckoning  the  time  from  the  epoch  belonging  to  the  fixed  orbit  of  m,  we  have  p,  q 
as  mere  multiples  of  the  time  (p  =  At,  q  =  Bt,  where  A  and  B  are  constants);  agreeing 
with  the  statement  preceding  the  investigation. 

Observe  that  the  p,  q,  as  used  above,  have  reference  not  only  to  the  fixed  orbit  of 
w,  but  also  to  the  node  thereon  of  the  fixed  orbit  of  mf:  we  may,  if  we  please,  write 
p  =  tan<£sin((@  +  0),  q  =  tan <j> cos (®  +  0),  that  is,  p  =  gsm® +pcos®,  Q  =  gcos®-#sin® 
(or  p  =  p  cos  ©  -  q  sin  ®,  q  =  P  sin  @  +  q  cos  ©),  and  in  place  of  jp,  q  introduce  into  the 
formulae  p  and  q,  which  have  reference  only  to  the  fixed  orbit  of  m,  and  similarly 
writing  p'  -  tan  <£'  sin  (©'  +  6'\  q'  =  tan  <£'  cos  (©  +  0')»  instead  of  p',  q'  introduce  p',  q' 
which  have  reference  only  to  the  fixed  orbit  of  m'. 

I  remark  that  a  table  for  the  relative  positions  of  the  orbits  of  the  eight  Planets 
for  the  Epoch  1st  January,  1850,  is  given  in  Leverrier's  Annales  de  VObserv.  de  Paris, 
t.  II.  (1856),  pp.  64—66. 
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485. 

PROBLEMS   AND    SOLUTIONS. 


[From  the  Mathematical  Question  with  their  Solutions  from  the  Educational  Times. 

vols.  v.  to  xii.  (1866—1869).] 

[Vol.  V.,  January  to  July,  1866,  p.  1*7.] 

1791,  (PEOPOSED  by  Professor  CAYLEY.) — Given  a  quartic  curve  U=  0,  to  find  three 
cubic  curves  P  —  0,  Q  -  0,  E  =  0,  each  meeting  the  quartic  in  the  same  six  points 
1,  2,  3,  4,  5,  6,  and  such  that  P  =  0,  It  =  0  may  besides  meet  the  quartic  in  the  same 
three  points  a,  6,  c,  and  that  Q=0,  jR=0  may  besides  meet  the  quartic  in  the  same 
three  points  a,  /3,  7. 


[Vol.  v.  pp.  25,  26.] 
Note  on  the  Problems  in  regard  to  a  Conic  defined  by  five  Conditions  of  Intersection. 

I  use  the  word  "intersection"  rather  than  "contact"  because  it  extends  to  the 
case  of  a  1-pointic  intersection,  which  cannot  be  termed  a  contact.  The  conditions 
referred  to  are  that  the  conic  shall  have  with  a  given  curve,  at  a  point  given  or 
not  given,  a  1-pointic  intersection,  a  2-pointic  intersection  (=  ordinary  contact),  a 
3-pointic  intersection,  &c.,  as  the  case  may  be.  It  may  be  noticed  that  when  the 
point  on  the  curve  is  a  given  point,  the  condition  of  a  jfe-pointic  intersection  is  really 
only  the  condition  that  the  conic  shall  pass  through  k  given  points;  though  from  the 
circumstance  that  these  are  consecutive  points  on  a  conic,  the  formulae  for  a  conic 
passing  through  k  discrete  points  require  material  alteration;  for  instance,  in  the  two 
questions  to  find  the  equation  of  a  conic  passing  through  five  given  points,  and  to 
find  the  equation  of  a  conic  having  at  a  given  point  of  a  given  curve  5-pointic  inter- 
section with  the  curve,  the  forms  of  the  solutions  are  very  different  from  each  other. 

^  The  foregoing  remark  shows,  however,  that  it  is  proper  to  detach  the  conditions 
which  relate  to  intersections  at  given  points;  and  consequently  attending  only  to  the 
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conditions  which  relate  to  intersection  at  an  unascertained  point  (of  course  the  inter- 
sections referred  to  must  be  at  least  2-pointic,  for  otherwise  there  is  no  condition  at 
all)  we  may  consider  the  conies  which  pass  through  four  points  and  satisfy  one  con- 
dition ;  or  which  pass  through  three  points  and  satisfy  two  conditions ;  or  which  pass 
through  two  points  and  satisfy  three  conditions;  or  which  pass  through  one  point  and 
satisfy  four  conditions;  or  which  satisfy  five  conditions.  Considering  in  particular  the 
last  case,  let  1  denote  that  the  conic  has  2-pointic  intersection,  2  that  it  has  3»pointic 
intersection,  ...5  that  it  has  6-pointic  intersection  with  a  given  curve  at  an  unascertained 
point. 

Then  the  problems  are  in  the  first  instance 

5;  4,1;  3,2;  3,1,1;   2,2,1;  2,1,1,1;  1,1,1,1,1. 

But  the  intersections  may  be  intersections  with  the  same  given  curve  or  with  different 
given  curves;  and  we  have  thus  in  all  27  problems,  viz.  these  are  as  given  in  the 
following  table,  where  the  colons  (:)  separate  those  conditions  which  refer  to  different 
curves : 


No.  of 
Prob. 

Conditions. 

No.  of 
Prob. 

Conditions. 

No.  of 
Prob. 

Conditions. 

1 

5 

10 

3,  1:1 

19 

3:1:1 

2 

4,  1 

11 

3:1,  1 

20 

2:2:1 

3 

3,  2 

12 

2,  2:1 

21 

2,  1:1:1 

4 

3,  1,  1 

13 

2,  1  :2 

22 

2:1,  1:1 

5 

2,  2,  1 

14 

2,  1,  1  :  1 

23 

1,  1,  1:1:1 

6 

2,  1,  1,  1 

15 

2,  1  :  1,  1 

24 

1,  1:1,  1:1 

7 

1,  1,  1,  1,  1 

16 

2  :  1,  1,  1 

25 

2:1:1:1 

8 

4:1 

17 

1,  1,  1,  1:1 

26 

1,  1:1:1:1 

9 

3:2 

18 

1,  1,  1  :  1,  1 

27 

1:1:1:1:1 

Thus  Problem  1  is  to  find  a  conic  having  6-pointic  intersection  with  a  given  curve; 
Problem  2  a  conic  having  5-pointic  intersection  and  also  2-pointic  intersection  with  a 
given  curve...  Problem  7  is  to  find  a  conic  having  five  2-pointic  intersections  with 
(touching  at  five  distinct  points)  a  given  curve.,.. Problem  27  is  to  find  a  conic  having 
2-pointic  intersection  with  (touching)  each  of  five  given  curves.  Or  we  may  in  each 
case  take  the  problem  to  be  merely  to  find  the  number  of  the  conies  which  satisfy 
the  required  conditions.  This  number  is  known  in  Prob.  1,  for  the  case  of  a  curve 
of  the  order  m  without  singularities,  viz.  the  number  is  =  w(12w-27).  It  is  also 
known  in  Problems  25  and  26  in  the  case  where  the  first  curve  (that  to  which  the 
symbol  2,  or  1,  1  relates)  is  a  curve  without  singularities ;  and  it  is  known  in  Prob.  27, 
viz,  if  m,  n,  p,  q,  r  be  the  orders  and  if,  N,  P,  Q,  R  the  classes  of  the  five  curves- 
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respectively,  then  the  number  is  =  (¥,  m)(N,  n)(P,  p)(Q,  g)(jB,  r)  {13  2,  4,  4,  2,  1},  that 
is,  lJfJ[VTQE  +  22JOrPQr+&c.  The  number  is  not,  I  believe,  known  in  any  other 
of  the  problems.  In  particular,  (Prob.  7)  we  do  not  as  yet  know  the  number  of  the 
conies  which  touch  a  given  curve  at  five  points.  It  would  be  interesting  to  obtain  this 
number;  but  (judging  from  the  analogous  question  of  finding  the  double  tangents  of  a 
curve)  the  problem  is  probably  a  very  difficult  one. 


[Vol.  v.  p.  37.] 

1857.    (Proposed  by  Professor  CAYLEY.)— If  for  shortness  we  put 
,    Q 


then  (a,  &  y)  being  arbitrary,  show  that  the  cubic  curves 


«  >     P>    V 

P,   Q,   R 


=  0  pass  all 


of  them  through  the  same  nine  points,  lying  six  of  them  upon  a  conic  and  three  of 
them  upon  a  line;  and  find  the  equations  of  the  conic  and  line,  and  the  coordinates 
of  the  nine  points  of  intersection;  find  also  the  values  of  (a  :  /3  :  y)  in  order  that 
the  cubic  curve  may  break  up  into  the  conic  and  line. 


[Vol.  v.  p.  87.] 

1730.    (Proposed  by  Professor  CAYLEY.)— Show  that  (I)  the  condition  in  order  that 
the  roots  4^  &2,  &3  of  the  equation 

may  be  connected  by  a  relation  of  the  form 

fa     f  fa     ^^  ja    \  I  la     ^^    fa  \   —   f\  /T   \ 

ft/g  I  Tu\    ^^  *"2j  **^  V**'3  ^"^        3/    """   " J  V  •*•  / 

and  (II)  the  result  of  the  elimination  of  a,  b,  c  from  the  equations 

62(c  +  a)=    2&  (3) 

-  2y,  (4) 

-*g,  (5) 


are  each 

*  08  -  7)  (y  ~ 


tt.       (B) 
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[Vol.  v.  pp.  38,  39.] 

1834.  (Proposed  by  Professor  CAYLEY.)— 1.  It  is  required  to  find  on  a  given  cubic 
curve  three  points  A,  B,  (7,  such  that,  writing  0  =  0,  7/  =  0,  5  =  0  for  the  equations  of 
the  lines  BO,  CA,  AB  respectively,  the  cubic  curve  may  be  transformable  into  itself  by 
the  inverse  substitution  (oar1,  /3y~\  ysr1)  in  place  of  0,  y,  z  respectively,  a,  /3,  7  being 
disposable  constants. 

2.  In  the  cubic  curve  ax  (y2  +  22)  +  by  (z*  +  9?)  +  cz  (sfi  +  f)  4-  Zlxyz  =  0  the  inverse 
points  (#,  j/,  s)  and  (or1,  y"1,  ^~1)  are  corresponding  points  (that  is,  the  tangents  at 
these  two  points  meet  on  the  curve). 


Solution  by  the  PROPOSER,  S.  ROBERTS,  M.A.,  and  others. 

Since  the  points  A,  B,  G  are  on  the  curve,  the  equation  is  of  the  form 
ffz  +     g&a  +    ha?y  +      iyz2  +     jzs?  +     hssf  +  VLxijz  =  0  ; 
hence  this  equation  must  be  equivalent  to 

&.±    2T*        ha*#  i     W   ,      J/7*        M2+?^  =  0 
2/2-0          ^te          o^         2/^  «#          o?2/2 

or, 


which  will  be  the  case  if 

/->|.     ,-*£.     *.*J,     *-»!.    >-/f.     *-,J. 

This  implies  fgh  =  i^'A  ;  and  if  this  condition  be  satisfied,  then  a  :  ft  :  7  can  be  deter- 
mined, viz.  we  have  a  :  /3  :  7  =  if  :  ij  :  A/,  which  satisfy  the  remaining  equations,  so 
that  the  only  condition  is  fgh  =  $&. 


Writing  in  the  equation  of  the  curve  #  =  0,  we  find  fy*#  +  iyz*  =  Q,  that  is,  the  line 
0  =  0  meets  the  curve  in  the  points  (0  =  0,  y  =  0),  (0  =  0,  *  =  0),  and  (0=0, 
We  have  thus  on  the  curve  the  three  points 


and  in  virtue  of  the  assumed  relation  fgh  =  yk,  these  three  points  lie  in  a  line. 
Hence  the  points  A,  B,  G  must  be  such  that  BO,  OA,  AB  respectively  meet  the  curve 
in  points  A',  B',  C',  which  three  points  lie  in  a  line;  that  is,  we  have  a  quadrilateral 
whereof  the  six  angles  A,  B,  C,  A',  B',  C'  all  lie  on  the  curve.  It  is  well  known 
that  the  opposite  angles  A  and  A!,  B  and  J57,  G  and  0'  must  be  corresponding  points, 
that  is,  points  the  tangents  at  which  meet  on  the  curve.  And  conversely  taking  -4,  G 
any  two  points  on  the  curve,  A'  a  corresponding  point  to  A  (any  one  of  the  four 
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corresponding  points),  then  AC,  A'O  will  meet  the  curve  in  the  corresponding  points 
5',  5;  and  AB,  A'B'  will  meet  on  the  curve  in  a  point  Gf  corresponding  to  (7,  giving 
the  inscribed  quadrilateral  (A,  B,  0,  A',  B',  0') ;  the  triangle  ABC  is  therefore  constructed. 

It  is  to  "be  remarked  that  the  equation  fgh  =  ijk  being  satisfied,  we  may  without 
any  real  loss  of  generality  write  f—j.g-k.h^i,  and  therefore  a  =  #  =  7;  hence 
changing  the  constants  we  have  the  theorem:  the  inverse  points  (#,  y,  z),  (or1,  y~l, 
are  corresponding  points  on  the  curve 

ax(y*  +  /}  +  ty  (z*  +  a?)  +  cx  (a? 


[Vol.  v.  pp.  57,  58.] 

Addition  to  the  Note  on  the  Problems  in  regard  to  a  Conic  defined  by  five  Conditions  of 

Intersection. 

Since  writing  the  Note  in  question,  I  have  found  that  a  solution  of  Problem  7 
has  been  given  by  M.  De  Jonqui&res  in  the  paper  "Du  Contact  des  Courbes  Planes, 
&c.  "  Nouvelles  Annales  de  Mathtmatigues,  vol.  ill.  (1864),  pp.  218—222  :  viz.  the  number 
of  conies  which  touch  a  curve  of  the  order  n  in  five  distinct  points  is  stated  to  be 


There   are   given   also   the   following   results;   the   number   of  conies  which  pass 
through  two  given  points  and  touch  a  curve  of  the  order  n  in  three  distinct  points  is 


and  the  number  of   conies  which   pass   through   a  given  point  and  touch  a  curve  of 
the  order  n  in  four  distinct  points  is 


These  formulae  are  given  without  demonstration,  and  with  an  expression  of  doubt  as 
regards  their  exaetness-("  elles  sont  exactes,  je  crois");  they  apply,  of  course,  to  a 
curve  of  the  order  n  without  singularities;  but  assuming  them  to  be  accurate,  the 
means  exist  for  adapting  them  to  the  case  of  a  curve  with  singularities. 

[There  is  also  a  paper  on  the  same  subject  in  the  Annales  for  January  1866 
(pp.  17-20),  from  the  Editor's  Note  to  which  we  have  introduced  a  correction'  (+  15 
instead  of  -  35)  in  the  formula  given  above.] 
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[Vol.  v.  pp.  58,  59.] 

1876.    (Proposed    by    R.    BALL,    M.A.)—  If   three    of   the    roots    of    the    equation 
(a,  6,  c,  d,  e$x,  1)4  =  0  be  in  aiithmetical  progression,  show  that 


55296  H*J-  2304  a#2/3  -  16632  a?HIJ  +  625  a3/3  -  9261  a3/2  =  0, 
where 

J?  =  ac  -  62,    I=ae-  46cZ  -h  So8,    J=  ace  +  2bcd  -  ad?  -  b*e  -  c3. 


Solution  by  PROFESSOR  CAYLEY. 


Write  (a,  6,  c,  d,  e$x,  l)4  =  a(a?-a)(fl-/3)(#--7)(#-S);  then  putting  for  a  moment 
/3  +  7  +  8  =p,  pry  +  /3S  +  ryS  =  qy  $78  =  r,  and  forming  the  equation 


(/3  +  7-2S)  (/3-f  8-27X7+8-  2/3)=  0, 
fchis  is  easily  reduced  to 


But  we  have 

a(a?—paP  +  qoB  —  r)(sD  —  a)=(a,  6,  c,  d,  e$att  I)4, 

and  hence 

46  6c  ,  46        .  4cZ     6c       46  0      3 

p  =  ---  «,      3  =  _+_a  +  a2       r==_      __a-  —  aa-a». 
^         a  a      a  a      a         a 

Substituting  these  values  of  j?,  g,  r,  the  foregoing  equation  becomes,  after  all  reductions, 
(20  a?,  20  ci26,    -  16  alf  +  36  a2c,    128  63  -  216  abc  +  108  a2d$a,  I)3  =  0, 

and  from  this  and  the  equation  (a,  6,  c,  d,  efa,  1)4=0,  eliminating  a,  we  should  find 
the  condition  for  three  roots  in  arithmetical  progression.  But  it  appears  from  the  theory 
of  invariants  that  the  result  of  the  elimination  may  be  obtained  by  writing  6  =  0,  and 
expressing  the  result  so  obtained  in  terms  of  a,  H,  I,  J.  Hence,  writing  in  the  two 
equations  6  =  0,  the  first  equation  contains  the  factor  4a2,  and  throwing  this  out,  the 
equations  become 

oaa4  +  27ca  +  27d  =  0,    aa4  4-  6ca3  +  Ada  +  e  =  0  ; 


or  multiplying  the  first  by  a  and  reducing  by  means  of  the  second,  the  two  equations 

become 

5aa8  +  27ca  +  27d  =  0,    3ca2  -  Ida.  +  5e  =  0. 

The  result  is  of  the  degree  5  in  the  coefficients,  but  in  order  to  avoid  fractions  in 
the  final  result  it  is  proper  to  multiply  it  by  a4;  it  then  becomes 

625  aW  -  4050  aW  +  6561  af&e  -  1890  a'ced"  +  13122  afcW  +  9261  a?d*=  0. 
But  writing  as  above  6  =  0,  we  have 

H  I    3J2a        ,2        J.HI 

a  =  a,      c--,     «  =  3-V      ^--a"1" 
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IS"4     jff6 

and  substituting  these  values,  the  result  is  found  to  contain  the  terms   —  ,   —  with 

(L          QJ 

coefficients  which  vanish;   viz.  the  coefficient  of  the  first  of  these  terms  is 

+  16875+24300+   6561+   7560  +  18792-74088,  =0  ; 
and  the  coefficient  of  the  second  of  the  two  terms  is 

-  16875  -  36450  -  19683  -  75168  +  148176,  =  0. 
The  remaining  terms  give 

+     625  «+     625  a3/3 

-  5625-4050-1890  +  9261  =-    2304  a#2I3 

+   1890  -  18522  -  -  16632  d?HIJ  -  =  0, 

-  18792  +  74088  =  +  55296  H*J 
+    9261                                               =+    9261  a3  J2 

which  is  the  required  result  ;  a  more  convenient  form  of  writing  it  is 

(55296  J",    -768  I\    -5544/J,    625  J3  +  9261J2£5,  a)3  =  0. 

REMARK,    If  /  and  /  denote  as  above  the  two  invariants  of  the  form  !7=(a,  b,  c,  d,  e$a,  I)4, 
and  if  we  now  use  H  to  denote  the  Hessian  of  the  form,  viz, 


then  it  appears  by  the  theory  of  invariants  that  the  equation  of  the  twelfth  order 
(55296  /,    -768  13,    -5544//,    625  7s  +  9261  F$H,  Z7)3  =  0, 

is  such  that  each    of  its  roots  forms  with  some  three  of  the   roots  of  the  equation 
27=0  a  harmonic  progression;   viz.  if  the  three  roots  are  ft,  7,  8,  then  we  have 


_ 
or  fl?" 


so  that  the  roots  of  the  equation  of  the  twelfth   order  are  the  twelve   values  of  the 
last-mentioned  function  of  three  roots. 


[Vol.  v.  pp.  65,  66.] 
On  the  Problems  in  regard  to  a  Conic  defined  by  five  Conditions  of  Intersection. 

There  has  been  recently  published  in  the  Gomptes  Rendus  (t.  LXIL  pp.  177—183, 
January,  1866)  an  extract  of  a  memoir  "Additions  to  the  Theory  of  Conies,"  by 
M.  H,  G,  Zeuthen  (of  Copenhagen).  The  extract  gives  the  solutions  of  fourteen  pro- 
blems, with  a  brief  indication  of  the  method  employed  for  obtaining  them.  Of  these 
problems,  four  relate  to  intersections '  at  given  points,  the  remaining  ten  are  included 
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among  the  twenty-seven  problems  enumerated  in  my  Note  on  this  subject  in  the 
January  Number  of  the  Educational  Times  (Reprint,  vol.  v.,  p.  25);  but  two  of  these 
ten  are  the  problems  25  and  26  which  are  in  my  Note  stated  to  have  been  solved; 
there  are,  consequently,  of  the  twenty-seven  problems,  in  all  twelve  which  are  solved : 
viz.  these  are  where  it  is  to  be  observed  that  Zeuthen's  solutions  apply  to  the  case 


No.  of  Prob. 

1,    8,  10,  12,  U,  17,  19,  21,  23,  25,  26,  27 

Zeuthen's  No. 

-   14,  13,  11,    8,    3,  12,    7,    2,    6,    1,  — 

of  a  curve  of  a  given  order  with  given  numbers  of  double  points  and  cusps.  The 
problems  25  and  26  had  been  previously  solved  only  in  the  case  of  a  curve  without 
singularities.  As  to  Prob.  27,  the  solution  mentioned  in  my  former  Note  is  in  fact 
applicable  to  the  general  case.  The  solution  for  Prob.  1  may  also  be  extended  to  this 
general  case,  viz.  for  a  curve  of  the  order  m  with  8  double  points  and  K  cusps  the 
required  number  is  =  m  (12m -27)  -  248-27*;  or,  if  n  be  the  class,  then  this  number 
is  =12?i  —  15m-t-9/c;  so  that  all  the  twelve  problems  are  solved  in  the  general  case. 

The  results  obtained  by  M.  de  Jonquieres,  as  stated  in  my  Note  in  the  March 
Number  (Reprint,  vol.  v.,  p.  57),  seem  to  be  all  of  them  erroneous.  In  fact,  for  the 
number  of  conies  passing  through  two  given  points  and  touching  a  curve  of  the  order 
m  in  three  distinct  points  (which  is  a  particular  case  of  Prob.  23),  Zeuthen's  formula, 
applied  to  a  curve  without  singularities  gives  this 


m(m -  2) (w*  +  5m3  -  17  m2  -49 w  + 108) 

-  12) 


instead  of  the  value 

which  is 

=  £  m  (m  -  2)  (m*  +  5m3  -  25  m2  +   7m  +  12) ; 

and  I  have  by  my  own  investigation  verified  Zeuthen's  Number.  So  for  the  number 
of  conies  through  a  given  point  and  touching  a  curve  of  the  order  m  in  four  distinct 
points  (which  is  a  particular  case  of  Prob.  17),  Zeuthen's  formula  applied  to  a  curve 
without  singularities  gives  this 

=  fa  m  (m  -  2)  (m  -  3)  (m5  +  9m4  -15m3-  225  m2  +  140  m  4- 1050) 


instead  of  the  value 


which  is 


m  (m  - 1)  (m  -  2)  (m-  3)  (m4  + 10  w*  -  37  m2  -  118  m  +  282) 
m  (m  -  2)  (m  -  3)  (w5  +  9m4  -47m8-  81  m2  +  400  m  -  282), 


and  it  may  I  think  be  inferred  that  the  expression  obtained  for  the  number  of  conies 
which  touch  a  given  curve  in  five  distinct  points  (Prob.  7),  containing  as  it  does  the 
factor  (m  — 1),  is  also  erroneous. 

c.  vii.       '  70 
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I  have  obtained  for  Prob.  2  a  solution  which  I  believe  to  be  accurate  ;  viz.  the 
number  of  the  conies  (4,  1),  (that  is,  the  conies  which  have  with  a  given  curve  a 
5-pointic  intersection  and  also  a  2-pointic  intersection,  or  ordinary  contact),  is 


where  i  (the  Dumber  of  inflexions)  is  =  3ft-3?n-h/e,  but  I  prefer  to  retain  the  fore- 
going form,  without  effecting  the  substitution. 


[Vol.  v.  pp.  88,  89.] 

1890.    (Proposed   by  Professor  CAYLEY.) — Find   the   equation  of  a   conic   passing 
through  three  given  points  and  having  double  contact  with  a  given  conic. 


Solution  by  the  PROPOSER. 

Let  the  given  points  be  the  angles  of  the  triangle  (#  =  0,  y  =  0,  2  =  0),  and  let 
the  equation  of  the  given  conic  be  U=(a,  &,  c,  /,  g,  h*$%,  y,  s)2-0;  then  the  equation 
of  the  required  conic  is 


for  this  is  a  conic  having  double  contact  with  the  conic   Z7=0,  and,  since  the  terms 
i11  (#*>  y*>  **)  each  vanish,  it  is  also  a  conic  passing  through  the  given  points. 

It   is    clear  that  there   are  four  conies  satisfying  the  conditions   of  the   Problem, 
viz.  putting  for  shortness 


the  four  conies  are 

It  may  be  remarked  that  the  conies  P,  Pj  have  a  fourth  intersection  lying  on  the 
line  yV&  +  *V0  =  0,  and  the  conies  P3,  P8  a  fourth  intersection  lying  on  the  line 
y*/b-z*/c;  which  two  lines  are  harmonics  in  regard  to  the  lines  y-0,  z  =  Q. 

Similarly  the  conies  P1}  P9  have  a  fourth  intersection  on  the  line  cG*/a  +  z*Jc  =  Q, 
and  the  conies  P,  Ps  a  fourth  intersection  on  the  line  *Ja-*</o  =  0;  which  two  lines 
axe  harmonics  in  regaxd  to  the  lines  *  =  0,  0  =  0.  And  the  conies  Plf  P8  have  a  fourth 
intersection  on  the  line  v*Ja+y</b  =  Q,  and  the  conies  P,  P2  a  fourth  intersection  on 
the  line  x*Ja-y </&  =  0;  which  two  lines  are  harmonics  in  regard  to  the  lines 
«-0,  y*0.  It  may  farther  be  remarked  that  the  equations  of  any  two  of  the  four 
conies  may  be  taken  to  be 


Q. 
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The  general  equation  of  a  conic  having  double  contact  with  each  of  these  conies  then  is 
'o)  yz  -  2n  (yff  +  7'/3)  m  -  47177%  +  [(#/  -  £'7)  «  -  (ya'  -  -/a)  yj  =  0, 


where  w  is  arbitrary:  and,  having  double  contact  with  this  conic,  we  have  (besides 
the  above-mentioned  two  conies)  two  new  conies  each  passing  through  the  angles  of 
the  triangle;  viz.  writing  for  greater  convenience 


or      - 


then  the  equations  of  the  two  new  conies  are 

y'ays  +  y/S'  '  zx  +  Kxy=  0,    yof  yz 
In  fact,  writing  the  equation  under  the  form 

\xz  +  (ftj  -  /3'7)  a? 
-  4   (#/  -  /3'y)  (y<* 
-  /S'y)  w  - 

'a)  yz  =  0, 


we  at  once  see  that  this  is  a  conic  having  double  contact  with  the  conic 
the  equation  of  the  chord  of  contact  being  nz  +  O/  —  ^'7)  #  4-  (yof  —  7r«)  y  ==  0  :  and  similarly 
it  has  double  contact  with  the  conic  yof  yz  +  7'$  zx  +  Kxy  =  0,  the  equation  of  the  chord 
of  contact  being  712:  -  (fly  -  /3V)  #  -  (y*7  —  */«)  y  =  0. 


[Vol.  Y.  pp.  99,  100.] 

1554.  (Proposed  by  Professor  CAYLEY.) — Show  that,  in  the  ellipse  and  its  circles 
of  maximum  and  minimum  curvature  respectively,  the  semi-ordinates  through  the  focus 
of  the  ellipse  are 

For  the  circle  of  maximum  curvature    yl  =  a  (1  -  e)  (1  4-  20)*, 

for  the  ellipse  y^c^l-e2), 

a  f(l  — 

for  the  circle  of  minimum  curvature       ys  =  — ^ — j~ 

(^1 

and  that  these  values  are  in  the  order  of  increasing  magnitude. 


[Vol.  vi.,  July  to  December,  1866,  pp.  18,  19.] 

1931.    (Proposed  by  Professor  CAYLEY.)—  Find  the  stationary  tangents  (or  tangents 
at  the  inflexions)  of  the  nodal  cubic 


70—2 
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Solution  by  the  PROPOSER. 
The  equation  may  be  transformed  into  the  form 


and  it  thence  follows  immediately  that  the  stationary  tangents  are  the  lines 

8z    =  0, 


respectively,  and  that  the  three  points  of  contact,  or  inflexions,  are  the  intersections  of 
these  lines  with  the  line  x  +  y  4-^  =  0. 

In  fact,  writing 

X 
we  have  identically 


+  3  (y#  +  fz  +  z&  +  z*x  +  xf  +  spy)  {(k  +  2)3  -  9  (fc2  +  k  4-  1  )  } 

+  3  xyz  {2  (&  +  2)3  -  9  (I?  +  S£  +  2)} 

=  (i-l)»(t+8)(^  +  ^  +  ^+8(4-iy(y^  +  ^4.^  +  ^  +  *^ 
Hence,  writing  A?  =  —  8,  we  have 


The  equation  of  the  given  curve  is  therefore 
(X+7+Z)*-tfXYZ= 
where  of  course  X,  7,  Z  have  the  values 


[Vol.  vi.  pp.  35—39.] 

1990.  (Proposed  by  Professor  SYLVESTER.) — Prove  that  the  three  points  in  which 
a  circular  cubic  is  cut  by  any  transversal  are  the  foci  of  a  Cartesian  oval  passing 
through  the  four  foci  of  the  cubic. 


Solution  by  PROFESSOR  CAYLEY. 

Some  preliminary  explanations  are  required  in  regard  to  this  remarkable  theorem. 

1.    I  call  to  mind  that  a  circular  cubic  (or  cubic  through  the  two  circular  points 
at  infinity)  has  16   foci,  which   lie  4   together  on   4   different   circles;    and  that    the 
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property  of  4  concyclic  foci  is  that  taking  any  three  of  them  A,  B,  C,  the  distances 
of  a  point  P  of  the  curve  from  these  three  foci  are  connected  by  a  linear  relation 
X .  AP  +  fji .  BP  +  v .  OP  =s  0,  where  X  ±  p  ±  v  =  0,  or  if  as  is  more  convenient  the  distances 
are  considered  as  ±,  then  where  \  +  fj,  +  v—Q.  A  circular  cubic  may  be  determined 
so  as  to  satisfy  7  conditions;  having  a  focus  at  a  given  point  is  2  conditions;  hence 
a  circular  cubic  may  be  determined  so  as  to  pass  through  three  given  points,  and  to 
have  as  foci  two  given  points. 

2.  A  Cartesian,   or  bicircular  cuspidal    quartic  (that  is  a    quartic    having  a    cusp 
at  each  of  the   circular  points  at  infinity)  has  nine  foci,  but  of  these  there  are  three 
which  lie  in  a  line  with  the  centre  of  the  Cartesian  (or  intersection  of  the  cuspidal 
tangents),  and  which  are  preeminently  the  foci  of  the  Cartesian.    We  may,  therefore, 
say   that    the    Cartesian    has    three   foci,  which    foci   lie    in    a    line,  the    axis    of   the 
Cartesian.    A  Cartesian  may  be  determined  to  satisfy  6  conditions;  having  a  focus  at 
a  given   point  is   2  conditions;    but  having  for   foci   three   given   points  on  a   line  is 
5  conditions;  and  hence  a  Cartesian  may  be  found  having  for  foci  three  given  points 
on  a  line,  and  passing  through  a  given  point;  there  are  in  fact  two  such   Cartesians, 
intersecting  at  right  angles  at  the  given  point. 

3.  The    theorem    at    first    sight    appears    impossible;    for    take    any   three   points 
F,  (?,  H  in  a  line  and  any  other  point  A ;   then,  as  just  remarked,  there  are,  having 
F,  (?,  H  for  foci  and  passing  through  A,  two  Cartesians.    And  we  may  draw  through 
F,   (?,  Ht   and    with    A    for    focus,   a    circular    cubic    depending    upon   two    arbitrary 
parameters;    the    position  of   a   second   focus    of   the   circular  cubic  is  (on  account  of 
the  two  arbitrary  parameters)  primd  fade  indeterminate ;  and  this  is  confirmed  by  the 
remark  that  the  circular  cubic  can  actually  be  so  determined  as  to  have  for  focus  an 
arbitrary  point  5;  and  yet  the  theorem  in  effect  asserts  that  the  foci  concyclic  with  A, 
of  the  circular  cubic,  lie  on  one  or  other  of  the  two  Cartesians. 

4.  To  explain  this,  it  is  to  be  remarked  that  the  arbitrary  point  B  is  a  focus 
which  is  either  concyclic  with  A   or  else  not    concyclic  with  A.     In  the  latter  case, 
although  B  is  arbitrary,  yet   the   foci   concyclic   with  A  may  and  in   fact   do   lie  on 
one  of  the  Cartesians;    the  difficulty  is  in  the   former   case  if  it   arises;    viz.,  if  we 
can  describe  a  cubic  through  the  points  F,   G,  H  in  a  line,  and  with  A  and  B  as 
voncyclic  foci;-  that  is,  if  we   can  find  a  third  focus  0,  such   that  the  distances  from 
A,  B,  0  of  a  point  P  on  the  curve  are  connected  by  a  relation  X .  AP  +  /JL .  BP  +  v.CP  =  Q, 
where  X  +  \i  +  v  =  0.    It  may  be  shown  that  this  is  in  a  sense  possible,  but  that  the 
resulting  cubic  is  not  a  proper  circular  cubic,  but  is  the  cubic  made  up  of  the  line 
FGE  taken  twice,  and  of   the  line  infinity.     To  show  this,  since  the   required  cubic 
passes  through  the  points  F,  G,  E  we  have 


X .  AF  +  fju .  BF  +  v .  GF  =  0  and  thence 
\.AG  +  P.BG  +  V.CG  =  0 
\.AH  +  p.  BH  +  v.OE=Q 
X          +/*         +v         =  0 


AF,  AG,  AH,  1 
BF,  BG,  BE,  1 
OF,  Off,  CE,  1 


=  0, 
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being  two  conditions  for  the  determination  of  the  position  of  the  point  (7;  these  give 
CG,  GH  as  linear  functions  of  CF\  the  distances  OF,  CG,  CH  of  the  point  0  from 
the  points  F,  G,  H  in  the  line  FGH  are  connected  by  a  quadratic  equation,  and  hence 
substituting  for  CG,  OH  their  values  in  terms  of  OF,  we  have  a  quadratic  equation 
for  CF;  as  the  given  conditions  are  satisfied  when  0  coincides  with  A  or  with  B, 
the  roots  of  this  equation  are  CF^AF  and  CF  =  BF.  But  if  CF=AF,  then  the 
linear  relations  give  OG-AG  and  CH=AH,  that  is,  0  is  a  point  opposite  to  A  in 
regard  to  the  line  FGH.  And  similarly  if  CF^BF,  then  0  is  a  point  opposite  to 
B  in  regard  to  the  line  FGH.  But  0  being  opposite  to  A  or  5,  the  fourth  concyclic 
focus  D  will  be  opposite  to  B  or  A\  that  is,  the  pairs  A,  B  and  0,  D  of  concyclic 
foci  lie  symmetrically  on  opposite  sides  of  the  line  FGH\  this  of  course  implies  that 
the  four  points  lie  on  a  circle. 


5.    Taking  F=0  as  the  equation  of  the  line  FGH,  a?2  +  2/2-l  =  0  as  the  equation 
of  the  circle  through  the  four  points  A,  B,  0,  D,  then  these  lie  on  a  proper  cubic 


(not  passing  through  the  points  F,  G3  H)  and  the  four  foci  are  given  as  the  inter- 
sections with  the  circle  a?  +  f-l  =  Q  of  the  pair  of  lines 


But  if  we  attempt  to  describe  with  the  same  four  foci  a  cubic 

(&+tf  +  l)y  +  l'aP  +  $m'xy  +  n'if  =  Q, 
then  the  foci  are  given  as  the  intersections  with  the  circle  o?+f-  1  =  0  of  the  conic 


In  order  that  these  may  coincide  with  the  points  (A,  B,  Ot  D)  we  must  have 

(^ 
that  is 


The  last  equation  is  ril'  =  tf+l-nl,  which,  assuming  that  nl  is  not  equal   to  n*  +  l, 
{in   this  case   the   cubic  (a?  +  tf  +  l)at  +  lg?  +  mtf=*Q   would  reduce   itself  to    the   line 


and  conic  (*  +  n)\ef+tf+     =  Q}9  since  Z'  =  0,  gives  n'*oo,  and  therefore  the  cubic 


reduces   itself  to   f=*Q,  that   is,  the    cubic    in    question    reduces   itself  to    the    line 
FGH  twice  repeated,  and  the  line  infinity. 

6.  The  conclusion  is  that  Fs  G,  H  being  given  points  on  a  line,  and  A  and  B 
being  any  other  given  points,  there  is  not  any  proper  cubic  passing  through  F,  G,  H 
and  having  A,  B  for  concyclic  foci:  and  the  primd  fade  objection  to  the  truth  of 
the  theorem  is  thus  removed. 
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7.  Considering  the  points  F,  G,  H  on  a  line  and  the  point  A  as  given,  it  has 
been  seen  that  there  are  two  Cartesians  through  A  with  the  foci  Ft  G,  E\  and  the 
theorem  asserts  that  in  the  circular  cubics  through  F,  (?,  H  with  the  focus  A,  the 
foci  concyclic  with  A  lie  on  one  or  other  of  the  two  Cartesians:  there  are  consequently 
through  F,  (?,  H  with  the  focus  A  two  systems  of  circular  cubics  corresponding  to 
the  two  Cartesians  respectively,  each  system  depending  upon  two  arbitrary  parameters. 
But  if  we  attend  only  to  one  of  the  two  Cartesians  and  to  the  corresponding  system 
of  cubics,  then  the  Cartesian  passes  through  the  four  foci  of  each  cubic,  and  if 
(instead  of  taking  as  given  the  points  F,  G}  H  and  the  focus  A)  we  take  as  given 
the  four  concyclic  foci  A,  J5,  0,  D  of  a  cubic,  the  theorem  asserts  that  we  have 
through  Ay  J5,  0,  D  a  Cartesian  depending  on  two  arbitrary  parameters  (or  having  for 
its  axis  an  arbitrary  line),  and  such  that  the  foci  of  the  Cartesian  are  the  points  of 
intersection  F,  G,  H  of  its  axis  with  the  cubic.  And  I  proceed  to  the  proof  of  the 
theorem  in  this  form. 


8.    The  equation  of  a  circular  cubic  having  four  foci  on  the  circle  ^4-y2-l  =  0  is 

(of  +  2/2+  1)  (Px  +  Qy)  +  laf  +  Zmxy  +  ny*  =  Q  : 
and  this  being  so,  the  four  foci  are  the  intersections  of  the  circle  with  the  conic 


9.    The  general  equation  of  a  Cartesian  is 

=  0, 


and  by  assuming  for  A,  J5,   (7,  D,  E>  F,  the  following  values  which  contain  the  two 
arbitrary  parameters  a  and  0,  viz.  by  writing 


E=(m0*+a0)P-W*Q9  !**- 

we  have  the  equation  of  a  system  (the  selected  one  out  of  two  systems)  of  Cartesians 
through  the  four  foci;  in  fact,  substituting  the  foregoing  values,  the  equation  of  the 
Cartesian  is 


4-2^(-^P  +  mQ)^  +  2^(mP-ZQ)2/- 

and  writing  herein  a?  +  y3  -  1  =  0,  the  equation  reduces  itself  to 
0*{(Qx-Py)*  +  2(-nP  +  mQ)x  +  2(mP-lQ)y  +  m*-nl} 


verifying  that  the  Cartesian  passes  through  the  four  foci. 

The  coordinates  of  the  centre  of  the  Cartesian  are  #  =  -J.,  2/  =  -#,  and  the 
equation  of  its  axis  is  E(tt  +  A)-  D(y  +  5)  =  0;  we  have  therefore  to  show  that  the 
points  of  intersection  of  this  line  with  the  cubic  are  the  foci  of  the  Cartesian. 
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10.    To  find  -where  the  line  in  question  meets  the  cubic 

(a?  +  f  +  1)  (Psc  +  Qy)  +  la?  +  Zmisy  +  nf  =  0, 

writing  in  this  equation 

«—  A+JW1,    y  =  - 

we  have  for  the  determination  of  li  the  equation 


or  observing  that  we  have  AP  +  BQ  =  Q,  this  equation  becomes 


11.    Substituting  for  A,  B,  D,  E  their  values  in  terms  of  (P,  Q,  a,  6),  we  find 
DP+  .EQ= 


m  (AE+  3D)  +  nBE  = 

((id  - 


and  substituting  these  values  in  the   equation  for  fi,  the  whole  equation  divides  by 
),  and  it  then  becomes 


or,  putting  for  shortness 

0'-G-A*-&,  =  a-l-A*-&, 

l  -  m2)-  2  (AD  +5^), 


the  equation  in  £1  is 

4  (D2  +  E*)  fi3  +  4Ffl2  -  4C"il  -1  =  0, 


so  that,  O  satisfying  this  equation,  the  intersections  of  the  axis  with  the  cubic  are  given 
by  is  =  - 


12.    The  equation  of  the  Cartesian,  writing  therein  tc+A  =  u  and  y  +  B  =  v,  and 
attending  to  the  values  of  C"  and  I",  is 

(wa  +  ^  +  CJ  +  Wu  +  2Ev  +  f  =  0. 
And  to  find  the  foci,  writing  in  this  equation  u+p,  v+ip  in  place  of  u,  v,  we  find 
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that  is 

(u2  +  ^  +  C02  +  2J5u+2#v  +  j^ 
Expressing  that  this  equation  in  p  has  two  equal  roots,  we  find 

•i  (u  +  w)2  {(w2  +  v3  +  OJ  +  Wu  +  2Ev  +  F]  -  (2  (u  +  w)  (u~  +  v2  +  (7')  +  J?  +  ^i}2 »  0, 
that  is 

4(2jDM  +  2^  +  JFO(t*  +  wy-4(tf^ 

which  equation  is  in  fact  the  equation  of  the  three  tangents  from  one  of  the  circular 
points  at  infinity.  Writing  it  under  the  form  U+Vi  =  Q,  the  nine  foci  of  the 
Cartesian  are  given  as  the  intersections  of  the  two  cubics  £7=0,  T=0.  But  of  these 
nine  points,  three,  the  foci  that  we  are  concerned  with,  lie  on  the  axis,  or  line 
Eu-Dv  =  Q]  in  fact,  we  have 


-2Dtf; 

and  hence 

WEU  -  (]>  -  E*)  V=(Eu  -  Dv)  [8  (Du + J&)  (Wu  +  2Ev  +  JT)  -  4  (D2  +  E*)  (w2  +  v2  +  G')}  =  0, 

which  shows  that  the  nine  points  lie  three  of  them  on  the  line  Eu  —  Dv  =  Q,  and  the 
remaining  six  on  the  conic 

2(Du  +  Ev)(Wu  +  2Ev  +  F')-(D*  +  E*)(u*+v*+C')  =  Q. 

13.    We  have  thus  the  three  foci  given  as  the  intersections  of  the  axis  Eu~Dv  =  0, 
with  the  cubic 

U=4*(u*-v*)(Wu+2Ev  +  F')-4!(uD~vE)(u*  +  v*  +  Cf)-(D*^ 

or,  writing  in  this  last  equation  u  =  Dfi,  v  —  Efl,  that  is  #  =  -  A 
we  have 


The  whole  equation  divides  by  (D2  —  ^a),  and  omitting  this  factor,  it  is 
4fl2  (2  (D2  +  E*)  0  -h  J7}  -  4fi  {(D2  +  .E2)  H2  +  a'}  -  1  =  0, 


that  is 

+  4TO2  -  4^0  -  1  =  0, 


the  same  equation  as  the  equation  in  fl  before  obtained;  that  is  the  intersections  of 
the  cubic  with  the  axis  are  the  three  foci  of  the  Cartesian. 


[Vol.  VI.  pp.  57—59.] 

1949.    (Proposed  by  Professor  CAYLEY.) — Find  the  conic  of  five-pointic  intersection 
at  any  point  of  the  cuspidal  cubic  j/8— #*#. 
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Solution  by  the  PROPOSER. 

The  equation  f  =  a?z,  is  satisfied  by  the  values  0  :  y  :  z-\  :  9  :  03;  and  con- 
Tersely,  to  any  given  value  of  the  parameter  0  there  corresponds  a  point  on  the  cubic 
y*—(&z.  Consider  the  five  points  corresponding  to  the  values  (6l9  03,  0S,  #*>  #5)  respec- 
tively ;  the  equation  of  the  conic  through  these  five  points  is 


f, 


=  0, 


where  the  remaining  four  lines  of  the  determinant  are  obtained  from  the  second  line 
"by  writing  therein  0S,  ft,  64,  6,  successively  in  place  of  ft.  Writing  for  shortness 
$(0i,  ft,  ft,  ft,  9,)  to  denote  the  product  of  the  differences  of  the  quantities 
•(ft,  03,  ft,  04,  05),  the  equation  contains  the  factor  £*(ft,  0*,  03,  ft,  0S),  and  we  may 
therefore  write  it  in  the  simplified  form 


£*(ft,  ft,  ft,  ft,  ft) 


a?,    f,    2? ,    yz,    zx,    xy 
1,    ft2,    ft8,    ft4,    ft3,    ft 


=  0. 


Hence  putting  in  this  equation  5X=  ft  =  ft  =  ft=05=^,  we  have  the  equation  of  the 
•conic  of  five-pointic  intersection  at  the  point  (<£).  The  result  in  its  reduced  form 
may  he  obtained  directly  without  much  difficulty,  but  •  it  is  obtained  most  easily  as 
follows:  let  the  function  on  the  left  hand  of  the  foregoing  equation  be  represented  by 


(o>  &,  o,  f,  g, 

then  writing  x  :  y  :  z  =  1  :  &  :  0s,  we  have 
(a,  I,  c,  f,  g,  K$l,  9,  Pf 

1  II.    *,    &, 


,  y, 


0 


r(ft,  ft,  ft,  ft,  ft) 


1,  fts,  ft8,  ft1,  ft8,  ft 


r(ft  ft,  ft,  ft,  ft,  ft) 


1,    &,    ffi,    P,    ffi,    0 
1,    ft2,    ft',    ft4,    ft8,     ft 


for  the  determinant,  which  is  a  function  of  the  order  16  in  the  quantities  (0,  0lt  0t,  0S,  0^,  0t) 
conjointly,  divides  by  ?(0,  0lt  &,,  0S,  0t,  es),  which  is  a  function  of  the  order  15;  and 
as  the  quotient  is  a  symmetrical  function  of  9,  ft,  ft,  08,  04l  0C,  it  must  be  equal, 
save  to  a  numerical  factor  which  may  be  disregarded,  to 
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Hence  if  <f>  be  the  parameter  of  the  given  point,  writing  0j=  02  =  0a  =  04  =  05  ==<£,. 
we  have 


(a,  b,  c,f,  g,  1i$l,  B,  03)2  =  (0-< 

»(1,  0,  -15,  +40,  -45,  +  24,  -  5%0,  <f>)«, 
where  the  left-hand  side  is 


{c,  O,/,  $r,  6,  A,  a]  (6,  I)8, 
that  is  we  have 


and  the  equation  of  the  conic  of  .  five-pointic  intersection  therefore  is 
(-50°,  -45<£4,  1,  -15<£2,  400s,  24<p%e,  y,  ^)2=0, 

or,  what  is  the  same  thing, 

-  5<^>^2  -  45<£y  +  ^  -  I5<pyz  +  40<^8^  +  2405a?j/  =  0, 

which  is  the  required  result, 

NOTE.    The  condition  in  order  that  any  six  points  (0l9  02,   6^  0^   05,  06)  of  the 
cubic  t/3  =  ^  may  lie  on  a  conic,  is 


[Vol.  vi.  p.  65,] 

1872,    (Proposed  by  Professor  CAYLEY.)— Show  that  the  surfaces 
*$yz  =  1,  y^  +  gx  +  scy  +  a  +  y  +  ^  +  3  -  0, 

intersect   in   two    distinct   cubic   curves;   and  find   the   equations   of  the   cubic   cones- 
which  have  their  vertices  at  the  origin  and  pass  through  these  curves  respectively. 


[Vol.  VL  pp.  67—69.] 

1969,  (Proposed  by  Professor  SYLVESTER.)  —  In  two  given  great  circles  of  a  sphere 
intersecting  at  0  are  taken  respectively  two  points  P  and  Q,  the  arc  joining  which 
is  of  given  length:  prove  that  $,  H  two  fixed  points,  and  M  a  fixed  line,  in  a  plane 
may  be  found  such  that,  for  all  positions  of  the  arc  PQ,  a  point  M  in  the  fixed 
line  may  be  found  satisfying  the  equations 


71—2 
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Solution  by  PROFESSOR  CAYLEY. 

1.  In  the  spherical  triangle  OPQ,  whereof  the  sides  OP,  OQ,  PQ  are  0,  <£,  /3  and 

,,  i     ^  -  i         i  ,-       i   ^  ^i  ,•.,.•      -  cos  13  —  cos  9  cos  <£> 

the  angle   0  is  =  a,  the  relation  hetween  these  quantities  is  cos  a  =  -  .    Q  .  —  -  —  r  ; 
0  ^  sm0sin<£ 

hence  treating  ct,  /3  as  constants,  and  0,  $  as  variable  angles  connected  by  the  fore- 
going equation,  it  is  required  to  show  that  we  can  find  two  fixed  points  S,  S  and 
a  fixed  line,  such  that  taking  M  a  variable  point  in  this  line  and  writing  SM=r, 
HM  —  s,  the  relation  between  r  and  s  (or  equation  of  the  fixed  line  in  terms  of 
r,  5  as  coordinates  of  a  point  thereof)  is  obtained  by  substituting  in  the  foregoing 
equation  for  0  and  $  the  values  given  by  the  two  equations 

sin  6  =  (r  -f  s),    sin<£  =  (r  —  s), 

or  as,  for  the  sake  of  homogeneity,  it  will  be  more  convenient  to  write  these  equations, 

m  sin  6  =  (r  +  s)  ,    m  sin  <j>  =  (r  —  s). 

2.  Suppose   that   the   perpendicular    distances   of   S,  E  from   the   fixed   line   are 
a  and  &,  and  that  the  distance  between  the  feet  of  the  two  perpendiculars  is  2c,  then 
if  x  denote  the  distance  of  the  point  M  from  the  midway  point  between  the  feet  of 
the  two  perpendiculars,  we  have 


and  (a,  6,  c)  being  properly  determined,  the  elimination  of  x  from  these  equations 
should  give  between  (r,  s)  a  relation  equivalent  to  that  obtained  by  the  elimination 
of  (6,  <£)  from  the  before-mentioned  equations.  Or,  what  is  the  same  thing,  the 
elimination  of  (r,  s,  x)  from  the  equations 


r-s;    r  = 
should  give  between  (0,  $)  the  relation 


_  cos  ff  -  cos  0  cos  <ft  a 
sin  0  sin  0       ' 

that  is,  the  last-mentioned  equation  should  be  obtained  by  the  elimination  of  so  from 
the  equations 

m  (sin  0  -h  sin  <£)  =  2V  f(c  +  xf  +  a2},    m  (sin  0  -  sin  <£)  =  2 V{(c  -  #)2  -f  62}. 
3.    The  equation  in  (0,  <£)  may  be  written 

cos/3  —  cos  asin  0sin  0  =  cos  0  cos  <£, 
or,  squaring  and  reducing, 

sin3  0  + sin2  <£  «  sin2^  +  2cosacos/Ssin  0sin<A  +  sin2 a  sin2  0 sin2  6 
that  is  r  r^ 


sin  a 
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But  from  the  two  equations  in  #,  we  have 

w2  (sin2  6  +  sin2  <£)  =  4c2  +  2a2  +  262  +  4#2,    m2  sin  6  sin  0  =  4<w  +  a3  -  62, 
whence 

62  -  a2  +  m2  sin  0  sin  $ 


therefore 

sin*  0  +  sin*  6  = 

r  m2  V  2cm  / 

Hence,  comparing  the  two  results,  we  have 

1  -cos2  a-  cos2  /3     4c2  +  2624-2a2      cos  a  cos  /3     62-a2       .         m 

—  -  -  '  —  —  —  -  __        _  L.  —  ____        cin  n  —  _  • 

sin2  a  m>          '        sin  a      ~   2cm  '  2c' 

or,  as  these  may  also  be  written, 

tftl  _  J2  ___  xv2  &2  —  Cl2 

sin  a  =  ~  ,    cos3  a  +  cos2/S  =  —  —  —  ,    2  cos  acos/3  =  -^-  ; 
whence 

_    Q%  —    ft2  7/1 

(cos  a  4-  cos  /3)2  =  —  —  ,    (cos  a  -  cos  /3)2  =  -—  ,    sin  a  =  —  ; 

C"  C-  &G 

so  that  m  being  put  equal  to  unity,  or  otherwise  assumed  at  pleasure,  a,  6,  c  are 
given  functions  of  a,  /3.  Or  conversely,  if  a,  6,  c  are  assumed  at  pleasure,  then  a,  @,  m 
are  given  functions  of  these  quantities. 

5.  It  is  to  be  remarked  that  (a,  /3)  being  real,  a  and  6  will  be  imaginary,  and 
consequently  the  points  S,  H  of  Professor  Sylvester's  theorem  are  imaginary^);  if,  how- 
ever, we  write  -a2,  ~62  in  place  of  a2,  &2  respectively,  then  the  radicals  V{(°  +  ^)9  "~  &*}> 
V{(c-0)2-62}  have  a  real  geometrical  interpretation.    The  system  of  relations  between 
(a,  ft,  a,  6,  c,  m)  becomes 

(cos  a  +  cos/3)2  =  —  ,    (cos  a  -  cos  /3)2  =  -  ,    sin  a  =  —  ; 

C  C  &C 

and  considering  (a,  6,  c)  as  given,  we  may  write 

cosa  =  -y-,    cos/3  =  ^-,    m  =  V{4c2  -  (a  +  6)2}, 

viz.  we  have  either  this  system  or  the  similar  system  obtained  by  writing  -6  in 
place  of  6. 

6.  Consider   two   circles   with   the  radii   a,  6  and   having   the   distance    of   their 
centres  =2c,  and  to  fix  the  ideas  assume  that  2c>a  +  &,  that  is,  that  the  circles  are 

1  Prof.  Sylvester  remarks  that  according  as  /3  is  less  or  greater  than  a,  we  may  find  real  values  of 
0,  0  equal  to  one  another  in  the  one  case  and  supplementary  in  the  other.  Hence  we  must  in  any  case 
be  able  to  make  r=0  and  5=0  indifferently,  which  shows  ft  priori  that  the  line  being  supposed  real,  each 
point  $,  H  must  be  imaginary,  but  so  that  the  squared  distance  of  either  from  the  line  must  be  a  real 
negative  quantity,  conformably  to  Prof.  Oayley's  important  observation  in  the  text.  W.  J.  M. 
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exterior  to  each  other.  The  foregoing  equations  signify  that  90°  —  a,  90°  —  $  are  the 
inclinations  to  the  line  of  centres  of  the  inverse  and  the  direct  common  tangents 
respectively,  and  that  m  is  the  length  of  the  inverse  common  tangent.  And  the 
theorem  is,  that  considering  two  circles  as  above,  and  taking  M  a  variable  point  in 

X' 


the  line  of  centres,  if  r,  s  denote  the  tangential  distances  of  M  from  the  two  circles 
respectively,  and  if  m  be  the  length  of  the  inverse  common  tangent  of  the  two 
circles,  then  the  angles  0,  $  determined  by  the  equations 

m  sin  6  =  r  +  s,    m  sin  <j>  =  r  —  s, 
are  connected  by  the  relation 

cos  jS  =  cos  6  cos  $  +  sin  9  sin  <f>  cos  a, 
(a,  £)  being  constant  angles,  determined  as  above. 

7.    It  is  to  be  remarked  that,  assuming 

, 


that  is,  k  =  inverse  common  tangent  ~-  direct  common  tangent,  then  we  have 

cos  a  =  V(l  -  &  sin2  ft)  =  A/S, 
or  the  equation  in  6,  <£  becomes 

cos  ft  =  cos  0  cos  $  +  sin  0  sin  cf>  A& 

which  is  the  algebraical   equation   connecting  the  amplitudes  of   the  elliptic  functions 
in  the  relation  F(0)  +  F(d>)**F(fi). 

8.  It  is  very  noticeable  that  the  above  figure  leads  to  another  relation  in  elliptic 
functions,  viz.  it  is  the  very  figure  employed  for  that  purpose  by  Jacobi;  in  fact, 
considering  therein  TM  as  a  variable  tangent  meeting  the  circle  A  in  the  two  points 
X  and  X\  then  if  2>Jr,  2^'  denote  the  angles  GAX,  GrAX'  respectively,  it  is  easy  to 
see  geometrically  that  we  have  cty  :  dty'=  TX  :  FZ7;  where 


and   similarly  (FJ/)2  =  (2c  +  a)2-62-8acsin2^'J   that  is,  writing   l*=        8a°  —  -     the 

(  £0  "i~  Qtf  """""  v 

differential  equation  is 


-  11  sin' 
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corresponding  to  an  integral  equation 


the  modulus  of  the  elliptic  functions  being 


In  the  problem  above  considered  the  modulus  is 


and  it  is  not  very  easy  to  see  the  connexion  between  the  two  results. 


[Vol.  vi.  p.  81.] 
Theorem:  by  PROFESSOR  CAYLEY. 

If  (A,  A'),  (5,  B'}  are  four  points  (two  real  and  the  other  two  imaginary)  related 
to  each  other  as  foci  and  antifoci  (that  is,  if  the  lines  AA',  BBf  intersect  at  right 
angles  in  a  point  0  in  such  wise  that  OA  =  OA'  =  i  .  OB  =  i  .  QB'\  then  the  product 
of  the  distances  of  any  point  P  from  the  points  A,  A!  is  equal  to  the  product  of 
the  distances  of  the  same  point  P  from  the  points  B,  B'. 

In  fact,  the  coordinates  of  A}  A!  may  be  taken  to  be  (a,  0),  (~a,  0),  and  those 
of  J3,  Bf  to  be  (0,  ai),  (0,  —  ai)  ;  whence,  if  (0,  y)  are  the  coordinates  of  P,  we  have 


(BP  )2  =  (x?  +  (y  -  ia)2  =  (x  +  iy  +  a)  (at  -  iy  -  a), 
(5T  )2  =  of  +  (y  +  ^'a)2  =  (a?  +  iy  -  a)  (a  -  iy  +  a), 

from  which  the  theorem  is  at  once  seen  to  be  true. 

An  important  application  of  the  theorem  consists  in  the  means  which  it  affords 
of  passing  from  the  foci  (A,  B,  (7,  D)  of  a  bicircular  quartic,  to  the  antifoci  (-4,  B)  and 
((7,  D);  viz.  if  these  are  (A'9  B',  0',  D'),  then  the  equation  l»J(A)+<m>J(B)  +  n  v"(C)  =  0 
must  be  transformable  into  l'»J(A')  +  wY(B')  +  ri  >J(Cf)  =  0.  Writing  these  respectively 
under  the  forms 


-  0,    PA!  +  m'W  -  n'*C'  +  2Z'w'  ^(A'B')  =  0, 

the  two  radicals  *J(AB),  *J(ArB')  are  identical;  and  the  remaining  terms  in  the  two 
equations  respectively  are  rational  functions,  which  when  the  ratios  V  :  m'  :  n*  are 
properly  determined  will  be  to  each  other  in  the  ratio  Im  :  l'm'\  the  two  equations 
being  thus  identical. 
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[Vol.  vi.  p.  99,] 

1970.    (Proposed   by  Professor    CAYLEY.) — Find    the   conditions    in   order   that   the 

conies 

U=(a,  6,  c,/,  jr,  A$«,  y,  *)2  =  0,     U'=(a',  V9  c', /',  g 

may  have  double  contact. 


Solution  by  the  PROPOSER. 
The  coefficients  of  the  two  conies  must  be  so  related  that  for  a  properly  deter- 


mined value  of  6  we  shall  have  identically  0"-0U/  =  (X0  +  /i,y  +  w)9;  but  when  this 
is  so,  the  inverse  coefficients  of  the  quadric  function  U—6U'  are  each  -0;  that  is, 
writing 

(A,  B,  C,  F9  0,  #)  =  (6c-/2,  ca-#2,  ab-h*,gh  -af,  hf-fyfg-ch) 
(A'9  ff,  C',  F,  0',  ff  )  -  (Vcf  -/",  .  .  sfh'  -  a'/',  .  .) 

(a,  »,«,«,  <&  £)  =  (&c'+6'c-2//',..          yfc'  +ffh-af'-cff,..), 
then  we  have  the  six  equations  A  —  021  +  02A'  =  0,  &c. 
Or,  eliminating  6,  the  required  conditions  are 

;  A,  5,  a,  j*,  <?,  ,ff   -o, 

-4y,    5X,    C',    F',    07,    fl 

a,  s,  «,  g,  ®,  ^& 

equivalent  to  three  relations  between  the  two  sets  of  coefficients. 


[Vol.  VIL,  January  to  July,  1867,  pp. -17— 19.] 

2110.  (Proposed  by  Professor  CAYLEY.)— Prove  that  the  locus  of  the  foci  of  the 
parabolas  which  pass  through  three  given  points  is  a  unicursal  quintic  curve  passing 
through  the  two  circular  points  at  infinity. 


Solution  by  the  PROPOSER. 

More  generally  it  may  be  shown  that  for  the  conies  which  pass  through  three  given 
points  and  touch  a  given  line,  the  locus  of  the  intersection  of  the  tangents  drawn 
from  two  fixed  points  Q,  Q"  on  this  line  to  each  conic  of  the  series  is  a  unicursal 
quintic  passing  through  the  two  points  Q  and  Q'. 

Taking  the  three  given  points  to  be  the  angles  of  the  triangle  (0  =  0,  y  =  0,  2  =  0), 
and  the^  points  Q,  Q'  to  be  the  points  (a,  &  7)  and  (of,  p,  y')  respectively,  the  equation 
of  a  conic  through  the  three  points  is 
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which  conic  will  touch  the  line  through  the  points  (a,  /3,  <y)  (a',  $,  </),  if 

VtA/37'  -  /9V)}  +  V{0  (?«'  -  7'«)}  +  V{^  (a/9'  -  a'/3)}  =  0. 
The  equation  of  the  pair  of  tangents  from  (a,  yS,  7)  to  the  conic  is 
(/',  9\  #,  -gh,  -hf,  - 


that  is 

*  (91  + 

-  (Aa 

+  ^ra  )  (^7  +  /t/3) 

=  0, 


but  one  of  the  tangents  through  (a,  ft,  7)  being 

x  (#/  -Ptf  +  y  (ryaf  -  7'a)  +  «  (a/Q'  _  «'£)  =  0, 
it  follows  that  the  other  tangent  is 


,  ,.,  .. 

-         +2/'' 


Hence,  writing  for  shortness 
.4  = 


the  equations  of  the  tangents  from  Q,  Q'  respectively  are 


I   (in 

''  +  ° 


and  for  the  coordinates  of  the  intersection  of  these  tangents,  we  have 

* 


-s-r-ff-  •      >      >    •    o>      ,0 
P7  —  P  7     7"  —  7  a     a/fc?  —  a  /3 

B0'-S'0=  /{ 

50'  +  #0-  2£rW  +/{  /0»/  +  ^'7)  +  ^  (7«'  +  •/«)  +  ^  (^  +  a'yS)}. 
To  satisfy  the  equation 


write 

.         a8  63  c" 


and  therefore  a  +  6  +  c  =  0;  we  then  have 

-/W  -&7)  +  ff  W  ~  •/«)  +  *  (a)S'  -  «#).  =  -  a8 
c.  vn.  72 
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and  thence 


and  the  equations  become 

0  :  y  :  z  =  a(EG'  +  B'G}  :  b(GA'  +  0'A)  :  o(AB'+A'B), 
where  BC'  +  B'G,   CA'  +  O'A,  AB'  +  A'B,  substituting    therein   for  f,  g,  h   the    values 

ft2    .-     _  5.  —    are  respectively  functions  of  the  fourth  degree  in  a,  b,  o  ; 
''  '  * 


- 

hence  (a,  6,  c)  being  connected  by  the  relation  a  +  6  +  c  =  0,  a,  y,  z  are  proportional 
to  quintic  functions  of  (a,  6,  c),  or  what  is  the  same  thing,  writing  a,  6,  c  =  l,  6,  -1-0, 
then  SK,  y,  z  are  proportional  to  quintic  functions  of  6,  that  is,  the  locus  is  a  unicursal 
quintic  curve. 

That  the  curve  passes  through  the  points  (el,  &',  7  )  and  (a,  ft,  7)  appears  by  con- 
sidering the  conies  fyz+gzx  +  hxy  =  0,  which  pass  through  these  points  respectively. 

For  the  first,  of  these  conies  we  have  f:g:h  =  a  (fty-  /9V)  :  /3(<ya'-<y'a)  :  a  (B'y'-ft'j)  ; 
the  equation 


reduces  itself  to  *(#/  -#y)  +  y(yrf-y«)+*(^-«#)  =  0,  and  as  the  other  ecluation 


is  that    of   a    line   through   (a',  /3',  7)   the   two  lines    meet    of   course    in    the    point 
(o',  &,  */).    And  the  like  for  the  conic 


f:g:  A  =  a'  (#/  - 

If  the  triangle  is  equilateral,  and   (#,  y,   #)   are   respectively  proportional   to  the 
perpendicular  distances  from  the  three  sides,  then  we  have  for  the  circular  points  at 

infinity 

(a,  ft,  7)  =  (1,  »,  a,*),    (a',  ^  70  -(1,  <*,  «), 

where  o>  is  an  imaginary  cube  root  of  unity.    These  values  give 
ftr/  -  ^7  =  7a'  -  7'a  =  aB'  -  a!p  =  o>2  -  a> 
aa'=i8j8'  =77'  =  1,    #/  +  ^7=  7a'  +  7'a  =  a/S'  +  a'^8  =  -  1  ; 

and  the  expressions  for  (&,  y,  «)  take  the  form 

x  :  y  :  ^ 


or,  what  is  the  same  thing,  reducing  by  means  of  the  relation  a  +  b  +  c  =  0, 

a  :  y  :  z  =  a  (a4  -  2as6c  -  2&acs)  :  6  (fc4  -  Ztfca  -  2c2aa)  :  c  (c*  -  So5^  -  2as&s), 
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and  the  equation  of  the  curve  is  obtained  by  eliminating  (a,  b,  c)  from  these  equations 
and  the  before  mentioned  equation  a  -f  6  +  G  =  0. 

N.B.  The  above  is  a  particular  case  of  the  following  general  theorem  of  M.  Chasles: 
If  the  conies  of  a  system  (/*,  v)  all  of  them  touch  the  line  QQ',  the  locus  of  the 
intersection  of  the  tangents  through  Q,  Q'  to  each  conic  of  the  series  is  a  curve  of 
the  order  £  /A  +  v,  having  a  (J  ^-tuple  point  at  the  points  Q,  Q'  respectively. 


[Vol.  vii.  pp.  26,  27,] 

2250.    (Proposed  by  Professor  CAYLEY,) — From  the  focal  equation  sf  +  y*  =  (fe  +  nf 
of  a  conic,  deduce  the  remaining  three  focal  equations. 


Solution  by  the  PROPOSER. 
We  are  to  find  a,  /3,  L,  M,  N  such  that  the  equation 


may  be  identical  with  the  given  equation.  It  is  at  once  seen  that  we  must  have 
M  =  0  or  else  L  =  0  ;  the  first  supposition  gives  two  solutions,  one  of  which  is  the 
given  equation  itself,  the  other  is 


The  second   supposition,  L  =  0,  gives  two   solutions,  which   only  differ  by  the  sign  of 
i  (=V  —  1).  viz-  these  are 

ln 


There  is,  of  course,  no  difficulty  in  verifying  the  identity  of  each  of  the  three  forms 
with  the  given  form  a?  +  y*  =  (Ix  +  rif. 


[Vol.  vn.  pp.  33,  34.] 

1991.  (Proposed  by  Professor  CAYLEY.)— Given  a  point  and  three  lines;  it  is 
required  to  draw  throtigh  the  point  a  plane  meeting  the  three  lines  in  three  points 
equidistant  froth  the  'given  point. 


Solution  by  the  PROPOSER. 

Let  0  be  the  given  point,   OJ/  =  a,    OB'  =  6,    OC'  =  c  the  perpendiculars    let   fall 
from  0  on  the  given  lines  respectively.    Take  0  an  arbitrary  line,  and  from  the  points 

72—2 
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A',  &,  G'  measure  off  on  the  three  lines  respectively  the  distances  A'A  =  ±*/(0*-a*)9 
B'B  =  ±  V(^-62X  C'C=±  */(&-&),  or,  considering  each  radical  as  containing  implicitly 
the  sign  ±,  what  is  the  same  thing,  the  distances  A'A  =  </(0*-a*\  B'B  =  V(^2  -  &2)» 
0/a  =  V(^2-c2),  then  we  have  0-A  =  OB  =  00(*0);  and  consequently  the  problem  ^  is 
to  determine  6  in  such  wise  that  the  plane  ABC  may  pass  through  the  given  point 
0:  for  we  shall  then  have  through  0  a  plane  meeting  the  three  given  lines  in  the 
points  A,  B,  G  equidistant  from  0. 


The  coordinates  of  A,  B,  G  are  linear  functions  of  the  radicals  *J(6*-a?), 
2— c2)  respectively.    Taking  0  as  origin,  the  condition  in  order  that  the  plane  ABG 
may  pass  through  0  is 

i.    2/i>    1    =0, 

*»    2/2>    l 
•<*    2/3,    1 

and  substituting  for   the  coordinates  their  values  in  terms  of   0,  this  is   an   equation 
linear  in  each  of  the  three  radicals,  or  say,  an  equation  of  the  form 


But  we  may  represent  any  one  of  the  three  radicals,  say  »/(0*  -  c2)  by  a  single  letter  s  ; 
and  this  being  so,  we  have  V(^-^3)  =  V(s2+c2-a2)  =  VP  suppose,  and  V(02-&2) 
=  V(^3+c2|"62)=A/Q  suppose;  and  it  is  to  be  observed  that  there  is  no  loss  of  generality 
in  assuming  that  the  distance  C'c  =  s  is  measured  off  from  C'  in  a  determinate  sense, 
for  as  s  passes  from  —  oo  to  -I-  oo  ,  we  thus  obtain  for  c  every  position  whatever  on  the 
line  in  question;  whereas  the  other  two  distances  A'  A,  B'B,  represented  by  the  radicals 
VP  and  VQ  respectively,  remain  each  of  them  with  the  double  sense  +.  The  equation 
in  s  is  of  the  form 


or,  what  is  the  same  thing,  it  is  of  the  form 


where  (a,  &  7,  8)  are  respectively  linear  functions  of  s. 
Proceeding  to  rationalise  the  equation,  we  have  first 
a?PQ  +  2 


and  then  finally 

-£3P-f  Q+  S*)*  =  4  (fa- 


which,  observing  that  P,  Q  are  each  of  them  of  the  second  order  in  s,  is  an  equation 
of  the  twelfth  order  in  s  ;  that  is,  the  number  of  solutions  is  =  12. 

The  solution  of  the  problem  is  greatly  simplified  when  a  =  6  =  c,  that  is,  when 
the  three  given  lines  are  tangents  to  a  sphere  having  its  centre  at  the  given  point. 
We  have  in  this  case  VP=±s,  VQ  =  ±$,  or  the  equation  in  $  is 
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that  is,  the  equation  of  the  twelfth  order  hreaks  up  into  four  equations  each  of  the 
third  order.  The  geometrical  theory  may  also  be  further  developed.  In  fact,  assuming 
on  each  of  the  three  lines  respectively  a  certain  sense  as  positive  (and  thus  isolating 
a  set  of  three  solutions)  the  construction  is,  on  the  three  lines,  from  the  points  A',  B',  Q' 
respectively,  measure  off  the  distances  A' A  =  B*B  =  <7'<7  =  s.  Then  the  points  A,  B,  G 
form  on  the  three  lines  respectively  three  homographic  series;  that  is,  the  lines 
BC,  GAt  AB  are  respectively  generating  lines  of  three  hyperboloids,  viz.  hyperboloids 
which  pass  respectively  through  the  second  and  third  lines,  the  third  and  first  lines, 
and  the  first  and  second  lines.  Taking  the  given  point  0  as  the  centre  of  projection, 
and  projecting  the  whole  figure  on  any  plane  whatever,  the  projections  of  the  lines 
BG  are  the  tangents  of  a  conic  v/hich  is  the  projection  of  the  visible  contour  of  the 
hyperboloid  generated  by  the  lines  BG\  and  the  like  for  the  lines  GA  and  AB. 
Hence  in  the  projection,  or  plane  figure,  we  have  a  triangle  whereof  the  sides  A't  Bft  C' 
are  the  projections  of  the  three  given  lines  respectively;  inscribed  in  this  triangle  we 
have  a  variable  triangle  ABG}  such  that  the  side 

BC  envelopes  a  conic,  say  (A),  which  touches  B'  and  C', 
GA  envelopes  a  conic,  say  (B),  which  touches  0'  and  A!, 
AB  envelopes  a  conic,  say  ((7),  which  touches  A!  and  Bf. 

The  conies  (A)(B)(G)  have  three  common  tangents,  say  L,  M,  N\  the  conies 
(5)  and  (G)  having  besides  the  common  tangent  A1, 
(C)  and  (A)  having  besides  the  common  tangent  B', 
(A)  and  (5)  having  besides  the  common  tangent  0'9 

so  that  the  common  tangents  of  the  conies  (B)  and  (0),  (G)  and  (A),  (A)  and  (B)  are 
the  lines  A',  Bf,  G'  each  once,  and  the  lines  L,  If,  N  each  three  times,  In  the  entire 
scries  of  triangles  ABG  there  are  three  triangles  which  degenerate  into  the  lines  L,  M,  N 
respectively,  those  being  in  fact  the  projections  of  the  triangles  ABC  of  the  solid 
figure  which  lie  in  a  plane  with  0.  Or,  what  is  the  same  thing,  the  planes  of  the 
required  triangles  ABG  of  the  solid  figure  are  the  planes  through  0  and  the  three 
lines  L,  M,  and  N,  respectively. 


[Vol.  VIL  pp.  34—36.] 

1993.  (Proposed  by  T.  COTTEKLLL,  M.A.)— If  P  is  a  point  on  a  circle,  in  which 
A  and  B  are  fixed  points  on  a  diameter  at  equal  distances  from  its  centre,  the  curve 
envelope  of  lines  cutting  harmonically  the  two  circles  whose  centres  are  A  and  B  and 
radii  AP,  £P  respectively,  is  independent  of  the  position  of  P  on  the  circle. 

Solution  ly  PROFESSOB  CAYLEY. 

1.  More  'generally,  the  problem  may  be  thus  stated:  If  two  conies  touch  at  I,  / 
the  lines  07,  OJ  respectively;  if  P  be  a  variable  point  on  the  first  conic,  and  OAB 
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a  fixed  line  through  0  meeting  the  second  conic  in  the  points  A  and  5;  then  con- 
sidering the  conic  which  passes  through  P  and  touches  at  /,  J  the  lines  AI,  AJ 
respectively,  and  also  the  conic  which  passes  through  P  and  touches  at  /,  /  the  lines 
BI,  BJ  respectively;  the  envelope  of  the  lines  which  cut  harmonically  the  last-mentioned 
two  conies  is  a  conic  independent  of  the  position  of  P. 

2.    Taking  #=0,  y  =  0,  z=0   for    the    equations    of  the    lines    07,  J7,  and    OJ 
respectively,  the  equations  of  the  two  given  conies  are 

asz  -  f  =  0,     fey  -2/2  =  0; 
hence  the  coordinates  of  P  may  be  taken  to  be 

x  :  y  :  z  =  1  :  6  :  6\ 
and  the  coordinates  of  the  points  A  and  B  may  be  taken  to  be 

cc  :  y  :  #  =  1  :  ku.  :  &a2,  and  cc  :  y  :  #  =  1  :  -&a  :  &a2. 
The  equations  of  the  lines  AI3  AJ  are 

kax  -  y  =  0,    #  -  ay  =  0  ; 


hence  the  equation  of  the  conic  touching  these  lines  at  the  points  J,  J  respectively, 
and  also  passing  through  the  point  P,  is 


and  similarly  the  equations  of  the  lines  BI,  BJ  being 


the  equation  of   the    conic   touching   these  lines  at  the  points  I,   J  respectively,  and 
also  passing  through  the  point  P,  is 

ff)     f 
)~  0> 

or  multiplying  out  and  reducing,  if  the  equations  of  the  two  conies  are  represented  by 

(a,  &,  c,  /  g,  Kfa  y,  z)*  =  Q,    fa  V,  <ff  f<9  ^  tffa  y>  ^  =  0, 
respectively,  then  the  values  of  the  coefficients  are 

0  =  0,  a'  =  0, 

b  =  2  (ta  +  »  -  faff),  V  =  2  (-  to  -  fr  -  faff), 

c-0,  ,  e/=o, 

/=-*,  /-tf, 
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Now  the  tangential  equation  of  the  envelope  of  the  line  which  cuts  harmonically  the 
last-mentioned  two  conies,  is 


or  substituting  for  a  &c.  a'  &c.,  their  values,  it  is  found  that  the  coefficients  of  this 
equation  have  all  of  them  the  common  factor  2#J,  and  that  omitting  this  factor  the 
equation  is  independent  of  9,  viz.  the  tangential  equation  of  the  envelope  in  question  is 

(1,  -*tf,  AW,  0,  fc(2fc-l)a»,  0$fc  77,  £)2  =  0, 

which  proves  the  theorem. 

3.    In  particular,  if  /j-1,  that  is  if  the  points  A,  B  lie  on  the  conic  xt-f=Q9 
then  the  tangential  equation  of  the  envelope  is 

(1,  -a2,  a4,  0,  a2,  OJf,  t;,  ?)»  =  0, 
that  is 


or,  what  is  the  same  thing,  the  equation  is 

(f-GMy  +  «??)(?  +flH7  +  *S)  = 
and  thus  the  envelope  breaks  up  into  the  two  points 


that  is,  the  points  (1,  -  a,  a2)  and  (1,  a,  a2),  which  are  the  points  A  and  B  respectively. 
That  is,  in  the  problem  in  its  original  form,  if  the  points  A  and  B  are  the 
extremities  of  a  diameter  of  a  given  circle,  then  the  two  constructed  circles  are  a 
pair  of  orthotomic  circles  with  the  centres  A  and  £  respectively  ;  and  the  theorem  is 
the  very  obvious  one,  that  any  line  through  the  centre  of  either  circle  cuts  the  two 
circles  harmonically. 


[Vol.  Yil.  pp.  52,  53.] 

2270.  (Proposed  by  Professor  CAYLEY.) — To  reduce  the  equation  of  a  bicircular 
quartic  into  the  form  $S'  — W^O,  where  $=0,  $'=0  are  the  equations  of  two  circles, 
£  =  0  the  equation  of  a  line.  (See  Salmon's  Higher  Plane  Curves,  p.  128.) 


Solution  6y  the  PROPOSER. 
The  equation  of  a  bicircular  quartic  may  be  taken  to  be 


where,  and  in  what  follows,  the  subscript  numbers  denote  the  degrees  in  the  coordinates 
(®3  y)  of  the  several  functions  to  which  they  are  attached. 
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Introducing  an  arbitrary  constant  00,  and  putting  the  equation  under  the  form 


this  may  be  identified  with 
(tf  +  yt+pi+ 
viz.  the  conditions  in  order  to  this  identity  are 

that  is 

Hence 

where  the  right-hand  side  is  a  quadric  function  (#,  y)s,  which,  when  the  discriminant 
thereof  is  put  =0,  (that  is,  when  00  is  determined  as  the  root  of  a  quadric  equation,) 
is  a  perfect  square,  #.  -  gx  is  then  a  known  linear  function,  and  pl  +  &  being  equal  to 
the  linear  function  ^,  we  have  px  and  ql  as  linear  functions  of  (%,  y).  We  may  take 
for  the  constants  pQ  and  j0  any  values  satisfying  the  equation  #>  4-  #0  =  ^0  —  00;  and  we 
then  have 

fi^-jpift  -jpoSi,    r0«v0-p0fo, 

which  completes  the  determination;  the  form 


is  of  course  the  same  as  the  proposed  form  S3'  —  JfL  =  0, 

COR.  A  somewhat  more  convenient  form  is  UU'  —  jfc3F=0J  where  U"=0,  17'  =  0 
are  the  equations  of  two  evanescent  circles  (pairs  of  imaginary  lines),  F-0  the  equation 
of  a  circle;  in  fact  the  original  form  SS'  —  &L  =  Q  may  be  written  ($—  «)(#'  —  a') 
+  (a8'  +  a!  8-  oat-  tefy^Q,  which,  when  a,  ax  are  so  determined  that  S-a  =  0,  fl'-a'^O 
may  be  evanescent  circles,  is  of  the  required  form  UU'  —  &V=Q.  The  equation  DrDr/=0 
is  that  of  the  two  pairs  of  tangents  to  the  curve  at  the  circular  points  at  infinity 
respectively;  in  fact,  writing  U=pq,  U'=p'q',  each  of  the  lines  #  =  0,  g  =  0,  p'  =  Q,  ^  =  0 
meets  the  circle  F=0  in  one  or  other  of  the  circular  points  at  infinity,  and  therefore 
only  in  a  single  point  not  at  infinity;  hence  each  of  these  lines  meets  the  curve 
UU'~  ^7=0  three  times  in  one  of  the  circular  points  at  infinity,  that  is,  the  line 
in  question  is  a  tangent  to  one  of  the  two  branches  through  the  circular  point  at 
infinity. 


[Vol.  vn.  pp.  87,  88.] 

2309.    (Proposed  by  Professor  CAYLEY.)— Show  that  for  n  things 
-  (no.  of  partitions  into  2  parts)  +  1.2  (no.  of  partitions  into  3  parts) .... 

±  1 . 2 .  3 . .  (n  —  1)  (no.  of  partitions  into  n  parts)  =  0, 
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For  instance,  n~4;  partitions  of  (a,  i,  c,  d)  into  two  parts  are  (a,  bod),  (6,  cda), 
(c,  daft),  (d,  a&c),  (a&,  cd),  (ac,  d&),  (ad,  So);  no.  is  =7.  Partitions  into  three  parts  are 
(ab,  c,  d),  (oo,  Z>,  d),  (ad,  6,  c),  (fo,  a,  d),  (6,  d,  ac),  (cd,  a,  6);  no.  is  =  6.  Partition  into 
4  parts  is  (a,  6,  c,  d);  no.  is  =  l.  And  we  have 


Solution  by  the  PROPOSER. 

Write  M  =  aa  +  &£  +  cy+...,  where  a,  &  7...  are  positive  integers  all  of  them 
different,  and  a,  fry...  are  positive  integers;  and  consider  the  partitions  wherein  we 
have  a  parts  each  of  a  things,  6  parts  each  of  ft  things,  &c.  Writing  as  usual 
II(n)  =  1.2.3...w,  the  number  of  partitions  of  the  form  in  question  is 

_  _  _  Un  _ 
Ua.nb...(Uap(ILfty>...' 

whence,  putting  for  shortness  a-h/3+  ...  =  p,  the  theorem  may  be  written 

;(-)»-*..      n(p-i)nn 
v  r  na.n6...(na)^(n/3)^...""Uj 

the  summation  extending  to  all  the  partitions  w  =  act  +  &£  +  ...,  as  explained  above. 


Now  if  the  w  quantities  0,  y,  *,...  are  the  nth  roots  of  unity,  we  have 
and  therefore  also  (a?  +  y  4-^...)w=0,  and  the  general  term  of  the  left-hand  is 


where  [aa^...]  denotes  the  symmetrical  function  2^a...(a  factors)  2^...  (6  factors)... 
of  the  roots  0,  y,  *,  «,  y..,of  the  equation  ^l-l  =  0;  where,  as  above,  n  =  aa  +  bft+  ...  . 
Now  by  a  formula  not,  I  believe,  generally  known,  but  which  is  given  on  p.  175  of 
the  translation  of  Eirsoh's  Algebra  (Hirsch's  Collection  of  Examples  &c.  on  the  Literal 
Calculus  and  Algebra,  translated  by  the  Rev,  J.  A.  Ross,  London,  1827),  the  value  of 


the  sum  in  question  is  =(-)*^2w>  where  p  =  a  +  6+...,   (the  sign   ±,  given 


in  the  formula   as    quoted,  is  at  once  seen   to   be   (-^~1);  whence,    substituting   and 
omitting  the  factor  n,  we  have 


which  is  the  required  theorem. 

OBSERVATION.    In.   Oauchy's  Hxerdces  d'Andyse  <&c.,  t.   IIL,  p.   1T3,  is   given  a 
formula  relating  to  the  same  mode  of  partition  of  the  number  n,  viz.  this  is 

Un 


C.  VII.  73 
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I  have  somewhere  made  the  remark  that,  on  the  left-hand  side,  the  terms  which 
belong  to  the  odd  and  the  even  values  of  a-f  &4-  ...  (=p)  are  equal,  and  that  we  have 
therefore 

-  0 

' 


which  is  a  theorem  having  a  curious  analogy  with  that  demonstrated  above. 


[Vol.  vii.  pp.  99—102.] 

2286.  (Proposed  by  W.  H.  LAVERTY.)— If  we  have  (n-Z)  sets  of  n  quantities 
•each,  (<zit  a, ...  a^),  (ft,  &  ...  ft»),  ...  (A*,  \  ...  A*),  connected  with  the  n  quantities 
(ra,  r3...rft)  by  \n(n  —  1)  equations  of  which  the  type  form  is 


then  show  that 


JL  +  JL  +  ...  +  _L_O  and  £l+fJ  +  ...£5  =  o, 

n2    r32  r»»  rf    rf        rn3      ' 


where  P  is  any  one  of  the  quantities  «,  ft  7 ... 


Solution  by  PBOFESSOR  CAYLEY. 

Consider  the  case  n  =  4;  we  have  between  (a1}  03,  a,,  a4),  (ft,  ft,  ft,  ft),...  (rx,  r,,  r8,  r4) 
six  equations,  such  as  the  equation 


(12) 
and  it  is  in  effect  required  to  show  that  these  equations  give 


:  (412)  :  - 
where 


(123)= 


S^    I,  &c., 


<%,  A,    ^ 

viz.  considering  (al3  A),  (^,  ^),  (^  ^  (^  ^  ag  the  rectangular  coordinates  of  four 
points  in  a  plane,  then  (123)  is  the  area  (taken  with  a  proper  sign)  of  the  triangle 
formed  by  the  points  1,  2,  3  j  and  the  like  for  (234)  Sen. 

Combining  the  equations  as  follows, 


the  r's  disappear,  and  we  have  an  equation 

&  -  «<)  (*-<*)  +  (&- &)  (& -  &)  =  0, 
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which  shows  that  the  lines  14  and  23  intersect  at  right  angles;  similarly  the  lines  12 
and  34,  and  also  the  lines  13  and  24,  intersect  at  right  angles ;  or  starting  from  the 
given  points  1,  2,  3,  the  point  4  is  the  intersection  of  the  perpendiculars  let  fall  from 
the  angles  1,  2,  3  of  the  triangle  123  on  the  opposite  sides  respectively. 

Again  combining  the  equations  as  follows, 

(12) +  (13) -(23), 
we  obtain 


The  entire  system  of  equations  will  remain  unaltered  if  we  pass  from  the  original  axes 
to  any  other  system  of  rectangular  axes;  hence  taking  the  axes  of  cc  in  the  sense 
from  1  to  2  along  the  line  12,  ft  -  ft  becomes  =  0,  and  we  have 

ao-6^12,    ^-^-1(12,  34); 

viz.  0,-aj  is  the  distance  12  of  the  points  1  and  2,  o^— «i  is  the  distance  1(12,  34) 
of  the  point  1  from  the  point  (12,  34)  which  is  the  intersection  of  the  lines  12  and 

34;  we  have  therefore 

tf*  12. 1(12,  34). 

But  similarly 

n3  =  21.2(12,  34),  =12.  (12,  34)2, 

(since  21  =  - 12  and  2  (12,  34)  =  -  (12,  34)  2).    And  we  have  therefore 


1(12,  34)  :  (12,  34)2,  or  I  :  ^  =  (12,  34)2  :  1(12,  34). 


Write 


(12,  34)2 
UBB— 12 


1  (12,  34) 
12 


where  1  (12,  34)  and  (12,  34)  2  are  as  above  the  distances  from  1  to  (12,  34)  and  from 

(12,  34)  to  2;  and,  in  the  denominators,   12  is  the  distance  from  1  to  2;    we  have 

\  +  ^  =  l;  the  coordinates  of  (12,  34)  are  X^*/^,  Xft  +  ftft,  and  the  values  of  X,  ^ 
care  obtained  by  writing  X^  +  ^Oj,  X&  + /u/32,  \  +  p  for  0,  y,  1  in  the  equations 


«,,   A,    1 

of  the  line  34.    Making  this  substitution,  we  find 

where  as  above 


(134)  = 


i,    A, 


,  to., 


«*,   A,   1 
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we  have  therefore 

\  :  ^=(234)  :  -(134)  =  (234)  :  -(341), 

•or,  what  is  the  same  thing, 

(12,  34)2  :  1(12,  34)  =  (234)  :  -(341); 
a,nd  consequently 

£  =  £  =(234):  -(341); 

or  completing  the  system  by  symmetry 

3''7t:jf:jf-  (234)  :  -  (341)  :  (412)  :  -  (123)> 

which  is  the  required  result. 

In  the  case  7i=5,  we  have  between 

(*!>    *2>    %>    <*4,    ft*),       (&>   &>    &>    &,    A),       (71,    7a,    73,    74,    7«)»       (*"l>    r2>    7*3,    *4,    ^) 

ten  equations  such  as  the  equation 

(«i  ~  fltf  +  (&  -  ft)2  +  (7l  -  72)3  =  n2  +  rf.  (12) 

"We  obtain  as  before  the  equation 


which,  considering  (aa,  j82,  71)  &c.  as  the  rectangular  coordinates  of  five  points  1,  2,  3,  4,  5 
in  space,  signifies  that  the  line  14  is  at  right  angles  to  the  line  23;  the  five  points 
are  therefore  such  that  the  line  joining  any  two  of  them  is  at  right  angles  to  the 
line  joining  any  other  two  of  them,  whence  also  the  line  joining  any  two  is  at  right 
angles  to  the  plane  through  the  remaining  three  points.  (The  points  1,  2,  3;  4  form 
a  tetrahedron  such  that  that  12  and  34,  also  13  and  42,  also  14  and  23  are  at  right 
angles  to  each  other,  two  of  these  conditions  imply  the  third;  and  this  being  so,  if 
-a  farther  condition  be  satisfied,  the  perpendiculars  from  1,  2,  3,  and  4  on  the  opposite 
faces  respectively,  will  meet  in  a  point  5,  and  we  shall  have  the  system  of  points 
1,  2,  3,  4,  5  related  as  above.) 

We  further  obtain  as  before 


or  taking   the  axis    of  0   in   the   sense    from    1   to    2   along   the   line   12,   we    have 
A""A=0,  7j  -72  =  0,  and  the  equation  becomes 

,    .    n    .  n'  =  12.1(12,  345), 

.and  similarly 


r32  =  12.(12,  345)2; 

whence 


~  =  ^  =  (12,345)  2:  (12,  345)1. 


Writing  them  X 
by  substituting 


PROBLEMS  AND  SOLUTIONS. 
10*9 


581 


y 


(and  therefore  X +  /*  =  !)  we  find  (X, 
V.  +  /A  for  x,  y,  z,  1  in  the  equation 
*,    1    =0 


a4;        A,        745 
a5>       &,       75, 

of  the  plane  345  ;  we  have  thus 

X  (1345)  +  p  (2345)  =  0, 
X  :  ^-(2345)  :  -(1345)  =  (2345)  :  (3451), 
(12,345)2  :  1(12,  345)  =  (2345)  :  (3451), 
1       1 


that  is 
whence 
that  is 


or  completing  by  symmetry 


=  (2345)  :  (3451), 


:  (3451)  : 


which  is  the  theorem  for  the  case  n  =  5.  The  general  case  depends,  it  is  clear,  upon 
similar  reasoning  in  a  (?i-2)dimensional  geometry;  leading  to  the  conception  in  this 
geometry  of  a  figure  of  (w-1)  points  such  that  the  line  joining  any  two  of  them  is 
at  right  angles  to  the  line  joining  any  other  two  of  them. 


[Vol.  vii.  p.  106.] 

2331,  (Proposed  by  Professor  CAYLEY.)— Show  that  it  is  possible  to  find  (J,  F,  Z) 
linear  functions  of  the  trilinear  coordinates  (0,  y,  z)  such  that  the  equations  xX~yY=zZ 
may  determine  four  given  points. 


[Vol.  VIIL,  July  to  December,  1867,  p.  26.] 

2321.    (Proposed  by  Professor  OAYLBY.)— Given  a  conic,  to  find  four  points  such 
that  all  the  conies  through  the  four  points  may  have  their  centres  in  the  given  conic. 


[Vol.  VIIL  p.  36.] 

2371.  (Proposed  by  Professor  CAYLEY.)— (4).  If  P,  Q  be  two  points  -taken  at 
random  within  the  triangle  ABO,  what  is  the  chance  that  the  points  A,  B,  P,  Q  may 
form  a  convex  quadrangle? 
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[Vol.  VIII.  pp.  51,  52.] 
Note  on  Question  1990.    By  PROFESSOR  CAYLEY. 

The  theorem  of  paragraph  4  (Reprint,  vol.  vi.  p.  88),  (ascribed  by  Professor 
Sylvester  to  Mr  Oroflon),  that  "if  a  circle  and  a  straight  line  be  cut  by  any  transversal 
in  three  points,  these  -will  be  the  foci  of  a  system  of  Cartesian  ovals  having  double 
contact  with  one  another  at  two  fixed  points,"  may  be  enunciated  under  a  more 
complete  form,  as  follows: 

If  in  a  given  circle  the  chords  PPl5  BC  meet  in  A,  then  each  of  the  two 
Cartesians,  foci  A,  B>  0,  which  pass  through  P,  will  also  pass  through  Pt;  and  more- 
over, if  a,  a'  be  the  diametrals  of  the  chord  PPX  (that  is,  the  extremities  of  the 
diameter  at  right  angles  to  PPj)  then  the  tangents  at  P,  Px  to  one  of  the  Cartesians 
will  be  aP;  aP2  respectively,  and  to  the  other  of  them  a'P,  ot^  respectively,  these 
tangents  being  thus  independent  of  the  position  of  the  chord  BG\  and  thence  also  thus; 

Given  the  points  A,  B>  0  in  lined,  and  the  point  P ; 

through  P,  J?,  C  draw  a  circle  (A)  and  let  PA  meet  this  in  Pl9 
„        P,  0.  A  „  (B)       „       PB  „  P2, 

„        P,A,B  „  (C)       „        PO          „  P3, 

then  each  of  the  Cartesians,  foci  A,  B}  C,  which  pass  through  P  will  also  pass  through 

Plf  P2,  P3;  and  if 

a,  a'  are  the  diametrals  of  PPi  in  circle  (A\ 

frff  »  PP.        *        (*), 

7,7  »  PPs         «         (0). 

then  (the  points  of  the  several  pairs  being  properly  selected)  the  points  (a,  /3,  7)  and 
the  points  (of,  ft',  7')  will  each  lie  in  a  line  through  P,  viz,  the  lines  P«/8<y  and 
Pa'ySy  will  be  the  tangents  at  P  to  the  two  Cartesians  respectively. 

The  two  Cartesians  meet  in  the  points  P,  Pla  P2,  P3,  and  in  the  symmetrically 
situated  points  in  regard  to  the  axis  ABG\  the  theorem  contains  as  part  of  itself 
the  well-known  property  that  the  two  Cartesians  cut  at  right  angles  at  each  of  their 
points  of  intersection;  it  gives  moreover  the  construction  of  the  following  problem: — 
given  the  foci  4,  B,  (7,  and  one  intersection  P  of  a  pair  of  triconfocal  Cartesians,  to 
find  the  remaining  intersections,  and  the  tangents  at  each  of  the  intersections. 


[VoL  vni.  pp,  70—72.] 

1911.  (Proposed  by  Professor  CAYLEY.)— Given  four  points,  and  also  the  "conic  of 
centres" — viz.  the  conic  which  is  the  locus  of  the  centres  of  the  several  conies  which 
pass  through  the  four  given  points;  then  if  a  conic  through  the  four  given  points 
has  for  its  centre  a  given  point  on  the  conic  of  centres,  it  is  required  to  find  a 
construction  for  the  asymptotes  of  this  conic. 
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Solution  by  the  PROPOSER. 

1.  Consider  four  given  points,  and  in  connection  therewith  a  given  line  IJ\  the 
locus  of  the  poles  of  IJ,  in  regard  to  the  several  conies  which  pass  through  the  four 
points,  is  a  conic,  the   "conic  of   poles."     Consider  a  particular  conic  @,  through  the 
four  points  ;  the  pole  of  IJ  in  regard  to  the  conic  ©  is  a  point  0  on  the  conic  of 
poles,  and  the  tangents  from  0  to  the  conic  ©  meet  the  conic  of  poles  in  two  points 
JK,  K\  the  chord  of  intersection  HK  passes  through  the  point   II  which  is  the  pole 
of  //  in  regard  to  the  conic  of  poles.    Moreover,  the  polars  of  a  point  (7,  in  regard 
to   the    several   conies    through    the    four   points,  meet   in   a   point   II',  the  "common 
pole"  of  (7',  and  in  particular  if  Cf  be  the  point   C  on  the  conic  of  poles,  then  the 
common  pole  is  a  point  fi   on   the  line  7J";    this  being  so,   the  line  HK  passes  (as 
already  mentioned)  through  II,  and  the  lines  HK  and    H£t  are    harmonics  in  regard 
to  the  conic  of  poles. 

2.  Assuming   the    foregoing   properties,  then,  given  the  four  points,  the   line  IJ, 
the  conic  of  poles,  and  the  point  0  on  this  conic;  we  may  construct  II  the  pole  of 
77  in  regard  to  the  conic  of  poles;  and  also  fl  the  common  pole  of  G\  the  line  HK 
is   then  given  as  a   line  passing  through   II,  and  harmonic  to  Ilfi  in  regard  to  the 
conic  of   poles;    this  line    meets   the   conic  of   poles    in  the   points  Ht,K;   and  then 
CH,  GK  are  the  tangents  from  G  to  a  conic  ©  which  passes  through  the  four  points. 

3.  In  particular  if  //  be  the  line  infinity,  then  the  conic  of  poles  is  the  conic 
of  centres;    II  is  the  centre  of  this  conic;    £1  is  as  before  the    common  pole  of   (7; 
HK  is  given  as  the  diameter  of  the  conic  of  centres,  conjugate  to  IK1;  H,  K  are 
the  extremities  of  this  diameter;  and  then  Cff,  OK  are  the  asymptotes  of  the  conic 
through  the  four   points,  which  has  the    point  C  for  its  centre;   and   the  asymptotes 
are  therefore  constructed  as  required.    If  the  points  H,  K  are  imaginary,  the  asymptotes 
will  be  also  imaginary;  the  conic  ©  is  in  this  case  an  ellipse. 

4.  It  is  hardly  necessary  to  remark,  in  regard  to  the  construction  of  the  point  O, 
that  we  have  among  the  conies  through  the  four  points,  three  pairs  of  lines  meeting 
in  points  P,  Q,  R  respectively  (it  is  clear  that  the  conic  of  poles  passes  through  these 
three  points);   the  harmonics  of   CP,  <7Q,  GR   in  regard  to  the   three  pairs  of  lines 
respectively  meet  in  a  point,   which  is  the  required  point  H.    In  the  particular  case 
where  the  point  G  is  on   the   conic  of  centres,  the  three   harmonics  are  parallel;   it 
is  therefore  sufficient  to  construct  one  of  them  ;  and  the  line  HK  is  then  the  diameter 
of  the  conic  of  poles,  conjugate  to  the  harmonic  so  constructed. 

5.  It  remains  to  prove  the  properties  assumed  in  (1).    We  may  take  £  —  0  for 
the  equation  of   the  line  IJ",  x  =  0,  y  =  0  for  the   equations   of   the   tangents   to   the 
conic  ©  at  its  intersections  with  the  line  IJ,  so  that  we  have  (x  =  0,  y  =  0)  for  the 
coordinates  of  the  point  (7;  the  equation  of  the  conic  ©  will  be  of  the  form  ^-^y-O, 
and  the  four  points  may  then  be  taken  to  be  the  intersections  of  the  conic  22-#y  =  0, 
and  the  arbitrary  conic 

(a,  6,  c,  /,  g,  K$%,  y,  zf  =  0. 

The  equation  of  the  conic  of  centres  is  found  to  be 


or  cux?-- 
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or,  as  it  may  also  be  written, 

(2a,  -26,  0,  -/,  g,  0$a?,  y,  *)2  =  0; 

and  it  is  convenient  to  remark  that  the  equation  in  line  coordinates  (or  condition  that 
this  conic  may  be  touched  by  the  line  fa?  +  yy  +  £fc  =  0)  is 

(-/2>  -tf  ~4a&,  2a/,  2^ 


The  line  #  =  0  meets  the  conic  of  poles  in  the  point  0  =  0,  &y+/£  =  0,  and  the  line 
y  =  0  meets  the  same  conic  in  the  point  y  =  0,  CUD  +  gz  =  0  ;  hence  the  line  JJ-ST,  which 
is  the  line  joining  these  two  points,  has  for  its  equation 


and  it  only  remains  to  be  shown  that  this  line  passes  through  the  point  II,  and  is 
the  harmonic  of  the  line  IIH  in  regard  to  the  conic  of  centres.  The  point  II  is 
the  pole  of  the  line  2  =  0  in  regard  to  the  conic  of  centres,  its  coordinates  are  at 
once  found  to  be 

%  :  y  :  z  =  bg  :  of  :  —  2a&  ; 

and  we  thence  see  that  II  is  a  point  on  the  line  HK.  The  point  fl  is  given  as  the  inter- 
section of  the  polars  of  G  in  regard  to  the  conies  z*  —  xy  =  0,  and  (a,  6,  c,/,  g,  K$$,  y,  zf  =  0 
respectively;  that  is,  as  the  intersection  of  the  lines  #  =  0,  and  gx+fy+  c0  =  0;  its 
coordinates  therefore  are 

x  :  y  :  z=-f  :  g  :  0. 

Hence  the  equation  of  the  line  Ilfl  is 

Zabg  x  +  Zabfy  +  (a/2  +  6#2)  z  =  0. 

Now,  in  general,  if  we  have  a  conic  the  line-equation  whereof  is  (A,  B3  0,  F,  <?,  S"$£  ^,  £)2  =  0, 
then  the  condition  in  order  that,  in  regard  thereto,  the  lines  \x  -f  p,y  +  vz  =  0  and 
js^Q  may  be  harmonics,  is 


(A,  B,  G,  I,  G,  H%\,  ?,  v$\',  /,  ,0-0; 

that  is 

A\\' 


Hence,  in  order  that  the  two  lines  HK  and  Ilfl  may  be  harmonics  in  regard  to  the 
conic  of  centres,  we  should  have 


But   developing,   and   omitting   the    common   factor   abfg,    which    enters  into   all   the 
terms,  this  equation  is 


-  (2a/2)  -  (2fy*)  -  4  (a/2  +  If)  +  {4a/*  +  2  (a/»  +  bg*)}  +  {%*  +  2  (a/2  4-  bg*)}  -  2  (a/2  +  bg*)  =  0, 

which   is   identically  true;   and  the   lines   HE  and   Ilil   are   therefore   harmonics   in 
regard  to  the  conic  of  centres. 
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[Vol  vni,  p,  74.] 

2371.  (Proposed  by  Professor  CAYLEY.)— If  P,  Q  be  two  points  taken  at  random 
within  the  triangle  ABC,  what  is  the  chance  that  the  points  A,  B,  P,  Q  may  form 
a  convex  quadrangle? 


[Vol.  vni.  pp.  86,  87.] 

2466.  (Proposed  by  H.  MURPHY.)— If  four  points  A,  B,  C,  D  be  either  in  the 
same  plane  or  not,  and  if  the  three  rectangles  AB.CD,  AC.DB,  AD. BO  be  taken; 
the  sum  of  any  two  of  them  is  greater  than  the  third,  except  when  the  points  lie  on 
the  circumference  of  a  circle. 


Solution  ly  PROFESSOR  CAYLEY. 


Write  for  shortness  BO  =/,  CA=g,  AB  =  h;  AD  =  a,  BD  =  b,  <7D  =  c;  then,  Lemma, 
if  r  be  the  radius  of  the  sphere  circumscribed  about  the  tetrahedron  ABCD,  we  have 


-  a4/2  -  6y  -  c4/i9  - 

-  a4/4  - 


whore  the  left-hand  side  is  =  576  FV1,  if  F  be  the  volume  of  the  tetrahedron. 

Suppose  first  that  the  points  are  not  in  the  same  plane,  then  the  left-hand  side 
(=  576  FV1)  is  positive ;  therefore  the  right-hand  side  is  also  positive,  or  putting  for 
shortness  o/*=a,  bg*=&,  ch  =  %  we  have 

2/3V-i-272a2  +  2a2y82-a4-y94-r/=+,  that  is,  40y-(rf-£a-78)*=+, 

and  thence  a</3  +  7;  for  if  a  were  equal  to  or  greater  than  £  +  7,  say  a  =  £  +  y  +  0, 
the  left-hand  side  would  be  &l3?<f  -  {2/3y  +  2  (/3  +  7)  at  +  a?2}2,  which  vanishes  if  at  =  0, 
and  is  negative  for  x  positive.  Similarly  j8<y  +  a,  7<a-Hj8;  and  the  theorem  is  thus 
proved  for  the  case  where  the  four  points  are  not  in  a  plane. 

Starting  from  this  general  case,  if  we  imagine  the  point  D  continually  to  approach 
and  ultimately  to  coincide  with  the  plane  ABC,  but  so  as  not  to  be  in  the  circle 
ABC,  then  the  expression  2y8y -4- 27*a3  +  2a2/92  —  a4  —  y84-74,  which  does  not  vanish  in  the 
limit,  is  throughout  equal  to  the  positive  quantity  576  FV  (in  the  limit  F  is  =  0 
and  r=oo,  but  Vr  is  finite,  and  of  course  F2?*2  is  positive),  that  is,  the  expression  in 
question  is  =+,  and  the  theorem  follows  as  before.  Of  course  when  the  four  points 
are  in  a  circle,  then  the  expression  is  =0,  and  consequently  one  of  the  quantities 
a,  &  7  is  equal  to  the  sum  of  the  other  two. 
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The  lemma  is  at  once  proved  by  means  of  my  theorem  for  the  relation  between 
the  distances  of  five  points  in  space,  {Cambridge  Mathematical  Journal,  vol.  n.  (1841), 
p.  269,  [1],}  viz.  if  the  point  1  is  the  centre  of  the  circumscribed  sphere,  and  the  points 
2,  3,  4,  5  are  the  points  A,  B,  0,  D  respectively,  then  the  relation  in  question,  viz. 


0      ,  (12)",  (13)*,  (14)',  (15)*,    1 

(21)=,  0  ,  (23)',  (24)',  (25)2,    1 

(31)=,  (32)*,  0  ,  (34)2,  (So)2,    1 

(41)2,  (42)*,  (43)=,  0  ,  (45)',    1 

(51)=,  (52)*,  (53)=,  (54)=,  0  ,    1 

1  ,  1  ,  1  ,  1  ,  1,0 


=  0 


becomes 


0,  r8,  r2,  rs,  r2,  1    =0. 
i*>  0,  A2,  #3,  a2,  1 

r2  ft2  0  /^  fc2  1 

?    J  "'  3  "    J  /    >  ^    >  J- 

^  #*,  /8,  0,  c2,  1 

r*,  as,  6=,  c5,  0,  1 

1,  1,  1,  1,  1,  0 

Multiplying  the  last  line  by  —  r=  and  adding  it  to  the  first  line,  this  is 


0,    0,    0,    0,    1 


=  0, 


r3,  0,  If,  g*,  aa,  1. 

r*,  h*,  0,  /*,  &2,  1 

J"2,  93,  f2,  0,  c2,  1 

»*,  a2,  62,  tf,  0,  1 

1,  1,  I,  1,  1,  0 

and  then  proceeding  in  the  same  way  with  the  first  and  last  columns  the  equation  is 

-2?-,  0,  0,  0,  0,  1    =0, 

0  ,  0,  Jf,  g\  a2,  1 

0  ,  A3,  0,  /*,  Jf,  1 

0  ,  f,  f\  0,  c=,  1 

0  ,  a2,  6=,  <?,  0,  1 

1  ,  1,  1,  1,  1,  0 

which  is  in  fact  tne  equation,  of  the  Lemma.  See  my  papers  in  the  Quarterly 
Journal  of  Mathematics,  vol.  in,  (1859),  pp.  275—277,  [286],  and  vol.  v.  (1861), 
pp.  381—384,  [297]. 
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COR. — It  appears  by  the  demonstration  that  for  any  four  points  not  in  the  same 
plane,  the  expression 

-  a4/2  -  6y-  -  c4/i2  - 

+  (a2/2 
is  always  positive. 


[Vol.  viii.  pp.  105,  106.] 

2472.    (Proposed  by  Professor  CAYLEY.) — Through  four  points  on  a  circle  to  draw 
a  conic  such  that  an  axis  may  pass  through  the  centre  of  the  circle. 


Solution  by  the  PROPOSER. 

Let  the  equation  of  the  conic  be  (a,  b,  c,  /,  g,  K$a,  y,  I)2  =  0,  then  if  as  usual 
the  inverse  coefficients  are  represented  by  (A,  B,  G,  F,  G,  H),  the  equation  of  the  two 
axes  is 


whence  if  an  axis  pass  through  the  origin 


Consider  now  the  circle  ar*  4-  y*  —  1  =  0  and  on  it  the  four  points  in  which  it  is  inter- 
sected by  the  conic  (a,  6,  c,  /,  g,  Ji$&,  y,  I)3  =  0  ;  then  for  any  conies  through  the  four 
points  we  have 

(a,  6,  c,/,  g,  A$>,  y, 


so  that,  taking  this  for  the  equation  of  the  required  conic,  and  representing  it  by 

(of,  V,  c',f,  j,hja,y,  1)2  =  0, 
the  values  of  the  coefficients  are 

o'-a+X,    6'  =  6  +  X,    c'  =  c  +  X,   /'=/,    g'=g,    h'-h, 
and  we  thence  have 

F'  =  F-\f,    ff  =  G-\g,    a'-V  =  a-b,    h'  =  h. 

The  required  relation  is 

(a'-&')F<?'  +  fc'((?/s-.H  =  0, 
that  is 

(a-  b)  (F-\f)  (ff  -  V)  +  *  {(G-W  ~  <7-V)3}  =  0, 

a  quadric  equation  in  X;  and  substituting  for  X  each  of  its  two  values,  -we  have  the 
two  required  conies 

(a,  6,  c,/,  g,  h%x,  y,  l)«+X(^  +  y°-l)  =  0, 

for  each  of  which  an  axis  passes  through  the  centre  of  the  circle. 
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[Vol.  ix.,  January  to  June,  1868,  pp.  20,  21.] 
Note  wi  Question  2471.     By  PROFESSOR  CAYLEY. 

In  the  singularly  beautiful  solution  which  Mr  Woolhouse  has  given  of  this 
question  (see  Reprint,  vol.  VHI.  p.  100),  it  is  important  to  note  what  is  the  analytical 
problem  solved,  and  how  the  solution  is  obtained.  Considering  a  plane  area  bounded 
by  any  closed  convex  curve,  and  in  it  three  points  P}  P',  P",  Mr  Woolhouse  investi- 
.gates  the  average  area  of  the  triangle  PP'P",  viz.  this  depends  on  the  sextuple  integral 

J±  W  -  afy  +  af'y  -  «y"  +  wf  -  afy]  dx  dy  dx'  dyf  dx"  dy", 

where  the  sign  ±  has  to  be  taken  so  that  ±  {  }  shall  be  positive,  and  where  the 
integration  in  respect  to  each  set  of  coordinates  extends  over  the  entire  closed  area; 
the  difficulty  is  as  to  the  mode  of  dealing  with  the  discontinuous  sign.  It  is  remarked 
that  the  integral  is 

^-tfy  +  ^y-fl^  +  a^ 

the  variables  in  this  last  expression  being  restricted  in  such  wise  that  #,  #",  #'  are  in 
the  order  of  increasing  magnitude;  the  term  ±  {  }  is  of  the  form  ±(a/  — #)(y"  — #), 
where  ft  is  independent  of  y,  and  where  (as  is  easily  seen)  if  v",  u'f  be  the  upper 
and  lower  ordinate  corresponding  to  the  abscissa  #",  then  ft  lies  between  the  values 
u"  and  v".  But  of  —  x  is  positive,  hence  the  sign  ±  must  be  so  taken  that  ±  (y"  -  ft) 
shall  be  positive,  that  is,  from  y"  =  u"  to  tf'  =  ft  the  sign  is  -,  and  from  y"  =  ft  to 
y"=v"  the  sign  is  +. 

Hence  for  the  integration  in  regard  of  y11  we  have 
/i^'-^'-J^^^ 

and  the  discontinuous  sign  ±  is  thus  got  rid  o£  The  remaining  integrations  are  then 
effected  in  the  order  0",  y\  y,  x',  #,  the  limits  being  for  a"  from  &  to  of,  for  y1  from 
tf  to  «',  and  for  y  from  u  to  v  (if  the  upper  and  lower  ordinates  corresponding  to 
the  Abscissa  a^and  gf  are  v,  u  and  <  u'  respectively)  and  finally  for  of  from  a  to  the 
maximum  abscissa,  and  for  x  from  the  minimum  to  the  maximum  abscissa.  The  final 
result  involves  only  single  definite  integrals  between  the  extreme  values  of  x,  the 
functions  under  the  integral  sign  containing  indefinite  integrations  from  the  'same 
arbitrary  inferior  limit,  say  0=0;  the  form  of  the  result  (previous  to  its  simplification 
by  taking  the  axes  to  be  principal  axes  through  the  centre  of  gravity  of  the  area)  is 
however  somewhat  complicated;  and  it  would  not  be  easy  to  show  a  posteriori,  that 
the  value  is  invariantive,  that  is,  independent  of  the  position  of  the  axes:  that  this 
is  so  is  of  course  apparent  from  the  original  form  of  the  integral. 
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[Vol.  ix.  pp.  38,  39.J 

2530.    (Proposed  by  Professor  CAYLEY.)— Trace  the  curve 

11  1 


where  the  coordinates  x,  y,  z  are  the  perpendicular  distances  of  the  current  point  P 
from  the  sides  of  an  equilateral  triangle,  the  coordinates  being  positive  for  a  point 
within  the  triangle. 


Solution  by  the  PROPOSER. 

The  form  of  the  equation  shows  that  the  curve  is  a  tricuspidal  quartic,  having  a 
real  cusp  at  the  point  (#  =  0,  y  =  0),  and  two  imaginary  cusps  at  the  points  (#  =  (),  %  +  iy  =  0) 
and  (z  =  0,  x  —  iy=  0).  The  rationalised  form  of  the  equation  is 

(of  +  yj  -  tea  (sf  +  f)  -  4*y  -  0. 

x  =  0  gives  y2  (y2  -  4s2)  =  0,  the  point  0  twice,  and  two  other  real  points  a,  a7  on 
the  line  BO. 

2/  =  0  gives  a?  (#  —  4z)  =  0,  the  point  (7  three  times,  and  a  real  point  j8  on  the 
line  04. 


It  is  easy  to  find  that  there  is  a  double  tangent  #  +  2#  =  0,  viz.  ^  +  2^=0  gives 
-  ?/2)2 «  0,  two  points  T,  r7  (each  twice)  on  the  line  in  question. 

Laying  down  these  points,  it  appears  that  the  curve  must  have  two  real  asymptotes, 
and  that  the  form  is  as  shown  in  the  figure. 


[Vol.  ix.  pp.  55,  56.] 

2553.    (Proposed  by  Professor  CIYLET.)— Show  that  the  surface 
meets  the  sphere  a?  +  y2  +  #2  =  1  in  four  circles ;  and   explain  in  a  general  manner  the 
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form  of  the  curve  of  intersection  of  the  surface  by  any  other  sphere  having  the  same 
centre,  and  thence  the  form  of  the  surface  itself  (being  a  particular  case  of  Steiner's 
surface,  and  which  by  the  homographic  transformations  «rX  wly}  wlz  for  a?,  y,  z 
gives  yV  -h  fa?  +  tfy*  —  %w%yz  =  0,  the  general  equation  of  Steiner's  surface). 


Solution  by  the  PROPOSER. 

Take  X,  X',  7,  7',  Z,  Z'  the  intersections  of  the  sphere  #2  +  t/24-£2  =  l  by  the 
three  axes  respectively;  then  we  have  a?  +  y*+z*=  1,  #  +  y  +  £  =  -l,  the  equations  of 
the  circle  through  the  points  X',  7',  Z\  and  from  these  two  equations  we  deduce 
yz  4  zx  4-  xy  =  0,  and  thence 


(a  +  y  +  *)  =  0, 
that  is 

=  0  ; 


so  that  the  circle  lies  on  the  quartic  surface;  and  by  changing  successively  the  signs 
of  each  two  of  the  three  coordinates,  we  have  three  other  circles  lying  on  the  sphere 
and  also  on  the  quartic  surface;  viz.  we  have  in  all  four  circles,  the  above-mentioned 
circle  through  (Z;,  F,  Z'\  and  three  other  circles  through  (X',  7,  Z),  (X,  7X,  Z), 
(X,  Y,  Z*)  respectively,  making  together  a  curve  of  the  order  8,  the  complete  inter- 
section of  the  quartic  surface  by  the  sphere. 


The  quartic  surface  lies  entirely  in  the  four  octants  of  space  xyz,  ®y'z',  tc'yz', 
and  as  to  the  portion  of  the  surface  which  lies  in  the  octant  xyz,  this  meets  the 
sphere  tf  +  j/»+*«l  in  portions  of  the  three  circles  (X'  7,  Z)  (X,  7',  Z)(X9  7,  Z') 
constituting  a  tricuspidal  form  lying  within  the  octant  XTZ  as  shown  in  the  figure. 
The  intersection  by  a  sphere,  radius  <  1,  projected  on  the  octant  XYZ,  is  a  trinodal 
form,  lying  outside  the  tricuspidal  one,  as  shown  by  a  dotted  line  in  the  figure  ;  the 
intersection  by  a  sphere  radius  >1,  projected  in  the  same  way,  is  a  trigonoid  form 

lying  inside  the  tricuspidal  one,  as  also  shown  by  a  dotted  line  in  the  figure;  as  the 

2 
radius    approaches    to    and    ultimately    becomes    =  -^  ,    this    diminishes,    and    becomes 

v*> 

ultimately  a  mere  point,  and  when  the  radius  is  greater  than  this  value  the  intersection 
is  imaginary. 


Imagine    on    the    solid   sphere,   radius    —  1,  the    four   tricuspidal    forms .  lying    in 
alternate  octants  as  above;    cut  away  down  to  the  centre  the  portions  lying  without 
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these  tricuspidal  forms;  and  build  up  on  the  .tricuspidal  forms,  until  the  greatest 
distance  from  the  centre  becomes  =  — ;  we  have  a  solid  figure  with  four  prominences 

situate  as  the  summits  of  a  tetrahedron,  bhe  bounding  surface  whereof  is  the  surface 
in  question :  it  is  to  be  added  that  the  axes  are  nodal  lines  on  the  surface,  viz.  the 
portions  which  lie  within  the  solid  figure  are  the  intersections  of  two  real  sheets  of 
the  surface,  the  portions  which  lie  without  the  solid  figure  are  isolated,  or  acnodal;  lines 
on  the  surface. 


[Vol.  ix.  pp.  73,  74.] 

2573-  (Proposed  by  Professor  CAYLEY.)— The  envelope  of  a  variable  circle  having 
for  its  diameter  the  double  ordinate  of  a  rectangular  cubic  is  a  Cartesian. 

(DEFINITION.  The  expression  "a  rectangular  cubic''  is  used  to  express  a  cubic  with 
three  real  asymptotes,  having  a  diameter  at  right  angles  to  one  of  the  asymptotes  and 
at  an  angle  of  45°  to  each  of  the  other  two  asymptotes,  viz.  the  equation  of  such  a 
cubic  is  xy*  =  $  + 1)$  +  cx  +  d.} 


Solution  by  the  PROPOSER. 
The  equation  of  the  variable  circle  may  be  taken  to  be 

94 


viz.  6  being  the    abscissa   of   the   rectangular  cubic,  the  squared  ordinate  is  taken  to 
be  =^( 
circle  is 


be  =(03-2w02  +  a0  +  2-4),  or,  what  is  the  same  thing,  the  equation  of  the  variable 


—  =  0 
Hence,  taking  the  derived  equation  in  regard  to  6,  we  have 

-^-0 

and  thence 

therefore 

^-l&lfc-m); 

that  is,  the  equation  of  the  envelope  is 

(02+3/2-a)2-164(0-w)  =  0, 
which  is  a  known  form  of  the  equation  of  a  Cartesian. 
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[Vol.  ix.  pp.  82,  83.] 

2493.  (Proposed  by  Professor  CAYLEY.)— 1.  Given  the  conic  #  =  0  (but  observe 
that  the  function  U  contains  implicitly  an  arbitrary  constant  factor  which  is  not  given) 
and  also  the  conic  27  +  1  =  0,  to  construct  the  conic  U+l  =  Q,  where  I  is  a  given 
constant. 

2.  Given  the  conies  £7=0,  U>1  =  0,  7=0,  7-1-1=0,  and  the  constants  0,  Jc,  to 
construct  the  conic  6  U  +  0-1 7  4-  2fc  =  0. 


Solution  by  the  PROPOSER. 

L  The  conies  27  =  0,  {74-1  =  0,  {74-2  =  0  are  obviously  concentric  similar  and 
similarly  situated  conies,  and  if  drawing  a  line  in  any  direction  from  the  centre,  the 
radius-vectors  for  the  three  conies  respectively  are  r,  /,  R,  then  it  is  easy  to  see  that 
we  have 


There  is  no  difficulty  in  constructing  geometrically  the  radius  R,  and  then  the  conic 
J7  4-2=0  is  given  as  the  concentric  similar  and  similarly  situated  conic  passing  through 
the  extremity  of  this  radius. 

2.  To  construct  the  conic  6U+  0~174-2ik  =  0.  By  what  precedes,  we  may  con- 
struct the  two  conies  0U  +  k=Q,  0~174-&  =  0  ;  the  four  points  of  intersection  of  these 
lie  on  the  required  conic  0U+d-lV+  2£  =  0,  and  also  on  the  conic  0U-6~1V=Q', 
which  last  conic  is  consequently  given  as  a  conic  passing  through  the  four  points  in 
question,  and  also  through  the  four  points  of  intersection  of  the  given  conies  27=0,  F=0. 
But  the  conic  0f7-0-l7=0  being  constructed,  the  conic  0  17  4-  0'1  7=0  can  also  be 
constructed;  viz.  the  tangents  of  these  two  conies  and  of  the  conies  i7=0,  7  =  0,  at 
each  of  the  four  intersections  Z7=0,  7=0,  form  a  harmonic  pencil;  and  we  have  thus 
the  conic  6U  +  0^1V^Q  a  conic  passing  through  four  given  points,  and  having  at  each 
of  these  a  given  tangent.  And  then  finally  the  required  conic  0Dr4-0~17+2&  =  0  is 
given  as  a  conic  concentric  similar  and  similarly  situated  with  the  conic  9  U  +6~l  7=0, 
and  passing  through  the  four  given  points 


3.  Treating  k  as  an  absolute  constant  but  6  as  a  variable  parameter,  the  envelope 
of  the  conic  00r  +  0-174-2&=0  is  the  quartic  curve  DT-&2  =  0.  This  is  a  curve 
used  by  Pliicker  (in  the  Theorie  der  algebraischen  Cuweri)  for  the  purpose  of  showing 
that  the  28  double  tangents  of  a  quartic  curve  may  be  all  of  them  real.  In  fact,  if 
(7=0,  7=0  be  ellipses  intersecting  in  four  real  points;  and  if,  moreover,  the  implicit 
constants  be  such  that  U  is  positive  for  points  without  the  first  ellipse,  7  positive 
for  points  within  the  second  ellipse,  then  since  CT7,  =  1&,  is  positive  for  all  points  of  the 
curve  in  question,  the  curve  must  be  wholly  situate  in  the  four  closed  spaces  which 
lie  outside  the  one  and  inside  the  other  of  the  two  ellipses;  consisting  therefore  of 
four  detached  portions.  And  when  k  is  sufficiently  small,  then  the  figure  of  each 
portion  is  that  of  a  concavo-convex  lens  with  its  angles  rounded  off:  viz.  each  such 
portion  has  a  real  double  tangent  of  its  own.  Any  two  portions  have  obviously  four  real 
double  tangents,  and  hence  the  total  number  of  real  double  tangents  is  44-6x4,  =28. 
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4*.  A  construction  has  been  given  by  Aronhold  (B&rl.  Monatsber.,  July,  1864)  by 
which,  taking  any  7  given  lines  as  double  tangents  of  a  quartic  curve,  the  remaining 
21  double  tangents  can  be  constructed,  and  which,  when  the  seven  given  lines  are  real, 
leads  to  a  system  of  28  real  double  tangents ;  but  wishing  to  construct  the  figure  of 
the  28  real  double  tangents,  it  occurred  to  me  that  the  easier  manner  might  be  to 
construct  Pliicker's  curve  UV—  ^  =  0,  as  the  envelope  of  the  conic  OU+^V+Zk^Q, 
and  then  to  draw  the  tangents  of  this  curve:  the  construction  is,  however,  practically 
one  of  considerable  difficulty,  and  I  have  not  yet  accomplished  it, 


[Vol.  ix.  p.  87.] 

2451.  (Proposed  by  Professor  CAYLEY.)— If  A,  J3,  (7,  I)  are  the  intersections  of  a 
conic  by  a  circle,  then  the  antipoints  of  A,  B,  and  the  antipoints  of  0,  D,  lie  on  a 
confocal  conic. 

KB.  If  AB,  A'B'  intersect  at  right  angles  in  a  point  0  in  such  wise  that 
OA' =*  OB'  =  i.OA  ~ i.  OB  {where  i  =  //(-!)  as  usual},  then  A',  B'  are  the  antipoints  of 
A,  B,  and  conversely. 


[Vol.  ix.  pp.  101—103.] 

2590.  (Proposed  by  Professor  CAYLEY.) — It  is  required  to  verify  Professor  Rummer's- 
theorem  that  "if  a  quartic  surface  is  such  that  every  section  by  a  plane  through  a 
certain  fixed  point  is  a  pair  of  conies,  the  surface  is  a  pair  of  quadric  surfaces  (except 
only  in  the  case  where  it  is  a  quartic  cone  having  its  vertex  at  the  fixed  point)." 


Solution  by  the  PROPOSES, 

The  theorem  may  be  more  generally  stated  as  follows;  if  a  surface  is  such  that 
every  section  through  a  certain  fixed  point  (is  or)  includes  a  proper  conic,  then  the 
surface  (is  or)  includes  a  proper  quadric  surface.  In  order  to  the  demonstration,  I 
premise  the  following  Lemma:  If  a  surface  is  such  that  every  section  through  a 
certain  fixed  line  includes  a  conic,  then  the  line  meets  each  of  these  conies  in  the  same 
two  points. 

In  fact,  if  the  line  meet  the  surface  in  any  n  points,  then  it  is  clear  that  each 
of  the  conies  will  meet  the  line  in  some  two  of  these  n  points;  and  as  the  plane  of 
the  section  passes  continuously  from  any  one  to  any  other  position,  the  two  points  of 
intersection  with  the  conic  cannot  pass  abruptly  from  being  some  two  to  being  Rome 
other  two  of  the  n  points,  that  is,  they  are  always  the  same  two  points. 

Consider  now  a  surface  which  is  such  that  every  section  through  a  fixed  point 
0  includes  a  conic;  and  consider  three  lines  axf,  yy',  zz'  meeting  in  the  point  0.  Let 
the  conies  in  the  planes  yz>  zx,  soy  be  A,  5,  0  respectively;  then  since  the  conies 
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through  the  line  aw'  all  pass  through  the  same  two  points,  and  since  5,  C  are  two 

-of  these  conies,  jB  and  G  meet  ##'  in  the  same  two  points  X,  X'  ;   similarly  C  and 

A  meet  yy"  in  the  same  two  points  7,  7';  and  A,  B  meet  esf  in  the  same  two 
points  Z,  Z1 ;  that  is,  we  have  the  conies  A,  B,  C  intersecting 

B,  G  in  the  two  points  X,  X', 
G,  A         „  „          Y,   Y , 

A,B        „  „          Z,   Z'i 

hence  taking  on  the  conies  A,  B,  G  the  points  a,  ft  7  respectively,  and  drawing  a 
quadric  surface  2  through  the  nine  points  X,  X',  7,  F,  £,  2',  a,  ft  7,  this  meets  the 
>conic  A  in  the  five  points  7,  7',  £,  Z',  a;  that  is,  it  passes  through  the  conic  A, 
and  similarly  it  passes  through  the  conic  JB,  and  through  the  conic  G. 

Consider  how  any  plane  whatever  through  0  intersecting  the  conies  A,  B,  C  in  the 
points  L  and  L'9  M  and  M'9  N  and  N'  respectively;  the  section  of  the  quadric  surface 
2  hy  the  plane  in  question  is  a  conic  through  the  six  points  L,  U>  M,  M\  N,  N\ 
But  the  section  of  the  surface  includes  a  conic  through  these  same  six  points,  and  which 
is  consequently  the  same  conic;  in  fact,  the  section  of  the  surface  by  the  plane  in 
question  includes  a  conic,  and  since  every  section  through  the  line  LU  includes  a 
•conic  through  the  same  two  points,  and  one  of  these  conies  is  the  conic  A  which 
passes  through  the  points  L  and  i',  the  conic  in  question  passes  through  the  points 
L  and  It ';  and  similarly  it  passes  through  the  points  H  and  jjf',  and  through  the 
points  N  and  N'.  That  is,  for  any  plane  whatever  through  0,  the  section  of  the 
surface  includes  the  conic  which  is  the  section  of  the  quadric  surface  2,  and  the 
surface  thus  includes  as  part  of  itself  the  quartic  surface  2. 

The  foregoing  demonstration  ceases,  however,  to  be  applicable  if  0  is  a  point  on 
the  surface,  and  the  conic  included  in  the  section  through  0  is  always  a  conic  passing 
through  the  point  0.  In  the  case  where  0  is  a  non-singular  point  of  the  surface 
{that  is,  where  there  is  at  0  a  unique  tangent  plane)  a  like  demonstration  applies. 
Take  through  0  a  section,  and  let  this  include  the  conic  A ;  on  A  take  any  point 
(7  and  through  00'  a  section  including  the  conic  B ;  we  have  thus  the  conies  At  B 
intersecting  in  the  points  0,  0'.  Take  through  0  any  plane  meeting  the  conies  A,  B 
in  the  points  X,  T  respectively — the  section  by  this  plane  includes  a  conic  G  passing 
through  the  points  0,  X,  7;  and  each  of  the  conies  A,  B,  G  touches  at  0  the  same 
plane,  viz.  the  tangent  plane  of  the  surface.  Hence,  taking  on  the  conic  A  the  point  a, 
•consecutive  to  0,  and  any  other  point  a';  on  the  conic  B  the  point  ft  consecutive 
to  0,  and  any  other  point  ft ;  and  on  the  conic  C  a  point  7' ;  we  may,  through  the 
nine  points  0,  <x,  ft,  0',  a',  ft,  X,  7,  7'  describe  a  quadric  surface  2;  this  will  touch 
at  0  the  tangent  plane  of  the  surface,  that  is,  it  will  touch  the  conic  C,  or  (what 
is  the  same  thing)  pass  through  a  point  7  of  this  conic  consecutive  to  0.  Hence  the 
•quadric  surface  meets  the  conic  A  in  the  five  points  0,  0',  a,  a',  X,  that  is,  it  entirely 
contains  the  conic  A  ;  similarly  it  meets  the  conic  B  in  five  points  0,  0/>  B,  &,  7, 
that  is,  it  entirely  contains  the  conic  J3;  and  it  meets  the  conic  G  in  the  five  points 
0,  7,  X,  7,  7',  that  is,  it  entirely  contains  this  conic.  And  it  may  then  be  shown  as 
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before  that  the  surface  will  include  the  quadric  surface  2.  But  there  still  remains- 
for  consideration  the  case  where  0  is  a  conical  point  on  the  surface,  and  I  do  not 
at  present  see  how  this  is  to  be  treated. 

I  remark  that,  taking  three  lines  aw',  yy',  zzf  which  meet  in  a  point  0,  then  if 
a  surface  be  such  that  every  section  through  ocod  includes  a  conic,  every  section  through 
yy'  includes  a  conic,  and  every  section  through  zz  includes  a  conic;  and  if  besides 
the  two  points,  say  X,  X',  on  the  conies  through  the  line  soof  are  ordinary  points  on 
the  surface,  then  the  surface  will  include  a  quadric  surface.  In  fact,  if  the  surface 
has  at  each  of  the  points  X,  X'  an  ordinary  tangent  plane,  then  the  conies  through 
xaf,  and  (as  conies  of  the  series)  the  -  two  conies  B,  0  all  of  them  touch  the  two 
tangent  planes;  hence,  constructing  as  before  the  quadric  surface  2,  this  also  touches 
the  two  tangent  planes:  and  taking  through  awf  a  plane  meeting  the  conic  A  in  the 
points  L,  L't  the  section  of  the  surface  includes  a  conic  which  touches  the  section  of 
the  quadric  surface  2  at  the  points  X,  X',  and  besides  meets  it  in  the  points  L,  U ; 
such  conic  coincides  therefore  with  the  section  of  the  quadric  surface  2;  that  is,  every 
section  of  the  surface  through  the  line  xx'  includes  the  conic  which  is  the  section  of 
the  quadric  surface  2;  and  the  surface  thus  includes  as  part  of  itself  the  quadric  sur- 
face 2. 


[Vol.  x.,  July  to  December,  1868,  pp.  17—19.] 

2609.  (Proposed  by  Professor  CAYLEY.) — Given  three  conies  passing  through  the 
same  four  points;  and  on  the  first  a  point  A,  on  the  second  a  point  £,  and  on  the 
third  a  point  (7.  It  is  required  to  find,  on  the  first  a  point  A'3  on  the  second  a 
point  B',  and  on  the  third  a  point  0',  such  that  the  intersections  of  the  lines 

A'B'  and  AC,  A'ff  and  AB,  lie  on  the  first  conic; 
B'G'  and  BA,  B'A'  and  BO,  lie  on  the  second  conic; 
O'A'  and  OB,  Q'ff  and  CA,  lie  on  the  third  conic. 


Solution  by  the  PROPOSER. 

Let  the  six  intersections  in  question  be  called  a,  a';  ft,  f?\  7,  7',  respectively; 
then  BO  intersects  second  conic  in  £',  third  conic  in  7;  CA  intersects  third  conic  in  «/, 
first  conic  in  a;  AB  intersects  first  conic  in  a',  second  conic  in  /3;  and  we  have 

A'  the  intersection  of  a/37,  73', 
B'  the  intersection  of  #7',  a/3', 
C'  the  intersection  of  70',  £7'; 

and  it  has  to  be  shown  that  the  points  A',  J3',  C'  so  determined  lie — A'  on  the  first 
conic,  B'  on  the  second  conic,  0'  on  the  third  conic. 

75—2 


596 


PROBLEMS  AND  SOLUTIONS. 


[485 


Taking  *«0,  y-0,  Z=Q  for  the  equations  of  the  sides  of  the  triangle  ABO,  the 
equations  of  the  three  conies  may  be  taken  to  be  17  =  0,  7=0,  F-0,  where  the 
functions  U,  V,  W  are  such  that  identically  Z7+F+F  =  0;  and  then  obsemng  that 


•B 


the  conies  pass  through  the  points  (y  =  0,  5-0),  (*-0,  *  =  0),  (*~0,  y-0),  respectively, 
we  see  that  the  equations  may  be  taken  to  be 

(    0,    -6,       c,  /!,  ft,  h&a,  y,  *)2  =  0, 

(   a,      o,   -c,  /„#,  kl&y,  'y-o. 

(-a,       6,       0,   /,,ft,  h$a,  y,  ^  =  0, 
•where  .      7      . 

/i  +/•+/»  -0,    fli  +  fi'i  +^3  =  0,    ^  +  ^  +  ^  =  0. 

The  coordinates  of  the  points  a,  ft  7,  a',  £',  •/  are  at  once  found  to  be 
a,    (      c,         0,    -2$);        «'>     (&.    2^'      °) 
£,    (-SA,,         a,        0  );        ^',(0,0,    2/0 
7,    (      0,    -2/,,       6  );       y,    (2g3,      0,      a); 

and  hence  the  equations  of  #</,  fa,  <*.$  are 


Hence  for  the  point  A',  which  is  the  intersection  of  yet',  off,  coordinates  are 


=  0, 


and  J.'  will  be  on  the  first  conic  if  only 

(0,  -  6,  c,  /„  ft> 
viz.  this  equation  is 

-   &( 

+   c  (    !<»//,»     - 


8A1/2/8c+ 
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viz.  this  is  easily  found  to  be 

8  (2^/3  +  eft,)  (2  Vi  -  to)  </i  +/»  +/i)  -  0. 

which  is  satisfied  in  virtue  of  /x  +/2  +/8  =  0  ;  that  is,  4'  is  on  the  first  conic;  and 
similarly,  in  virtue  of  #i  +  #2+#j  =  0,  B'  is  on  the  second  conic;  and  in  virtue  of 
Ai  +  Aa  +  AjsaO,  0'  is  on  the  third  conic.  But  the  same  thing  appears  at  once  by  the 
remark  that  the  equations  of  the  three  conies  are 


0, 
0. 


2%  - 


y  (-  2Ax0  -I- 


It  may  be  added  that,  taking  fa,  ylf  z,\  fa,  ya,  ^),  (#3j  y,,  4r3),  fa,  y4>  *4)  as  the 
coordinates  of  the  four  points  of  intersection  of  the  three  conies,  the  first  conic  is 
given  by  means  of  these  four  points  and  the  fifth  point  (y  =  0,  *  =  0);  and  similarly 
for  the  other  two  conies;  whence,  denoting  the  determinants  formed  with  any  four 
columns  out  of  the  matrix 


*&*, 


n  2  rt/2  <y  2  A/   » 

'3  >       2/3  >       "3  >       #3*3; 

"by  1234,   1235,  &c.,  we  easily  find  the  equations  of  the  three  conies,  viz.  these  may 
be  written 

1456  (  0  ,  +3456,  -2456,  +2356,  +2364,  +  2345)*=0, 
2356  (-3456,  0  ,  +1456,  +3156,  +3164,  +  3145)  =  0, 
3456  (  2456,  -1456,  0  ,  +1256,  +1264,  +1245)  =  0, 

the  exterior  factors  1456,  2356,  3456  being  introduced  in  order  to  bring  the  equations 
into  the  above-mentioned  form,  wherein  the  sum  of  the  quadric  functions  is  =0. 


[Vol.  x.  pp.  88,  89.] 
2743.    (Proposed  by  M.  JENKINS,  M.A.)— Show  that  if  p  be  a  prime  number  and 

m  and  n  any  positive  integers,  the  highest  power  of  p  contained  in  .-,  ,•  .  ^  f  \  may 

11  (wit)  11  (ft/ 

be  obtained  by  expressing  m  +  n  and  either  m  or  n  in  the  scale  of  p ;  the  number  of 
times  that  it  would  be  necessary  to  borrow  in  subtracting  the  latter  number  from  the 
former  being  the  index  of  the  power  of  p  required. 
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Solution  by  PROFESSOR  CA.YLEY. 

1.  In  adding  any  two  numbers,  we  carry  a  certain  number  of  times;    and  it  is 
easy  to  see  that  the  sum  of  the  digits  of  the  two  components,  less  the  sum  of  the 
digits  of  the  sum,  is  equal  to  nine  times  the  number  of  carryings;  moreover,  that  the 
number  of  carryings  is  equal  to  the  number  of  borrowings,  if  either  of  the  components 
be  subtracted  from  the  sum. 

2.  The   same  thing  is  true  in   any  scale  of   notation,  only,  instead  of  nine,  we 
have  the  radix  of  the  scale,  less  unity:  say  the  theorem  is 


3.    If  p  be  a  prime  number,  the  number  of  times  that  the   factor  p  occurs  in 
TL(m)  is 


where  ^(~)  denotes  the  integer  part  of  —  ,  and  similarly  #hi)  &c.  the  integer  part 

of  ~  ,  fee.  ;  the  series  is,  of  course,  finite, 
V 

Hence  the  number  of  times  that  the  factor  p  occurs  in  —/  *     ,\  is 

*  II  (m)  II  (n) 


p  \  f  J  \p         VpV  \p 

4.    Hence,  expressing  m,  n,  m+n  in.  the  scale  to  the  radix  p,  suppose 


we  have 


and  similarly  for  E  (-)  +  4c,  E  &±2\  +  &&...; 

whence 
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if  #  be  the  number  of  times  of  carrying  for  the  sum  m-f-ft,  or  of  borrowing  for  the 
difference  (m  +  n)  —  m  or  (m  +  w)-w;  that  is,  N=x,  the  required  theorem.  I  remark 
that  although  the  foregoing  expression  of  the  number  N  is  a  very  elegant  and 
ingenious  one,  yet  the  original  form  of  N,  as  given  at  the  eixd  of  (3),  is  the  natural 
and  proper  expression  of  the  number  of  times  that  the  factor  p  occurs  in  the 

binomial  coefficient  T,  /   !  rr  /  x  • 
Tl  (ra)  II  (n) 


[Vol.  x.  p.  98.] 

2756.  (Proposed  by  J.  GRIFFITHS,  M.A.) — Show  that  an  infinite  number  of  triangles 
can  be  described  such  that  each  has  the  same  circumscribing,  nine-point,  and  self- 
conjugate  circles  as  a  given  triangle. 


Solution  by  PROFESSOR  CAYLEY. 

It  is  a  known  theorem  that  if  two  triads  of  points,  say  A,  B,  G  and  A',  Bf,  0', 
are  self-conjugate  in  regard  to  a  conic  S,  they  lie  in  a  conic  2J.  Take  the  conic  8 
and  the  points  A,  B,  0  as  given;  then  2  will  be  a  conic  passing  through  A,  B,  G\ 
and  if  on  this  conic  we  take  any  point  A\  and  then  take  &  to  be  either  of  the 
intersections  of  the  conic  S  by  the  polar  of  A  in  regard  to  S,  and  finally  construct 
C'  as  the  pole  of  A'ff  in  regard  to  S,  then,  by  what  precedes,  G'  will  be  on  a  conic 
through  A,  B,  0,  A!,  B',  that  is,  on  the  conic  2.  Or  given  the  conic  S,  the  triangle 
ABC,  and  the  conic  2  through  A,  B,  0,  we  obtain  an  infinity  of  triangles  A'BQ1, 
self-conjugate  in  regard  to  S  and  inscribed  in  S.  That  is,  if  $,  2  are  circles,  we 
have  an  infinity  of  triangles  self-conjugate  in  regard  to  the  circle  S  and  inscribed  in 
the  circle  2;  and  inasmuch  as  the  nine-points  circle  can  be  constructed  by  means  of 
the  two  circles  8,  2  alone,  the  triangles  have  all  of  them  the  same  nine-points  circle. 


[Vol.  x.  p.  108.] 

2737.  (Proposed  by  Professor  CAYLEY.)— Find  in  solido  the  locus  of  a  point  P, 
such  that  from  it  two  given  points  A,  0,  and  two  given  points  5,  D,  subtend  equal 
angles. 
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[Vol.  XL,  January  to  June,  1869,  pp.  33—38.] 

2718.  (Proposed  by  Professor  CAYLEY.)—  Find  in  piano  the  locus  of  a  point  P, 
such  that  from  it  two  given  points  A,  0,  and  two  given  points  B,  D,  subtend  equal 
angles. 


2757.     (Proposed  by  Professor  CAYLEY.)—  If 


2A>2  = 


*,  y,  i  i! 


show  that  each  of  the  equations 


o8  (a- 


(<ey<>  -  ^yf  -(at-  »o)s  ~(y-  y$     (aty-i  -  ^f  -(at- 
represents  the  right  line  L  =  Q  and  a  cubic  curve. 


-  (y  - 


(2) 


1819.  (Proposed  by  0.  TAYLOR,  M.A.)— From  two  fixed  points  on  a  given  conic 
pairs  of  tangents  are  drawn  to  a  variable  confocal  conic,  and  with  the  fixed  points 
as  foci  a  conic  is  described  passing  through  any  one  of  the  four  points  of  intersection. 
Show  that  its  tangent  or  normal  at  that  point  passes  through  a  fixed  point 


Solution  of  the  above  Problems  ly  PEOFESSOB  CAYLEY. 

1.  It  is  easy  to  see  that  drawing  through  the  points  A,  0  a  circle,  and  through 
B,  D  a  circle,  such  that  the  radii  of  the  two  circles  are  proportional  to  the  lengths 
AC,  BD,  then  that  the  required  locus  is  that  of  the  intersections  of  the  two  variable 
circles. 

Take  AC=Zl,  MO  perpendicular  to  it  at  its  middle  point  M9  and  =jp;  a,  b  the 
coordinates  of  M,  and  X  the  inclination  of  p  to  the  axis  of  a?  ;  then 


coordinates  of  0  are        a+^cosX,    6+jpsinX, 
coordinates  of  A,  0  are  a  ±  I  sin  X,    b  +  I  cos  X, 

and  hence  the  equation  of  a  circle,  centre  0  and  passing  through  A,  C,  is 
(CG  -  a  -  p  cos  X)2  +  (y  -  b  -  p  sin  X)2  =  Z2  +  f  ; 

or,  what  is  the  same  thing, 
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If  2w,  q,  c,   d,   p.  refer  in  like   manner  to  the  points  B,  D,  then  the   equation  of  a 
circle,  centre  say  Q,  and  passing  through  B,  D,  is 


(x  - 


-eZ)  sin/*]  ; 


and  the  condition  as  to  the  radii  is  Z2  +  jp2  :  m3  +  #3  =  P  :  m2,  that  is,  £)2  :  (f  =  P  : 
or  j9  :  g  =  ±  I  :  m.    And  we  thus  have  for  the  equation  of  the  required  locus 


=     _ 
(a  -  a)  cos  X  +  (y-  b)  sinX  "  "  m  (a?  -  c)  cos/*  +  (y-c£)sin  //,  ' 

viz.  the  locus  is  composed  of  two  cubics,  which  are  at  once  seen  to  be  circular  cubics. 
One  of  these  will  however  belong  (at  least  for  some  positions  of  the  four  points)  to 
the  case  of  the  subtended  angles  being  equal,  the  other  to  that  of  the  subtended 
angles  being  supplementary;  and  we  may  say  that  the  required  locus  is  a  circular 
cubic. 

2.    If   two    of   the    points    coincide,  suppose  (7,  D  at   T\   then,  taking   T  as   the 
origin,  we  may  write 

a  =     I  sin  \,    1}  =  —  I  cos  X, 
o  =  —  m  sin  /u,,    d  =     m  cos  /A, 


and  the  equation  becomes 

$  +  y*  +  2Z  (#  sin  X  —  y  cos  X) 


#2  +  2/2  +  2m  (#  sin  \L  —  y  cos  //,) 


viz.  this  is 

(^  +  2/2)[m(^cos/u.  +  ysin/>t)T  Z(#cosX+  y  sinX)]  —  Zlm  {(x  sin  X  —  y  cos  X)  (a?  cos  /z  +  y  sin  /^) 

±  (#sin  ^  —  y  cosyu)  (a;  cos  X  4-  y  sin  X)}  =  0. 

Taking  the  lower  signs,  the  term  in  {  }  is  (^  +  y3)sin(X-^)?  and  the  equation  is 
(^  +  2/3)  {w  («  cos/M  +  y  sin  /A)  +  Z  (x  cos  X  +  y  sin  X)  —  2lm  sin  (X  -  yu)}  =  0, 


viz.  this  is  «a  +  3/2  =  0,  and  a  line  which  is  readily  seen  to  be  the  line  AB\  and  in 

fact    from   any   point   whatever   of  this   line   the   points  A,  T  and   the   points   5,  T 
subtend  supplementary  angles. 

c.  vn.  76 
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Taking  the  upper  signs,  the  equation  is 

(as2  +  y2)  [m  (%  cos  p  +  y  sin  ft)  —  I  (x  cos  \  4-  y  sin  X)] 

-  2fo?i  {(#3  —  y3)  sin  (X  +  /A)  —  #y  cos  (X  +  /A)}  =  0, 

which  is  the  locus  for  equal  angles,  a  circular  cubic  as  in  the  case  of  the  four  distinct 
points. 

3.  The  question  is  connected  with  Question  1819,  which  is  given  above.  In  fact, 
taking  A,  B  for  the  fixed  points  on  the  given  conic,  and  P  for  the  intersection  of 
any  two  of  the  tangents,  if  in  the  conic  (foci  A,  B)  which  passes  through  P,  the 
tangent  or  normal  at  P  passes  through  a  fixed  point  T,  then  it  is  clear  that  at  P 
the  points  A,  T  and  B,  T  subtend  equal  angles,  and  consequently  the  locus  of  P 
should  be  a  circular  cubic  as  above.  The  theorem  will  therefore  be  proved  if  it  be 
shown  that  the  locus  of  P  considered  as  the  intersection  of  tangents  from  A,  B  to 
the  variable  confocal  conic  is  in  fact  the  foregoing  circular  cubic.  I  remark  that  the 
fixed  point  T  is  in  fact  the  intersection  of  the  tangents  AT,  BT  to  the  given  conic 
at  the  points  A,  B  respectively. 

4  Consider  the  points  A,  B,  (which  we  may  in  the  first  instance  take  to  be 
arbitrary  points,  but  we  shall  afterwards  suppose  them  to  be  situate  on  the  conic 

>y»2  rtiS 

~-f-|~  =  l,)   and  from   each   of  them   draw  a  pair   of  tangents   to  the   confocal   conic 

rtwi  fl/2 

-TTT  +  5  ,  i  =  1-    Take  fa,  y0)  for  the  coordinates  of  A,  and  fa,  yx)  for  those  of  B: 

W  T  &        U     \   ft 

then  the  equation  of  the  pair  of  tangents  from  A  is 

/  0®o    ,     yyo 


<5r,  what  is  the  same  thing, 


that  is 

(xy*  -  ®®f  -  (&  +  K)  (e  -  atf  -  (a3  +  A)  (y  -  ytf  -  0, 

or  as  this  may  also  be  written 


and  similarly  for  the  tangents  from  B  we  have 


in  which  equations  the  points  (*„  y0),  («k>  2/0  are  in  fact  any  two  points  whatever. 
5.    Eliminating  h,  we  have  as  the  locus  of  the  intersection  of  the  tangents 
(my,  -  x.yf  -V(g;-  gtf  -  tf  (y  -  ytf  =  (^  -  a^)a  -  6a  (g  -  gtf  -tf(y-  y$ 
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which  is  apparently  a  quartic  curve;  but  it  is  obvious  a  priori  that  the  locus  includes 
as  part  of  itself  the  line  AB  which  joins  the  two  given  points.  In  fact,  there  is  in 
the  series  of  confocal  conies  one  conic  which  touches  the  line  in  question,  and  since 
for  this  conic  one  of  the  tangents  from  A  and  also  one  of  the  tangents  from  B  is 
the  line  AB,  we  see  that  every  point  of  the  line  AB  belongs  to  the  required  locus. 
The  locus  is  thus  made  up  of  the  line  in  question  and  of  the  cubic  curve. 

6.  To  effect  the  reduction  it  will  be  convenient  to  write  ax,  by  in  the  place  of 
a?,  y,  (o#0,  &y0>  CM?!,  tyi  in  place  of  00,  y0,  xly  ylf)  and  thus  consider  the  equation  under 
the  form 


(0y0  -  a?07/)3  -  (x  -  #0)2  -  (y  -  #0)2     (0yx  -  ff#)2  -  (0  -  ^)2  -  (y  -  yz)2  ' 
it  is  to  be  shown  that  this  equation  represents  the  line  L  =  0,  and  a  cubic  curve. 


Writing  for   a   moment   #0  =  #+fo,  yo^y  +  ^o,  and   0L  —  0  +  fi,   2/i  =  y-f%,   the  equation 
becomes 


and  hence,  multiplying  out,  the  equation  is  at  once  seen  to  contain  the  factor 
£o?7i—  ?ity>  (which  is  in  fact  the  determinant  just  mentioned),  and  when  divested  of 
this  factor  the  equation  is 


a2  [(of  -  1)  (ftfc  +  frfo)  -  %f  ofi]  =  ft9  [(f  -  1)  (^i  +  frh)  - 
Writing  herein  for  f0,  ^0,  ^1?  7;!  their  values,  and  consequently 


+  yO  +  M^ 
-  fl?  (2/0  +yO  -  y  («o 

and  arranging  the  terms,  the  equation  is  found  to  be 

(aV  +  &y)[-tf(yi+yo)~y^ 

•f  (a55  -  6s)  [0  Oi  +  y0)  +  y  («i  +  ^0)  -  faffi  +  «iyo)]  =  0, 

which  is  the  required  cubic  curve. 

7.    Restoring  the  original  coordinates,  or  writing  -  ,  J-,  —  ,  &c,  in  place  of  a,  y,  #0>  &/&, 
we  have 


which  is  a   circular   cubic   the   locus    of   the  intersections    of  the    tangents   from   the 

a&  A/a 

arbitrary  points  (00,  y0)>  (®n  yO  to  the  series  of  confocal  conies  j^^+grfj™1'  tlle 

origin  of  the  coordinates  is  at  the  centre  of  the  conies. 

76—2 
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(vSi         fli2 

8.    Supposing  that  the  points  fa,  y0)>  (®i>  2/0  are  on  the  conic  -3  +  ^  =  !,  and  that 


we  have  consequently  •^  +  fi'==l»  "T  +  Ii""^  *^e  equations  of  the  tangents  at  these 


points   respectively    are    ~°  +    j==l,     7  +       =  !;    a&d   hence,    writing    for   shortness 

Ctf          0"  Cb          0" 

<*  =  2/o—  yi>  jSss^-flb,  y^asMi  —  xflQ,  we  find  #  =  --  *,  y-  —  -  as  the  coordinates  of 

7  7 

the  point  of  intersection  21,  of  the  two  tangents;    and  in  order  to  transform  to  this 

point  as  origin,  we  must  in  place  of  #,  y  write  so  --  ,  y  —  -  respectively.  Or  what 
is  more  convenient,  we  may  in  the  equation  at  the  end  of  (6),  in  which  it  is  to  be 

/Q 

now  assumed  that  tf03+2A>2  =  l>  ^i2+yls=l,  write  x  —  ,  y  —  -  for  #,  y,  and  then  restore 

ry  ry 

the  original  coordinates  by  writing  ~,  ^,  —  ,  &c.,  for  a,  y,  #0,  &c.,  and   7,  -  ,   ^r  fo1' 

a    o     a  o    a    Q/O 

«,  )8,  7,  these  quantities  throughout  signifying  a  =  yQ^yl9  £  =  #!  —  #0)  7  =  ^o2/i""^i2/o. 
I  however  obtained  the  equation  referred  to  the  point  T  as  origin  by  a  different 
process,  as  follows: 

9.    Starting  from   the   equation   at   the   commencement  of  (5),  I   found  that  the 

s?     yz 
points  (#o>  yo),  (#1,  y\)  being  on  the  conic  ~  +  ^  =  l,  the  equation  could  be  transformed 

into  the  form 


an  equation  which  (not,  as  the  original  one,  for  all  values  of  fa,  yQ),  (x^  y,),  but)  for 
values  of  fa,  y€),  fa,  y,)  such  that  ^  +  ^=IJ^  +  |L==I}  breaks  up  into  the  line  AB 
and  a  cubic  curve. 

10.    To  simplify  the  transformation,  write  as  before  a#,  by,  a®0)  &a,  for  a,  y,  #0,  &c. 
We  have  thus  to  consider  the  equation 


where  ^*+y09B=l,  «ia  +  &*  =  !,  and  which  equation,  I  say,  breaks  up  into  the  line 
and  into  a  cubic. 


Write  for  shortness  «=y0-!fc,  0  =  «4-<q,,  7  =  ^o2/i-^2/o,  so  that  the  equation  of 
the  last-mentioned  line  is  cue  +  0y  +  7=0.  Then  it  may  be  verified  that,  in  virtue  of 
the  relations  between  fa,  y0),  fa,  y^  we  have  identically 


-l)  +  ^^ 
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and,  similarly, 

(y-yo)(^+s/yi-i)  +  (y-yO(^^ 

(y  -  yo)  OB®L  +  yyi  -  1  )  -  (y  -  yi)  ^  +  yy<>  -  1  )  =  #»y  -  ay2  +70  +  0. 

11.    The  equation  in  question  may  be  written  a2P  +  62<2  =  0,  where 
P  =  (v-vtf^  +  yy!  -  I)2-  (0-  01)2(^o  +  yyo-  1)3, 


values  which  are  given  by  means  of  the  formulae  just  obtained;    there  is  a  common 
factor   aas+fiy  +  y   which    is   to   be   thrown   out;    and   we   have  also,  as    is   at    once 

verified,  y°  "t  yi  =  ^°  +  '^  ,  so  that   these   equal    factors   may  be   thrown    out.    We   thus 
obtain  the  cubic  equation 

-o#y-7y-/3)  +  ^^^ 


n 

This  is  simplified  by  writing  x-~  for  «,  y—-  for  y.    It  thus  becomes 

tfx  [(T»  -  a)  030  -  ay)  -  fy]  +  fry  [(-yy  -  0)  (/&  -  ay)  +  7s  a]  =  0  ; 
or,  what  is  the  same  thing, 

a-x  [«yw  08*  -  ay)  -  ay9»  +  (a2  -  f)  y]  +  ify  [«yy  (£»  -  ay)  -  (£2  -  7")  * 
that  is 

7  (<M  +  JV)  (/3a>  -  ay)  +  a2  [-  «#»*  +  (a2  -  7s)  ay]  +  6s  [-  (/9s  -  T3)  «y  +  «^]  -  0. 

12.    Kestoring   -,  -°,   -1   for   a,  a,,  «k,  and    y-,  &,  &    for    y,   y,,   y^    writing 

Cb         Qi          Cb  CO         U/          Co 

consequently  g,  -,  ^g  in  Place  of  a>  A  %  if  a'  A  7  are  sti11  use(i  to  denote  *  =  ya-yi* 
j8  =  «i-»o>  T^^oyi-^yo*  *^e  equation  becomes 

=  0, 


where  now,  as  originally,  ^  + |~  =  1,  %  4-  TJ-  =  1 ;  viz.  this  is  the  equation,  referred  to 

the  point  T  as  origin,  of  the  locus  of  the  point  P  considered  as  the  intersection 
of  tangents  from  A,  B  to  the  variable  confocal  conic;  and  it  is  consequently  the 
equation  which  would  be  obtained  as  indicated  in  (8).  The  locus  is  thus  a  circular 
cubic;  the  equation  is  identical  in  form  with  that  obtained  (2)  for  the  locus  of  the 
point  at  which  A,  T  and  B,  T  subtend  equal  angles,  and  the  complete  identification 
of  the  two  equations  may  be  effected  without  difficulty. 

13.  I  may  remark  that  M.  Ohasles  has  given  (Gomptes  JRendus,  torn.  58,  February, 
1864)  the  theorem  that  the  locus  of  the  intersections  of  the  tangents  drawn  from  a 
fixed  conic  to  the  conies  of  a  system  (//,,  v)  is  a  curve  of  the  order  3z/.  The  confocal 
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conies,  qua  conies  touching  four  fixed  lines,  are  a  system  (0,  1);  hence,  taking  for  the 
fixed  conic  the  two  points  A,  B,  we  have,  as  a  very  particular  case,  the  foregoing 
theorem,  that  the  locus  of  the  intersections  of  the  tangents  drawn  from  two  fixed 
points  to  a  variable  confocal  conic  is  a  cubic  curve. 


[Vol.  XL  p.  49.] 
Note  on  Question  2740.    By  PROFESSOR  CAYLET. 

The  envelope  of  the  curve 


(where  J.,  B,  03  D,  E  are  any  functions  of  the  coordinates,  and  &  is  a  variable 
parameter,)  is  obtained  in  the  particular  case  .#  =  0  (Salmon's  Higher  Plane  Ourves, 
p.  116),  and  the  same  process  is  applicable  in  the  general  case  where  E  is  not  =0. 
From  the  great  variety  of  the  problems  which  depend  upon  the  determination  of  such 
an  envelope,  the  result  is  an  important  one,  and  ought  to  be  familiarly  known  to 
students  of  analytical  geometry.  We  have  only  to  write  z  =  cos  6  4-  i  sin  0,  the  trigo- 
nometrical functions  are  then  given  as  rational  functions  of  z,  and  the  equation  is 
converted  into  a  quartic  equation  in  z\  the  result  is  therefore  obtained  by  equating 
to  zero  the  discriminant  of  a  quartic  function.  The  equation,  in  fact,  becomes 


that  is 

or,  multiplying  by  12  to  avoid  fractions,  this  is 

(a,  6,  c,  d,  e$*>  1)4  =  0, 
where 

a  =  12(A-JK),    &«B(0-DO,    c«4# 

e=lZ(A+Bi),    eZ«3(0  +  JW); 
and  substituting  in 

(ae  -  4bd  +  3c2)8  -  27  (ace  -  ad?  -  62e  +  2bcd  -  c8)2  =  0, 
the  equation  divides  by  1728,  and  the  final  result  is 


54BGD  -  [72  (A*  +  #)  +  9  (C*  +  D2)]  E  +  8^}2  =  0. 

It  is  to  be  noticed,  that  in  developing  the  equation  according  to  the  powers  of  E, 
the  terms  in  If,  E*  each  disappear,  so  that  the  highest  power  is  E*\  the  degree  in 
the  coordinates,  or  order  of  the  curve,  is  on  this  account  sometimes  lower  than  it 
would  otherwise  have  been. 
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2920.  (Proposed  by  Professor  CAYLEY.)—  Imagine  a  tetrahedron  BB'CC'  in  which 
the  opposite  sides  BB\  GG'  are  at  right  angles  to  each  other  and  to  the  line  joining 
their  middle  points  M9  N]  and  in  which  moreover  CN*  +  NM'2  +  M.  B2  =  0,  (or,  what  is 
the  same  thing,  the  sides  OS,  GBf,  C'B,  C'B'  are  each  =  0  ;  the  tetrahedron  is  of 
course  imaginary  ;  viz.  the  lines  (7(7',  BB'  and  points  M,  N  may  be  real  ;  but  the 
distances  MB  =  MB'  and  NO  =  NO'  may  be  one  real  and  the  other  Imaginary,  or 
both  imaginary,  but  they  cannot  be  both  real)  the  points  5,  Bf  and  (7,  G1  are  said  to  be 
"skew  antipoints."  Then  it  is  required  to  prove  that 

1.  A  given  system  of   skew  antipoints  may   be  taken  to   be    the   nodes  (conical 
points)  of  a  tetranodal  cubic  surface,  passing  through  the  circle  at  infinity,  and  which 
is  in  fact  a  Parabolic  Cyclide. 

2.  The  equation  of  the  surface  may  be  expressed  in  the  form 

4-  7)  +  (x  +  £)  f  +  (as  +  y)*8  =  0. 


3.  The  section  through  either  of  the  lines  (y  =  0,  o?+fy  =  0)  and  (^=0,  a?+j8  =  0) 
is  made  up  of  this  line  and  a  circle;  the  two  systems  of  circles  being  the  curves  of 
curvature  of  the  surface;  it  is  required  to  verify  this  d  posteriori;  viz.  by  means  of 
the  equation  of  the  surface  to  transform  the  differential  equation  of  the  curves  of 
curvature  in  such  manner  that  the  transformed  equation  shall  have  the  integrals 
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445,  451,  454.  WE  have  the  two  papers  by  K.  Rohn,  "Die  Flachen  vierter  Ordnung 
hinsichtlich  ihrer  Knotenpunkte  und  ihrer  Gestalten,"  Preisschr.  d&r  F.  J.  Q-esell.  zu 
Leipzig  (Leipzig,  1886,  pp.  1—58),  and  same  title  Math.  Ann.  t.  xxix.  (1887),  pp.  81— 97. 
I  have  not  been  able  to  examine  the  conclusions  arrived  at  in  these  papers  with  as 
much  care  as  would  have  been  desirable. 

I  call  to  mind  that  for  a  A-nodal  quartic  surface  the  tangent  cone  from  any  node 
is  a  sextic  cone  with  (&— 1)  nodal  lines,  breaking  up  it  may  be  into  cones  of  lower 
orders — see  table  p.  265 :  and  that  we  distinguish  the  quartic  surfaces  according  to 
the  forms  of  the  sextic  cones  corresponding  to  the  k  nodes  respectively.  It  will  be 
recollected  that  (6)  denotes  a  sextic  cone,  (6X)  a  sextic  cone  with  one  nodal  line, 
(5i,  1)  a  sextic  cone  breaking  up  into  a  quintic  cone  with  one  nodal  line  and  a  plane; 
and  so  in  other  cases. 

There  is  a  sort  of  break  in  the  theory;  in  fact  when  the  number  of  nodes  is 
not  greater  than  7  these  may  be  any  given  points  whatever,  and  taking  the  7  points 
at  pleasure  we  have  surfaces  with  8  nodes,  and  9  nodes,  but  not  with  any  greater 
number  of  nodes,  viz.  for  a  surface  with  10  or  more  nodes,  it  is  not  permissible  to 
take  7  of  these  as  points  at  pleasure,  so  that  the  theory  of  the  surfaces  with  10 
or  more  nodes  is  so  to  speak  separated  off  from  that  of  the  surfaces  with  a  smaller 
number  of  nodes.  For  the  case  of  10  nodes  we  have  the  symmetroid  10(3,  3)  and 
other  forms,  for  11  nodes  Rohn  finds  3  or  ?  4  forms ;  for  12  nodes  he  has  four  forms, 
viz.  my  3  forms  and  a  fourth  form  12^;  for  13  nodes  he  has  two  forms,  13&  agreeing 
with  my  13tt,  and  13a  which  replaces  my  non-existent  form  130 ;  for  14  nodes,  15  nodes 
and  16  nodes  he  has  in  each  case  a  single  form,  agreeing  with  my  results.  Without 
endeavouring  to  complete  the  theory,  I  write  down  a  table  as  follows: 


No.  of 
Nodes 


16 
15 
14 
13 

12 


136=13tt 
13,, 


12a 


12.  = 


Form  of  Cones 


16  (1,  1,  1,  1,  1,  1) 
15  (2,  1,  1,  1,  1) 
8(315  1,  1,  l)  +  6(2,  2,  1,  1) 

31 A        1      1 \    i    1   /£      1       1       1\.j-Q/Q        0 
(4S,     1,    1)  +  1  (0,     1,    1,    Ij+y^Ou    A, 

1(2,  2,  2)+12(48)  1,  1) 
12  (48,  2) 
2(5,,  1)  +  6(3I)  3^  +  4(3,  2,  1) 


Bemarks 


c.  vn. 


13B  replaces  my  non-existent 
130,  =13(2,  2,  2) 


77 
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Table  continued. 


No.  of 
Nodes 

Form  of  Cones 

Remarks 

12 
11 

120  =  12Y 
12* 
lla  =  lla 

12  (42,  1,  1) 
2(4S,  1,  l)  +  8(56,  l)  +  2(48,  2) 
1(61())  +  10  (3,,  3X) 

12C  =  12Y  is  a  peculiarly  simple 
and  elegant  form  ;  the  equa- 
tion is  Az-xyzw=Q,  where 
A  is  a  quadric  function  of 
the  coordinates. 

» 

11& 

8(610)  +  3(4,,  2) 

>' 

He 

6(5B,  1)  +  5(610) 

10 
9 

10(3,3) 

The  quartic  surface  is  here  the 
symmetroid. 

7 

5 

5(6,) 

4 

4(6S) 

3 

3(63) 

2 

2(6:) 

1 

1(6) 

The  suffixes  a,  b,  c,  d  refer  to  Kohn's  forms,  the  suffixes  a,  ft  7  to  my  forms.  The 
form  11$  is  given  in  the  first  but  not  in  the  second  of  Rohn's  two  memoirs,  and  I  am 
not  sure  as  to  the  intended  character  of  the  sextic  cones.  I  have  not  attempted  to 
fill  up  the  third  column  of  the  table  for  the  Nos.  of  nodes  9,  8,  7,  6,  as  there  may 
be  particular  cases  which  I  have  not  considered.  For  the  Nos.  5,  4,  3,  2,  1,  the  cone 
is  a  sextic  cone  with  at  most  4  nodal  lines,  and  consequently  in  each  case  a  proper 
sextic  cone  not  breaking  up  into  cones  of  inferior  orders. 
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